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ON MEAN-FIELD CONTROL PROBLEMS FOR BACKWARD

DOUBLY STOCHASTIC SYSTEMS

Jian Song1 and Meng Wang2,*

Abstract. This article is concerned with stochastic control problems for backward doubly stochastic
differential equations of mean-field type, where the coefficient functions depend on the joint distribution
of the state process and the control process. We obtain the stochastic maximum principle which serves
as a necessary condition for an optimal control, and we also prove its sufficiency under proper conditions.
As a byproduct, we prove the well-posedness for a type of mean-field fully coupled forward-backward
doubly stochastic differential equation arising naturally from the control problem, which is of interest
in its own right. Some examples are provided to illustrate the applications of our results to control
problems in the types of scalar interaction and first order interaction.
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1. Introduction

In this paper, we are concerned with a control problem in which the state process {(yt, zt), t ∈ [0, T ]} is
governed by the following equation


−dyt =f(t, yt, zt, ut,L(yt, zt, ut))dt+ g(t, yt, zt, ut,L(yt, zt, ut))d

←−
B t

− ztdWt, t ∈ [0, T ],

yT =ξ.

(1.1)

In the above equation, the control process {ut, t ∈ [0, T ]} is a given stochastic process; L(yt, zt, ut) stands for the
law of the random vector (yt, zt, ut); B and W are two mutually independent Brownian motions; the stochastic
integral with respect to B is a backward Itô integral while the one with respect to W is forward. This equation
is called a mean-field backward doubly stochastic differential equation (MF-BDSDE) due to its dependence on
two Brownian motions as well as on the joint law of state and control processes. The cost functional of the
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control problem is given by

J(u) = E

[∫ T

0

h(t, yt, zt, ut,L(yt, zt, ut))dt+Φ(y0,L(y0))

]
. (1.2)

Our goal of this paper is to obtain the stochastic maximum principle (SMP), a necessary condition for an
optimal control, i.e., a control minimizing J(u). Below we briefly recall some related results, which is by no
means complete in the literature.

Stochastic control problems have gained a particular interest due to their broad applications in economics,
finance, engineering, etc. The earliest works can be retrospected to Kushner [1] and Bismut [2]. Among others, the
theory of general backward stochastic differential equations (BSDEs) introduced in [3] plays an important role
in the study of stochastic control problems. As an extension of BSDEs, backward doubly stochastic differential
equations (BDSDEs) were introduced by Pardoux and Peng in [4]. We refer to Yong and Zhou [5] and Zhang
[6] for more details on stochastic control, BSDEs, and other related topics.

Mean-field models are useful to characterize the asymptotic behavior when the size of the system is getting
very large. Mean-field stochastic differential equations (MF-SDEs), also known as equations of McKean-Vlasov
type, were first introduced by Kac [7] when investigating physical systems with a large number of interacting
particles. The approach of studying large particle systems pioneered by Kac now is called in the literature
propagation of chaos and we refer to Sznitman [8] for further reading. In recent years, mean-field theories for
BSDEs and BDSDEs were investigated by Buckdahn et al. [9] and Li and Xing [10], respectively.

As is well known in the literature of game theory, it is in general hard to construct Nash equilibrium explicitly
if the number of players is large. The pioneer work of Lasry and Lions [11] proposed a framework of approximating
Nash equilibrium for stochastic games with a large number of players. Huang et al. [12] dealt with large games
in a similar approach. Later on, Carmona and Delarue [13] provided a probabilistic analysis for large games
formulated by Lasry and Lions, in which they resolved the limiting optimal control problem by studying a mean-
field forward-backward stochastic differential equation (MF-FBSDE). We refer to [14, 15] and the references
therein for more details about mean-field games and related topics.

Mean-field control problems have also attracted considerable attention accompanying with the development
of mean-field game theory. At the beginning, the investigation was focused on the control problems which involve
the expected values; for instance, Buckdahn et al. [16] obtained the global maximum principle for mean-field
SDEs (see also [17]). After Lions introduced the notion of derivatives with respect to probability measures in his
seminal work [18] (see also [15, 19]), a more general form of mean-field interaction where the law of the solution
process is involved has been studied, see e.g. [20, 21]. We also refer to [22–24] and the references therein for
more development on mean-field control problems.

Motivated by the existing works, in this paper we investigate the mean-field control problem (1.1)–(1.2) for
MF-BDSDEs and aim to obtain SMP. We remark that Han et al. [25] has obtained SMP for control problems
involving such BDSDEs without mean-field terms (see also [26, 27]). In our control problem (1.1)–(1.2), the
state process and the cost functional both depend on the joint distribution of the state process and the control
process. Note that in our setting, the dependence on the joint distribution is rather general, and in particular,
it includes the cases of φ(t,Xt,E[Xt], ut) and Ẽ

[
φ(t,Xt, X̃t, ut)

]
which are known as the scalar interaction and

first order interaction of mean-field type, respectively. These two cases will be treated in Section 5 as examples
of applying our main result.

In our study of the mean-field control problem for BDSDEs, a combination of existing techniques and methods
from BDSDEs, FBSDEs and mean field theory is applied, which is summarized below.

(i) From a modelling perspective, BDSDE is a generalization of BSDE and hence can describe more phenom-
ena in the real world. It is worth mentioning that this generalization is not trivial. For instance, the classical
Itô’s formula which plays an essential role in the study of stochastic optimal control problems can not be applied
directly in our situation due to the appearance of the backward Itô integral in (1.1), and a generalized Itô’s
formula (see Lem. 3.1, and we refer to [4] for more details) is invoked.
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(ii) In the mean-field control problems, the dependence of the coefficient functions on probability measures
leads to a failure of the classical calculus, and we employ the concept of L-derivative for functions of probability
measures initiated by P. L. Lions [18] (see also [15, 19]). In comparison with the classical situation, this requires
additional effort in the analysis, and as a consequence, L-derivatives also appear in the stochastic maximum
principle (see Theorem 3.7) and the Hamiltonian system (4.1).

(iii) We prove the well-posedness of the fully coupled mean-field forward backward doubly stochastic differ-
ential equations (FBDSDEs) (4.2) which naturally arise when investigating the control problem. This type of
equation was first introduced by Peng and Shi [28] and later on was further investigated for instance in [25].
To prove the well-posedness, we adapt the continuation method initiated in [29] where the new product rule
Lemma 3.2 is involved (see the proof of Lem. 4.2), also together with a careful treatment of the L-derivatives
appearing in our analysis. See Theorem 4.3 and Remark 4.4.

This article is organized as follows. In Section 2, some preliminaries of the L-derivative of functions of
probability measures is recalled. In Section 3, we prove our main result of stochastic maximum principle as well
as a verification theorem. Section 4 is devoted to the investigation of a type of fully coupled mean-field BDSDE,
which is of interest in its own right. Finally, we provide some examples in Section 5.

To conclude this section, we introduce some notations that will be used throughout the article. For two
vectors u, v ∈ Rn, denote by ⟨u, v⟩ the scalar product of u and v, by |v| =

√
⟨v, v⟩ the Euclidean norm of v. For

A,B ∈ Rn×d, we denote the scalar product of A and B by ⟨A,B⟩ = tr{ABT} and the norm of the matrix A
by ∥A∥ =

√
tr{AAT}, where the superscript T stands for the transpose of vectors or matrices. We also use the

notation ∂x =
(

∂
∂x1

, · · · , ∂
∂xn

)T
for x ∈ Rn. Then for Ψ : Rn → R, ∂xΨ =

(
∂

∂xi
Ψ
)
n×1

is a column vector, and

for Ψ : Rn → Rd, ∂xΨ =
(

∂
∂xi

Ψj

)
n×d

is a n× d matrix. Henceforth, we denote by C a generic constant which

can be different in different lines.

2. Preliminaries on L-derivative

In this section, we collect some preliminaries on L-differentiability for functions of probability laws which was
initiated by P. L. Lions [18]. We refer to [19] and [15] for more details.

For m ∈ N, let P2(Rm) be the set of probability measures on Rm with finite second moment. Denote by
W2(·, ·) the 2-Wasserstein distance in P2(Rm), i.e.,

W2(µ1, µ2) = inf

{(∫
R2m

|x− y|2ρ(dx, dy)
) 1

2

}
,

where the infimum is taken over all ρ ∈ P2(R2m) with ρ(dx,Rm) = µ1(dx) and ρ(Rm,dy) = µ2(dy). Then,
(P2(Rm),W2) is a polish space. It’s obvious from the definition that

W (µ1, µ2) ≤
(
E
[∣∣X − Y ∣∣2]) 1

2

,

here X and Y are Rm-valued random variables with the distributions µ1 and µ2, respectively.
For a functionH : Rq×P2(Rm)→ R, we call H̃ : Rq×L2(Ω;Rm)→ R a lifting ofH if H̃(x, Y ) = H(x,L(Y )),

where L(Y ) means the probability law of Y .

Definition 2.1. A function H : Rq × P2(Rm) is said to be L-differentiable at (x0, µ0) ∈ Rq × P2(Rm) if

there exists a random variable Y0 ∈ L2(Ω;Rm) with L(Y0) = µ0, such that the lifted function H̃ is Fréchet
differentiable at (x0, Y0), i.e., there exists a linear continuous mapping

[DH̃](x0, Y0) : Rq × L2(Ω;Rm)→ R
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such that

H̃(x0 +∆x, Y0 +∆Y )− H̃(x0, Y0) = [DH̃](x0, Y0)(∆x,∆Y ) + o(|∆x|+ ∥∆Y ∥L2). (2.1)

Note that H := Rq × L2(Ω;Rm) is a Hilbert space with the inner product

〈
(x1, Y1), (x2, Y2)

〉
H = ⟨x1, x2⟩+ E[⟨Y1, Y2⟩].

By Riesz representation theorem, the Fréchet derivative [DH̃](x0, Y0) can be viewed as an element DH̃(x0, Y0)
in H in the sense that for all (x, Y ) ∈ H,

[DH̃](x0, Y0)(x, Y ) =
〈
DH̃(x0, Y0), (x, Y )

〉
H . (2.2)

Indeed, there exists a measurable function g : Rm → Rm depending only on µ0 such that DH̃(x0, Y ) = g(Y )
a.s. for all Y with L(Y ) = µ0. Then, we define the L-derivative of H at (x0, µ0) along the random variable Y
by g(Y ), which is denoted by ∂µH(x0, µ0)(Y ). Thus, we have a.s.

∂µH(x0,L(Y ))(Y ) = g(Y ) = DH̃(x0, Y ).

Example 2.2. Consider the following function H on P2(Rm),

H(µ) =

∫
Rm

h(y)µ(dy),

where h : Rm → R is twice differentiable with bounded second derivatives. Clearly, the lifted function H̃(Y ) =

E
[
h(Y )

]
with L(Y ) = µ, and ∂µH(L(Y ))(Y ) = DH̃(Y ) = ∂yh(Y ) by (2.1) and (2.2).

Similarly, for a function H : Rq × P2(Rn × Rn×l × Rk) → R depending on a vector x ∈ Rq and a joint
probability law µ = (µy, µz, µu) ∈ P2(Rn ×Rn×l ×Rk), we can define partial L-differentiability. We say that H
is joint L-differentiable at (x, µ) if there exists a triple of random variables (Y,Z, U) ∈ L2(Ω;Rn × Rn×l × Rk)

with L(Y, Z, U) = µ such that the lifted function H̃(x, Y, Z, U) = H(x, µ) is Fréchet differentiable at (x, Y, Z, U).
Observing Rq × L2(Ω;Rn ×Rn×l ×Rk) ∼= Rq × L2(Ω;Rn)× L2(Ω;Rn×l)× L2(Ω;Rk), the partial L-derivatives
∂µy

H, ∂µz
H and ∂µu

H at (x, µ) along (Y,Z, U) can be defined via the following identity

DH̃(x, Y, Z, U) =
(
∂xH(x, µ), ∂µy

H(x, µ), ∂µz
H(x, µ), ∂µu

H(x, µ)
)
(Y,Z, U).

We remark that ∂xH(x, µ)(Y,Z, U) actually does not depend on (Y,Z, U).
A standard result says that joint continuous differentiability in the two arguments is equivalent to partial

differentiability in each of the two arguments and joint continuity of the partial derivatives. Hence, the joint
continuity of ∂xH(x, µ) means the joint continuity with respect to the Euclidean distance on Rq and the 2-
Wasserstein distance on P2(Rn × Rn×l × Rk); the joint continuity of ∂µy

H(x, µ) is understood as the joint
continuity of the mapping (x, Y, Z, U) 7→ ∂µy

H(x,L(Y, Z, U))(Y,Z, U) from Rq × L2(Ω;Rn × Rn×l × Rk) to
L2(Ω;Rn).
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3. Stochastic maximum principle

In this section, we aim to derive our main result of the stochastic maximum principle. First, we fix some
mathematical notations, formulate our control problem, and recall Itô’s formula for stochastic processes involv-
ing backward Itô’s integral. Then we present the assumptions which will be used throughout the paper. The
maximum principle will be obtained via the classical variational method. Assuming proper convexity conditions
on the Hamiltonian, we prove a verification theorem, i.e., showing that the stochastic maximum principle is
also a sufficient condition for an optimal control.

3.1. Some preliminaries for the control problem

On a probability space (Ω,F , P ) satisfying usual conditions, let {Bt}t≥0 and {Wt}t≥0 be two mutually
independent Brownian motions, taking values in Rd and Rl respectively. Denote by N the collection of P -null
sets of F . For each t ∈ [0, T ], denote

Ft = FW
t ∨ FB

t,T ,

where FW
t = σ

{
Wr, 0 ≤ r ≤ t

}
∨ N is the augmented σ-field generated by W and similarly FB

t,T = σ
{
Br −

Bt, t ≤ r ≤ T
}
∨N . We stress that Ft is neither increasing nor decreasing in t and hence does not constitute a

filtration. Now let us introduce the following spaces:

L2
G(Rn) =

{
ξ : Ω→ Rn; ξ ∈ G and E

[
|ξ|2
]
< +∞

}
for any σ-field G ⊂ F ;

L2
F ([s, r];Rn) =

{
ϕ : [s, r]× Ω→ Rn;ϕt ∈ Ft for t ∈ [s, r] and E

[∫ r

s

|ϕt|2dt
]
< +∞

}
;

S2
F ([s, r];Rn) =

{
ϕ : [s, r]× Ω→ Rn;ϕ is continuous a.s., ϕt ∈ Ft for t ∈ [s, r],

and E
[

sup
s≤t≤r

|ϕt|2
]
< +∞

}
.

The state process (yt, zt)0≤t≤T is governed by the following BDSDE
−dyt =f(t, yt, zt, ut,L(yt, zt, ut))dt+ g(t, yt, zt, ut,L(yt, zt, ut))d

←−
B t

− ztdWt, t ∈ [0, T ],

yT =ξ,

(3.1)

with ξ a given FT -measurable random variable. We aim to minimize the cost functional given by

J(u) = E

[∫ T

0

h(t, yt, zt, ut,L(yt, zt, ut))dt+Φ(y0,L(y0))

]
, (3.2)

over the set U := L2
F ([0, T ];U) of admissible controls, where U is a closed convex subset of Rk. The functions

f , g and h are measurable mappings from [0, T ]× Rn × Rn×l × Rk ×P2(Rn × Rn×l × Rk) to Rn, Rn×d and R,
respectively.

We stress that the state process (y, z) and the cost functional J(u) depend on the joint distribution L(yt, zt, ut)
of the state and the control processes.

To end this subsection, we recall Itô’s formula obtained in [4], Lemma 1.3, which is a key ingredient in our
analysis.
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Lemma 3.1. Let α ∈ S2
F ([0, T ];Rn), β ∈ L2

F ([0, T ];Rn), γ ∈ L2
F ([0, T ];Rn×d), θ ∈ L2

F ([0, T ];Rn×l) be such that

αt = α0 +

∫ t

0

βsds+

∫ t

0

γsd
←−
B s +

∫ t

0

θsdWs, 0 ≤ t ≤ T.

Then for ϕ ∈ C2(Rn), we have

ϕ(αt) =ϕ(α0) +

∫ t

0

〈
∂αϕ(αs), βs

〉
ds+

∫ t

0

〈
∂αϕ(αs), γsd

←−
B s

〉
+

∫ t

0

〈
∂αϕ(αs), θsdWs

〉
− 1

2

∫ t

0

tr
[
∂ααϕ(αs)γsγ

T
s

]
ds+

1

2

∫ t

0

tr
[
∂ααϕ(αs)θsθ

T
s

]
ds. (3.3)

The following product rule is a direct corollary of Lemma 3.1.

Lemma 3.2. Consider the processes y and p given bydyt = ftdt+ gtd
←−
B t + ztdWt,

dpt = Ftdt+GtdWt + qtd
←−
B t,

where f, g, z, F,G, q all belong to L2
F ([0, T ];Rm) with proper dimension m. We have

d ⟨pt, yt⟩ = ⟨dpt, yt⟩+ ⟨pt, dyt⟩+ ⟨Gt, zt⟩ dt− ⟨gt, qt⟩ dt. (3.4)

3.2. Main assumptions and the variational equation

We assume the following conditions for our control problem (3.1)-(3.2).

(H1) The functions f(t, 0, 0, 0, δ0) and g(t, 0, 0, 0, δ0) are uniformly bounded, where δ0 is the Dirac measure at 0.
The functions f , g and h are differentiable with respect to (y, z, u) ∈ Rn×Rn×l×Rk for each t ∈ [0, T ] and
µ ∈ P2(Rn ×Rn×l ×Rk). Moreover, for ρ = y, z, u, the partial derivative ∂ρφ is continuous and uniformly
bounded in (t, y, z, u, µ) for φ = f, g, h. In particular, we require ∥∂zg(t, y, z, u, µ)∥ < α1 ∈ (0, 1).

(H2) The functions f , g and h are L-differentiable with respect to µ. Moreover, for ν = µy, µz, µu, the L-
derivative ∂νφ is continuous with L2-norm being uniformly bounded in (t, y, z, u, µ) for φ = f, g, h. In
particular, we require∫

Rn×Rn×l×Rk

∥∥∂µzg(t, y, z, u, µ)(y
′, z′, u′)

∥∥2dµ(y′, z′, u′) < α2 ∈ (0, 1− α1).

(H3) The function Φ is differentiable with respect to y and L-differentiable with respect to µy, and moreover
∂yΦ(y, µ) and ∂µy

Φ(y,L(Y ))(Y ) are jointly continuous.

Remark 3.3. Note that, if f , g are continuously differentiable with uniformly bounded partial derivatives as
assumed in (H1) and (H2), we can deduce that f , g are Lipschitz in (y, z, u) and µ. Precisely, there exists
a constant C and 0 < α1, α2 < 1 with α1 + α2 < 1 such that for all y, y′ ∈ Rn, z, z′ ∈ Rn×l, u, u′ ∈ Rk,
µ = L(Y,Z, U), µ′ = L(Y ′, Z ′, U ′) ∈ P2(Rn × Rn×l × Rk),∣∣f(t, y, z, u, µ)− f(t, y′, z′, u′, µ′)

∣∣2
≤ C

(
|y − y′|2 + ∥z − z′∥2 + |u− u′|2 + E

[
|Y − Y ′|2 + ∥Z − Z ′∥2 + |U − U ′|2

])
,
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and ∥∥g(t, y, z, u, µ)− g(t, y′, z′, u′, µ′)
∥∥2

≤ C
(
|y − y′|2 + |u− u′|2 + E

[
|Y − Y ′|2 + |U − U ′|2

])
+
(
α1∥z − z′∥2 + α2E

[
∥Z − Z ′∥2

])
.

The following result borrowed from [10] provides the existence and uniqueness for the solution of (3.1).

Theorem 3.4. Under the Assumptions (H1) and (H2), for any fixed u = (ut)0≤t≤T ∈ U , there exists a unique
solution (yu, zu) ∈ S2

F ([0, T ];Rn)× L2
F ([0, T ];Rn×l) to (3.1).

Let u∗ ∈ U be an optimal control, i.e., J(u∗) = inf
v∈U

J(v), and (y∗, z∗) be the corresponding state process. We

shall introduce some notations that will be used in the sequel.
Recalling that U = L2

F ([0, T ];U) with U being a convex set of Rk, we have uε := u∗ + εv ∈ U for 0 ≤ ε ≤ 1
and all v = u− u∗ with arbitrarily u ∈ U . Let (yε, zε) denote the solution of (3.1) with u = uε. We shall take
the following abbreviated notations

θ∗t = (y∗t , z
∗
t , u

∗
t ,L(y∗t , z∗t , u∗t )), θεt = (yεt , z

ε
t , u

ε
t ,L(yεt , zεt , uεt )),

yλt = yt + λ(yεt − y∗t ), zλt = zt + λ(zεt − z∗t ), uλt = u∗t + λεvt,

θλt = (yλt , z
λ
t , u

λ
t ,L(yλt , zλt , uλt )).

(3.5)

Let (Ω̃, F̃ , P̃ ) be a copy of (Ω,F , P ). For a random variable X defined on (Ω,F , P ), we denote by X̃ its copy

on Ω̃. For any integrable random variable ξ on the probability space (Ω× Ω̃,F × F̃ , P ⊗ P̃ ), we denote

E
[
ξ(ω, ω̃)

]
=

∫
Ω

ξ(ω, ω̃)P (dω) and Ẽ
[
ξ(ω, ω̃)

]
=

∫
Ω̃

ξ(ω, ω̃)P (dω̃). (3.6)

With the above notations in mind, we introduce the following linear backward doubly stochastic differential
equation 

−dKt =
{
∂yf(t, θ

∗
t )Kt + ∂zf(t, θ

∗
t )Lt + ∂uf(t, θ

∗
t )vt + Ẽ

[
∂µyf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )K̃t

]
+ Ẽ

[
∂µzf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )L̃t

]
+ Ẽ

[
∂µuf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )ṽt

]}
dt

+
{
∂yg(t, θ

∗
t )Kt + ∂zg(t, θ

∗
t )Lt + ∂ug(t, θ

∗
t )vt + Ẽ

[
∂µy

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )K̃t

]
+ Ẽ

[
∂µz

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )L̃t

]
+ Ẽ

[
∂µu

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )ṽt

]}
d
←−
B t

− LtdWt, t ∈ [0, T ],

KT =0,

(3.7)

to which there exists a unique solution (K,L) ∈ S2
F ([0, T ];Rn)× L2

F ([0, T ];Rn×l) by Theorem 3.4.

Proposition 3.5. Let assumptions (H1)–(H3) hold. Then, we have

lim
ε→0

E
[

sup
0≤t≤T

∣∣∣yεt − y∗t
ε

−Kt

∣∣∣2] = 0 and lim
ε→0

E

[∫ T

0

∥∥∥zεt − z∗t
ε

− Lt

∥∥∥2dt] = 0.
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Proof. Denote

ŷεt =
yεt − y∗t

ε
−Kt and ẑεt =

zεt − z∗t
ε

− Lt. (3.8)

Then, by (3.1) and (3.7), (ŷεt , ẑ
ε
t )0≤t≤T solves the following equation,

−dŷεt =
{

1
ε

[
f(t, θεt )− f(t, θ∗t )

]
− ∂yf(t, θ∗t )Kt − ∂zf(t, θ∗t )Lt − ∂uf(t, θ∗t )vt

− Ẽ
[
∂µyf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )K̃t

]
− Ẽ

[
∂µzf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )L̃t

]
− Ẽ

[
∂µuf(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t )ṽt

]}
dt

+
{

1
ε

[
g(t, θεt )− g(t, θ∗t )

]
− ∂yg(t, θ∗t )Kt − ∂zg(t, θ∗t )Lt − ∂ug(t, θ∗t )vt

− Ẽ
[
∂µy

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )K̃t

]
− Ẽ

[
∂µz

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )L̃t

]
− Ẽ

[
∂µu

g(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )ṽt

]}
d
←−
B t − ẑεt dWt, t ∈ [0, T ],

ŷεT =0.

(3.9)

Using notations (3.5) and (3.6), some algebraic work shows that (3.9) can be written as

−dŷεt =

[ ∫ 1

0

{
∂yf(t, θ

λ
t )ŷ

ε
t + Ẽ

[
∂µy

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )
˜̂yεt ]

+ ∂zf(t, θ
λ
t )ẑ

ε
t + Ẽ

[
∂µzf(t, θ

λ
t )(ỹ

λ
t , z̃

λ
t , ũ

λ
t )
˜̂zεt ]+ Fλ,ε

t

}
dλ

]
dt

+

[ ∫ 1

0

{
∂yg(t, θ

λ
t )ŷ

ε
t + Ẽ

[
∂µy

g(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )
˜̂yεt ]

+ ∂zg(t, θ
λ
t )ẑ

ε
t + Ẽ

[
∂µz

g(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )
˜̂zεt ]+Gλ,ε

t

}
dλ

]
d
←−
B t

− ẑεt dWt, t ∈ [0, T ],

ŷεT =0.

(3.10)

where

Fλ,ε
t :=

(
∂yf(t, θ

λ
t )− ∂yf(t, θ∗t )

)
Kt + Ẽ

[(
∂µy

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µy

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
)
K̃t

]
+
(
∂zf(t, θ

λ
t )− ∂zf(t, θ∗t )

)
Lt + Ẽ

[(
∂µz

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µz

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
)
L̃t

]
+
(
∂uf(t, θ

λ
t )− ∂uf(t, θ∗t )

)
vt + Ẽ

[(
∂µu

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µu

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
)
ṽt

]
,

and Gλ,ε
t is of the same form as Fλ,ε

t with f replaced by g.
Applying Itô’s formula (3.3) to |ŷεt |

2
, we have

E
[
|ŷεt |2

]
+ E

[ ∫ T

t

∥ẑεs∥2ds
]

=2E
∫ T

t

〈∫ 1

0

{
∂yf(s, θ

λ
s )ŷ

ε
s + Ẽ

[
∂µy

f(s, θλs )(ỹ
λ
s , z̃

λ
s , ũ

λ
s )
˜̂yεs]
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+ ∂zf(s, θ
λ
s )ẑ

ε
s + Ẽ

[
∂µz

f(s, θλs )(ỹ
λ
s , z̃

λ
s , ũ

λ
s )
˜̂zεs]+ Fλ,ε

s

}
dλ, ŷεs

〉
ds

+ E
∫ T

t

∥∥∥∫ 1

0

{
∂yg(s, θ

λ
s )ŷ

ε
s + Ẽ

[
∂µy

g(s, θλs )(ỹ
λ
s , z̃

λ
s , ũ

λ
s )
˜̂yεs]

+ ∂zg(s, θ
λ
s )ẑ

ε
s + Ẽ

[
∂µzg(s, θ

λ
s )(ỹ

λ
s , z̃

λ
s , ũ

λ
s )
˜̂zεs]+Gλ,ε

s

}
dλ
∥∥∥2ds.

The uniform boundedness of the partial derivatives of f and g as assumed in (H1) and (H2) yields

E
[
|ŷεt |2

]
+ E

[ ∫ T

t

∥ẑεs∥2ds
]
≤ CE

[ ∫ T

t

|ŷεs |2ds
]
+ E

∫ T

t

∫ 1

0

{∣∣Fλ,ε
s

∣∣2 + ∥∥Gλ,ε
s

∥∥2}dλds.
To get the desired result, in view of Gronwall’s lemma, it suffices to show

lim
ε→0

E
[ ∫ T

0

∫ 1

0

∣∣Fλ,ε
t

∣∣2dλdt] = 0, (3.11)

and

lim
ε→0

E
[ ∫ T

0

∫ 1

0

∥∥Gλ,ε
t

∥∥2dλdt] = 0. (3.12)

We shall prove (3.11) below, and (3.12) can be proved in the same way and thus omitted. By Hölder’s inequality,
we have

E
[ ∫ T

0

∫ 1

0

∣∣Fλ,ε
t

∣∣2dλdt]
≤ CE

∫ T

0

{∫ 1

0

{
|∂yf(t, θλt )− ∂yf(t, θ∗t )|2|Kt|2 + ∥∂zf(t, θλt )− ∂zf(t, θ∗t )∥2∥Lt∥2

}
dλ

+

∫ 1

0

Ẽ
[∣∣∂µy

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µy

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
∣∣2]Ẽ[|K̃t|2

]
dλ

+

∫ 1

0

Ẽ
[∥∥∂µz

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µz

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
∥∥2]Ẽ[∥L̃t∥2

]
dλ

+

∫ 1

0

Ẽ
[∣∣∂µu

f(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µu

f(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t )
∣∣2]Ẽ[|ṽt|2]dλ

+

∫ 1

0

∣∣∂uf(t, θλt )− ∂uf(t, θ∗t )∣∣2|vt|2dλ}dt.
Due to the continuity and uniform boundedness assumed in (H1) and (H2) for the partial derivatives, we can
apply the dominated convergence theorem to prove (3.11). The proof is concluded.

The differentiability of the cost functional J(·) proved in the following result will be used in the derivation
of the variational inequality in Section 3.3.

Proposition 3.6. Under conditions (H1)–(H3), the cost functional J(·) defined by (3.2) is Gateaux differen-
tiable, and the derivative at u∗ in the direction v is given by

d

dε
J(u∗ + εv)

∣∣∣
ε=0

=E
∫ T

0

{〈
∂yh(t, θ

∗
t ),Kt

〉
+
〈
∂zh(t, θ

∗
t ), Lt

〉
+
〈
∂uh(t, θ

∗
t ), vt

〉
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+ Ẽ
[〈
∂µy

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), K̃t

〉]
+ Ẽ

[〈
∂µz

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), L̃t

〉]
+ Ẽ

[〈
∂µu

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), ṽt

〉]}
dt

+ E
[〈
∂yΦ(y

∗
0 ,L(y∗0)),K0

〉
+ Ẽ

[〈
∂µy

Φ(y∗0 ,L(y∗0))(ỹ∗0), K̃0

〉]]
. (3.13)

Proof. By the definition (3.2) of J and the notations (3.5), we have

J(uε)− J(u∗)
ε

=
1

ε

[
E
∫ T

0

{
h(t, θεt )− h(t, θ∗t )

}
dt
]
+

1

ε
E
[
Φ(yε0,L(yε0))− Φ(y∗0 ,L(y∗0))

]
=: I1 + I2. (3.14)

For the term I1, Taylor’s first-order expansion yields

I1 =E
∫ T

0

{〈
∂yh(t, θ

∗
t ),Kt

〉
+
〈
∂∗zh(t, θ

∗
t ), Lt

〉
+
〈
∂uh(t, θ

∗
t ), vt

〉
+ Ẽ

[〈
∂µy

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), K̃t

〉]
+ Ẽ

[〈
∂µz

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), L̃t

〉]
+ Ẽ

[〈
∂µuh(t, θ

∗
t )(ỹ

∗
t , z̃

∗
t , ũ

∗
t ), ṽt

〉]}
dt+ E

∫ T

0

ρεtdt,

with

ρεt :=

∫ 1

0

{〈
∂yh(t, θ

λ
t ), ŷ

ε
t

〉
+
〈
∂yh(t, θ

λ
t )− ∂yh(t, θ∗t ),Kt

〉}
dλ

+

∫ 1

0

{〈
∂zh(t, θ

λ
t ), ẑ

ε
t

〉
+
〈
∂zh(t, θ

λ
t )− ∂zh(t, θ∗t ), Lt

〉}
dλ

+

∫ 1

0

{
Ẽ
[〈
∂µy

h(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t ),
˜̂yεt 〉]+ Ẽ

[〈
∂µz

h(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t ),
˜̂zεt 〉]}dλ

+

∫ 1

0

Ẽ
[〈
∂µy

h(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µy

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), K̃t

〉]
dλ

+

∫ 1

0

Ẽ
[〈
∂µz

h(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µz

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), L̃t

〉]
dλ

+

∫ 1

0

Ẽ
[〈
∂µu

h(t, θλt )(ỹ
λ
t , z̃

λ
t , ũ

λ
t )− ∂µu

h(t, θ∗t )(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), ṽt

〉]
dλ

+

∫ 1

0

〈
∂uh(t, θ

λ
t )− ∂uh(t, θ∗t ), vt

〉
dλ,

where we recall that ŷεt , ẑ
ε
t are given in (3.8).

Note that by (H1) and (H2), the partial derivatives of h are jointly continuous and uniformly bounded.
Combining this fact with Proposition 3.5, we can apply dominated convergence theorem to get

lim
ε→0

E
∫ T

0

ρεtdt = 0.

The term I2 in (3.14) can be analyzed in a similar way. The proof is concluded.
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3.3. On necessity of the condition

In this subsection, we present our main result of stochastic maximum principle, which is a necessary condition
for an optimal control.

Let H : [0, T ]× Rn × Rn×l × Rk ×P2(Rn × Rn×l × Rk)× Rn × Rn×d → R denote the Hamiltonian given by

H(t, y, z, u, µ, p, q) :=
〈
f(t, y, z, u, µ), p

〉
+
〈
g(t, y, z, u, µ), q

〉
+ h(t, y, z, u, µ). (3.15)

Consider the following adjoint equation

dpt =
[
∂yH(t, θ∗t , pt, qt) + Ẽ

[
∂µyH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]]
dt

+
[
∂zH(t, θ∗t , pt, qt) + Ẽ

[
∂µzH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]]
dWt

− qtd
←−
B t, t ∈ [0, T ],

p0 =∂yΦ(y
∗
0 ,L(y∗0)) + Ẽ

[
∂µy

Φ(ỹ∗0 ,L(y∗0))(y∗0)
]
,

(3.16)

where we have used notations in (3.5). Recalling the equation (3.7) of (K,L), applying Itô’s formula to
〈
pt,Kt

〉
from 0 to T and taking expectation, we can get

E
[〈
p0,K0

〉]
=E

∫ T

0

{〈
∂Tu f(t, θ

∗
t )pt + Ẽ

[
∂Tµu

f(t, θ̃∗t )(y
∗
t , z

∗
t , u

∗
t )p̃t

]
+ ∂Tu g(t, θ

∗
t )qt + Ẽ

[
∂Tµu

g(t, θ̃∗t )(y
∗
t , z

∗
t , u

∗
t )q̃t

]
, vt
〉

−
〈
∂yh(t, θ

∗
t ) + Ẽ

[
∂µyh(t, θ̃

∗
t )(y

∗
t , z

∗
t , u

∗
t )
]
,Kt

〉
−
〈
∂zh(t, θ

∗
t ) + Ẽ

[
∂µzh(t, θ̃

∗
t )(y

∗
t , z

∗
t , u

∗
t )
]
, Lt

〉}
dt.

Note that E
[〈
p0,K0

〉]
is the sum of the last two terms on the right-hand side of (3.13). Plugging this expression

into (3.13), we get

d

dε
J(u∗ + εv)

∣∣∣
ε=0

=E
∫ T

0

〈
∂Tu f(t, θ

∗
t )pt + Ẽ

[
∂Tµu

f(t, θ̃∗t )(y
∗
t , z

∗
t , u

∗
t )p̃t

]
+ ∂Tu g(t, θ

∗
t )qt

+ Ẽ
[
∂Tµu

g(t, θ̃∗t )(y
∗
t , z

∗
t , u

∗
t )q̃t

]
+ ∂uh(t, θ

∗
t ) + Ẽ

[
∂µu

h(t, θ̃∗t )(y
∗
t , z

∗
t , u

∗
t )
]
, vt

〉
dt.

Using the Hamiltonian H given by (3.15), we can write

d

dε
J(u∗ + εv)

∣∣∣
ε=0

= E
∫ T

0

〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µuH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, vt

〉
dt. (3.17)

Now we are ready to derive our main result, the stochastic maximum principle.

Theorem 3.7. We assume conditions (H1)–(H3) for the control problem (3.1)–(3.2). Suppose that u∗ =
(u∗t )0≤t≤T ∈ U is an optimal control, (y∗t , z

∗
t )0≤t≤T is the associated state process, and (pt, qt)0≤t≤T is the

adjoint process satisfying (3.16). Then, we have, for all a ∈ U,〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µuH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, a− u∗t

〉
≥ 0, dt⊗ dP a.s., (3.18)
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where H is the Hamiltonian defined by (3.15).

Proof. Given any admissible control (ut)0≤t≤T ∈ U , we denote vt = ut − u∗t . We use the perturbation uεt =
u∗t + εvt. Since u

∗ is optimal, i.e., J(u∗) achieves the minimum, we have

d

dε
J(u∗ + εv)

∣∣∣
ε=0
≥ 0.

This together with (3.17) implies

E
∫ T

0

〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µuH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, ut − u∗t

〉
dt ≥ 0. (3.19)

We set an admissible control (ut)0≤t≤T as follows

us =

{
αs, s ∈ [t, t+ ε],
u∗s, otherwise,

where (αt)0≤t≤T ∈ U . From (3.19), we have

1

ε
E
[∫ t+ε

t

〈
∂uH(s, θ∗s , ps, qs) + Ẽ

[
∂µu

H(s, θ̃∗s , p̃s, q̃s)(y
∗
s , z

∗
s , u

∗
s)
]
, αs − u∗s

〉
ds

]
≥ 0, (3.20)

Letting ε→ 0+, by Lebesgue differential theorem, we have for almost all t,

E
[〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µuH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, αt − u∗t

〉]
≥ 0.

For A ∈ Ft, we set αt = a1A + u∗t1Ac with a ∈ U. Thus, we have for almost all t,

E
[〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µu

H(t, θ̃∗t , p̃t, q̃t)(y
∗
t , z

∗
t , u

∗
t )
]
, a− u∗t

〉
1A

]
≥ 0.

As A ∈ Ft is chosen arbitrarily, the definition of conditional expectation leads to, for almost all t,

E
[〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µu

H(t, θ̃∗t , p̃t, q̃t)(y
∗
t , z

∗
t , u

∗
t )
]
, a− u∗t

〉∣∣Ft

]
=
〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µu

H(t, θ̃∗t , p̃t, q̃t)(y
∗
t , z

∗
t , u

∗
t )
]
, a− u∗t

〉
≥ 0, a.s.

This proves the desired result.

3.4. On sufficiency of the condition

In this subsection, we prove a verification theorem which states that under proper conditions, the maximum
principle (3.18) obtained in Theorem 3.7 does yield an optimal control.

Theorem 3.8. Assume (H1)–(H3). We further assume that the Hamiltonian H given in (3.15) and Φ are
convex in the sense

H(t, y′, z′, u′, µ′, p, q)−H(t, y, z, u, µ, p, q)

≥
〈
∂yH(t, y, z, u, µ, p, q), y′ − y

〉
+ Ẽ

[〈
∂µy

H(t, y, z, u, µ, p, q)(Ỹ , Z̃, Ũ), Ỹ ′ − Ỹ
〉]

+
〈
∂zH(t, y, z, u, µ, p, q), z′ − z

〉
+ Ẽ

[〈
∂µzH(t, y, z, u, µ, p, q)(Ỹ , Z̃, Ũ), Z̃ ′ − Z̃

〉]
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+
〈
∂uH(t, y, z, u, µ, p, q), u′ − u

〉
+ Ẽ

[〈
∂µu

H(t, y, z, u, µ, p, q)(Ỹ , Z̃, Ũ), Ũ ′ − Ũ
〉]
,

and

Φ(y′, µ′
y)− Φ(y, µy) ≥

〈
∂yΦ(y, µy), y

′ − y
〉
+ Ẽ

[〈
∂µyΦ(y, µy)(Ỹ ), Ỹ ′ − Ỹ

〉]
,

for all y, y′ ∈ Rn, z, z′ ∈ Rn×l, u, u′ ∈ Rk, µ, µ′ ∈ P2(Rn × Rn×l × Rk) with µ = (µy, µz, µu) = L(Ỹ , Z̃, Ũ),

µ′ = (µ′
y, µ

′
z, µ

′
u) = L(Ỹ ′, Z̃ ′, Ũ ′), p ∈ Rn and q ∈ Rn×d.

Let u∗ = (u∗t )0≤t≤T ∈ U be an admissible control, (y∗t , z
∗
t )0≤t≤T the state process and (pt, qt)0≤t≤T the adjoint

process. Then, if (3.18) holds, u∗ is an optimal control.

Proof. Recalling the definition of (3.2) of J and the notations (3.5), we have

J(u)− J(u∗) = E
∫ T

0

{
h(t, θut )− h(t, θ∗t )

}
dt+ E

[
Φ(yu0 ,L(yu0 ))− Φ(y∗0 ,L(y∗0))

]
,

where we use the superscript u to denote the processes associated to the control process (ut)0≤t≤T ∈ U . It
follows directly from the convexity of H and Φ that

h(t, θut )− h(t, θ∗t )
= H(t, θut , pt, qt)−H(t, θ∗t , pt, qt)−

〈
f(t, θut )− f(t, θ∗t ), pt

〉
−
〈
g(t, θut )− g(t, θ∗t ), qt

〉
≥
〈
∂yH(t, θ∗t , pt, qt), y

u
t − y∗t

〉
+ Ẽ

[〈
∂µy

H(t, θ∗t , pt, qt)(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), ỹ

u
t − ỹ∗t

〉]
+
〈
∂zH(t, θ∗t , pt, qt), z

u
t − z∗t

〉
+ Ẽ

[〈
∂µzH(t, θ∗t , pt, qt)(ỹ

∗
t , z̃

∗
t , ũ

∗
t ), z̃

u
t − z̃∗t

〉]
(3.21)

+
〈
∂uH(t, θ∗t , pt, qt), ut − u∗t

〉
+ Ẽ

[〈
∂µu

H(t, θ∗t , pt, qt)(ỹ
∗
t , z̃

∗
t , ũ

∗
t ), ũt − ũ∗t

〉]
−
〈
f(t, θut )− f(t, θ∗t ), pt

〉
−
〈
g(t, θut )− g(t, θ∗t ), qt

〉
,

and

E
[
Φ(yu0 ,L(yu0 ))− Φ(y∗0 ,L(y∗0))

]
≥ E

[〈
∂yΦ(y

∗
0 ,L(y∗0)), yu0 − y∗0

〉
+ Ẽ

[〈
∂µyΦ(y

∗
0 ,L(y∗0))(ỹ∗0), ỹu0 − ỹ∗0

〉]]
(3.22)

= E
[〈
∂yΦ(y

∗
0 ,L(y∗0)) + Ẽ

[
∂µyΦ(ỹ

∗
0 ,L(y∗0))(y∗0)

]
, yu0 − y∗0

〉]
.

Applying Itô’s formula to
〈
pt, y

u
t − y∗t

〉
yields that

E
[〈
∂yΦ(y

∗
0 ,L(y∗0)) + Ẽ

[
∂µyΦ(ỹ

∗
0 ,L(y∗0))(y∗0)

]
, yu0 − y∗0

〉]
= E

∫ T

0

{〈
f(t, θut )− f(t, θ∗t ), pt

〉
+
〈
g(t, θut )− g(t, θ∗t ), qt

〉
−
〈
∂yH(t, θ∗t , pt, qt) + Ẽ

[
∂µy

H(t, θ̃∗t , p̃t, q̃t)(y
∗
t , z

∗
t , u

∗
t )
]
, yut − y∗t

〉
(3.23)

−
〈
∂zH(t, θ∗t , pt, qt) + Ẽ

[
∂µzH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, zut − z∗t

〉}
dt.

Combining (3.21)–(3.23), and using Fubini’s theorem, we have

J(u)− J(u∗) ≥ E
∫ T

0

〈
∂uH(t, θ∗t , pt, qt) + Ẽ

[
∂µuH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]
, ut − u∗t

〉
dt
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Thus, if we assume (3.18), we get

J(u)− J(u∗) ≥ 0.

Noting that u ∈ U is chosen arbitrarily, this implies that u∗ is an optimal control. The proof is concluded.

4. Well-posedness of mean-field forward-backward doubly
stochastic differential equations

Using the Hamiltonian H given in (3.15), the state equation (3.1) and the adjoint equation (3.16) can be
combined in the following system



−dy∗t =∂pH(t, θ∗t , pt, qt)dt+ ∂qH(t, θ∗t , pt, qt)d
←−
B t − z∗t dWt,

dpt =
[
∂yH(t, θ∗t , pt, qt) + Ẽ

[
∂µyH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]]
dt

+
[
∂zH(t, θ∗t , pt, qt) + Ẽ

[
∂µzH(t, θ̃∗t , p̃t, q̃t)(y

∗
t , z

∗
t , u

∗
t )
]]
dWt

− qtd
←−
B t, t ∈ [0, T ],

y∗T =ξ, p0 = ∂yΦ(y
∗
0 ,L(y∗0)) + Ẽ

[
∂µy

Φ(ỹ∗0 ,L(y∗0))(y∗0)
]
,

(4.1)

where θt is given in (3.5).
If u∗t is a function of y∗t , z

∗
t , pt, qt and their joint distribution (see, e.g., the LQ case in Sect. 5.3), the above

system (4.1) can be written as a time-symmetric FBDSDE introduced in Peng and Shi [28] of mean-field type,


−dyt =f(t, yt, pt, zt, qt,L(yt, pt, zt, qt))dt+ g(t, yt, pt, zt, qt,L(yt, pt, zt, qt))d

←−
B t − ztdWt,

dpt =F (t, yt, pt, zt, qt,L(yt, pt, zt, qt))dt+G(t, yt, pt, zt, qt,L(yt, pt, zt, qt))dWt − qtd
←−
B t,

yT =ξ, p0 = Ψ(y0,L(y0)),

(4.2)

where ξ is an FT -measurable random variable, Ψ : Ω × Rn × P2(Rn) → Rn, and f, g, F,G are functions from
Ω× [0, T ]× Rn × Rn × Rn×l × Rn×d × P2(Rn × Rn × Rn×l × Rn×d) to Rn,Rn×d,Rn,Rn×l, respectively.

Definition 4.1. A quadruple of processes (y, p, z, q) is called a solution of (4.2) if (y, p, z, q) ∈ L2
F ([0, T ];Rn ×

Rn × Rn×l × Rn×d) and satisfies (4.2).

Let A(t, ζ, µ) = (−F, f,−G, g)(t, ζ, µ) where ζ = (y, p, z, q) and µ stands for a generic element in P2(Rn ×
Rn × Rn×l × Rn×d). Assume that for each (ζ, µ) ∈ Rn × Rn × Rn×l × Rn×d × P2(Rn × Rn × Rn×l × Rn×d),
A(·, ζ, µ) ∈ L2

F ([0, T ];Rn × Rn × Rn×l × Rn×d) and that for each (y, µy) ∈ Rn × P2(Rn), Ψ(y, µy) ∈ L2
F0

(Rn).
For almost all (t, ω) ∈ [0, T ]× Ω, we assume the following conditions.

(A1) There exists k1 > 0 such that

|A(t, ζ, µ)−A(t, ζ ′, µ′)| ≤ k1
(
|ζ − ζ ′|+W2(µ, µ

′)
)
,

|Ψ(y, µy)−Ψ(y′, µ′
y)| ≤ k1

(
|y − y′|+W2(µy, µ

′
y)
)
,

hold for ζ, ζ ′ ∈ Rn × Rn × Rn×l × Rn×d, µ, µ′ ∈ P2(Rn × Rn × Rn×l × Rn×d), y, y′ ∈ Rn, and µy, µ
′
y ∈

P2(Rn).
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(A2) Let ζ = (Y, P, Z,Q), ζ′ = (Y ′, P ′, Z ′, Q′) ∈ L2
F ([0, T ];Rn × Rn × Rn×l × Rn×d), µ = L(ζ), µ′ = L(ζ′).

There exist constants k2, k3, k4 ≥ 0 with k2 + k3 > 0 and k3 + k4 > 0 such that

E
[〈
A(t, ζ, µ)−A(t, ζ′, µ′), ζ − ζ′〉]

≤ −k2
(
E[|Y − Y ′|2 + ∥Z − Z ′∥2]

)
− k3

(
E[|P − P ′|2 + ∥Q−Q′∥2]

)
,

and

E
[〈
Ψ(Y,L(Y ))−Ψ(Y ′,L(Y ′)), Y − Y ′〉] ≥ k4E[|Y − Y ′|2].

Moreover, we make some further assumptions if k2 or k3 is zero: we assume

∥g(t, ζ, µ)− g(t, ζ′, µ′)∥ ≤ k1(|Y − Y ′|+ |P − P ′|+ ∥Q−Q′∥) + λ1∥Z − Z ′∥
+ k1(E[|Y − Y ′|+ |P − P ′|+ ∥Q−Q′∥]) + λ2E[∥Z − Z ′∥],

if k2 = 0, and

∥G(t, ζ, µ)−G(t, ζ′, µ′)∥ ≤ k1(|Y − Y ′|+ ∥Z − Z ′∥+ |P − P ′|) + λ1∥Q−Q′∥
+ k1(E[|Y − Y ′|+ ∥Z − Z ′∥+ |P − P ′|]) + λ2E[∥Q−Q′∥],

if k3 = 0, where λ1, λ2 are nonnegative constants satisfying λ1 + λ2 < 1.

We shall employ the method of continuation introduced in [30] (see also [29, 31]) to establish the existence
of solution of (4.2). Consider a family of mean-field FBDSDEs parameterized by α ∈ [0, 1],

−dyt =
[
fα(t, ζt, µt) + f0(t)

]
dt+

[
gα(t, ζt, µt) + g0(t)

]
d
←−
B t − ztdWt,

dpt =
[
Fα(t, ζt, µt) + F0(t)

]
dt+

[
Gα(t, ζt, µt) +G0(t)

]
dWt − qtd

←−
B t,

yT =ξ, p0 = Ψα(y0,L(y0)) + Ψ0,

(4.3)

where ζt = (yt, pt, zt, qt), µt = L(yt, pt, zt, qt), (F0, f0, G0, g0) ∈ L2
F ([0, T ];Rn × Rn × Rn×l × Rn×d), Ψ0 ∈

L2
F0

(Rn) and for any given α ∈ [0, 1],

fα(t, ζt, µt) = αf(t, ζt, µt)− (1− α)k3pt, gα(t, ζt, µt) = αg(t, ζt, µt)− (1− α)k3qt,
Fα(t, ζt, µt) = αF (t, ζt, µt) + (1− α)k2yt, Gα(t, ζt, µt) = αG(t, ζt, µt) + (1− α)k2zt,
Ψα(y0,L(y0)) = αΨ(y0,L(y0)) + (1− α)y0.

When α = 0, equation (4.3) is reduced to
−dyt =[−k3pt + f0(t)]dt+ [−k3qt + g0(t)]d

←−
B t − ztdWt,

dpt =[k2yt + F0(t)]dt+ [k2zt +G0(t)]dWt − qtd
←−
B t,

yT =ξ, p0 = y0 +Ψ0.

(4.4)

The existence and uniqueness of the solution of equation (4.4) have been obtained in [25], Proposition 3.6. The
following lemma is the key ingredient of the continuation method, which says that, if (4.3) has a solution for
some α0 ∈ [0, 1), it also has a solution for α ∈ [α0, α0 + δ0], where δ0 is a constant independent of α0.
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Lemma 4.2. Under (A1)-(A2), we assume that there exists a constant α0 ∈ [0, 1) such that given any
(F0, f0, G0, g0) ∈ L2

F ([0, T ];Rn × Rn × Rn×l × Rn×d) and Ψ0 ∈ L2
F0

(Rn), ξ ∈ L2
FT

(Rn), equation (4.3) with
α = α0 has a unique solution. Then, there exists a constant δ0 ∈ (0, 1) which only depends on k1, k2, k3, k4, λ1, λ2
and T , such that for any α ∈ [α0, α0 + δ0], equation (4.3) has a unique solution.

Proof. By the assumption, for each ζ = (y, p, z, q) ∈ L2
F ([0, T ];Rn ×Rn ×Rn×l ×Rn×d) with law µ ∈ P2(Rn ×

Rn × Rn×l × Rn×d), there exists a unique quadruple ζ = (y, p, z, q) ∈ L2
F ([0, T ];Rn × Rn × Rn×l × Rn×d)

satisfying, for δ > 0,

−dyt =
[
fα0(t, ζt, µt) + δ(f(t, ζt, µt) + k3pt) + f0(t)

]
dt

+
[
gα0(t, ζt, µt) + δ(g(t, ζt, µt) + k3qt) + g0(t)

]
d
←−
B t − ztdWt,

dpt =
[
Fα0(t, ζt, µt) + δ(F (t, ζt, µt)− k2yt) + F0(t)

]
dt

+
[
Gα0(t, ζt, µt) + δ(G(t, ζt, µt)− k2zt) +G0(t)

]
dWt − qtd

←−
B t,

yT =ξ, p0 = Ψα0(y0,L(y0)) + δ(Ψ(y0,L(y0))− y0) + Ψ0.

(4.5)

In order to prove that (4.3) with α = α0 + δ has a solution (for sufficiently small δ), it suffices to show that
the mapping Iα0,δ(ζ) = ζ defined via (4.5) is a contraction mapping on L2

F ([0, T ];Rn ×Rn ×Rn×l ×Rn×d). For
this purpose, we will obtain some estimations first.

Denote

ζ̂ = (ŷ, p̂, ẑ, q̂) = (y − y′, p− p′, z − z′, q − q′),

ζ̂ = (ŷ, p̂, ẑ, q̂) = (y − y′, p− p′, z − z′, q − q′).

Applying the product rule (3.4) to
〈
ŷt, p̂t

〉
yields

α0E
[〈
ŷ0,Ψ(y0,L(y0))−Ψ(y′0,L(y′0))

〉]
+ (1− α0)E[|ŷ0|2]

+ δE
[〈
ŷ0,−ŷ0 +Ψ(y0,L(y0))−Ψ(y′0,L(y′0))

〉]
= E

∫ T

0

{
α0

〈
A(t, ζt, µt)−A(t, ζ ′t, µ′

t), ζ̂t
〉
+ δ
〈
A(t, ζt, µt)−A(t, ζ

′
t, µ

′
t), ζ̂t

〉}
dt

− (1− α0)E
∫ T

0

{
k3|p̂t|2 + k3∥q̂t∥2 + k2|ŷt|2 + k2∥ẑt∥2

}
dt

+ δE
∫ T

0

{
k3
〈
p̂t, p̂t

〉
+ k3

〈
q̂t, q̂t

〉
+ k2

〈
ŷt, ŷt

〉
+ k2

〈
ẑt, ẑt

〉}
dt.

By (A1)-(A2), we have

(α0k4 + 1− α0)E
[
|ŷ0|2

]
+ E

∫ T

0

{
k3
(
|p̂t|2 + ∥q̂t∥2

)
+ k2

(
|ŷt|2 + ∥ẑt∥2

)}
dt

≤ δ

{
E
∫ T

0

{
k3
(
1
2 |p̂t|

2 + 1
2 |p̂t|

2
)
+ k3

(
1
2∥q̂t∥

2 + 1
2∥q̂t∥

2
)
+ k2

(
1
2 |ŷt|

2 + 1
2 |ŷt|

2
)

+ k2
(
1
2∥ẑt∥

2 + 1
2∥ẑt∥

2
)
+ |ζ̂t||A(t, ζt, µt)−A(t, ζ

′
t, µ

′
t)|
}
dt

+ E
[(

1
2 |ŷ0|

2 + 1
2 |ŷ0|

2
)
+ |Ψ(y0,L(y0))−Ψ(y′0,L(y′0))||ŷ0|

]}
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≤ δ

{
E
∫ T

0

{
k3
(
1
2 |p̂t|

2 + 1
2 |p̂t|

2
)
+ k3

(
1
2∥q̂t∥

2 + 1
2∥q̂t∥

2
)
+ k2

(
1
2 |ŷt|

2 + 1
2 |ŷt|

2
)

+ k2
(
1
2∥ẑt∥

2 + 1
2∥ẑt∥

2
)
+ k1

(
|ζ̂t|2 + 1

2 |ζ̂t|
2 + 1

2W
2
2 (µt, µ

′
t)
)}
dt

+ E
[(

1
2 |ŷ0|

2 + 1
2 |ŷ0|

2
)
+ k1

(
|ŷ0|2 + 1

2 |ŷ0|
2 + 1

2W
2
2 (L(y0),L(y′0))

)]}
.

Noting

W 2
2 (µt, µ

′
t) ≤ E

[
|ζ̂t|2

]
, and W 2

2 (L(y0),L(y′0)) ≤ E
[
|ŷ0|2

]
,

we can find a constant K1 > 0 depending only on k1, k2, k3 such that

(α0k4 + 1− α0)E
[
|ŷ0|2

]
+ E

∫ T

0

{
k2
(
|ŷt|2 + ∥ẑt∥2

)
+ k3

(
|p̂t|2 + ∥q̂t∥2

)}
dt

≤ δK1

{
E
∫ T

0

(
|ζ̂t|2 + |ζ̂t|2

)
dt+ E

[
|ŷ0|2 + |ŷ0|2

]}
.

Noting (α0k4 + 1− α0) ≥ min{1, k4}, we have

min{1, k4}E
[
|ŷ0|2

]
+ E

∫ T

0

{
k2
(
|ŷt|2 + ∥ẑt∥2

)
+ k3

(
|p̂t|2 + ∥q̂t∥2

)}
dt

≤ δK1

{
E
∫ T

0

(
|ζ̂t|2 + |ζ̂t|2

)
dt+ E

[
|ŷ0|2 + |ŷ0|2

]}
. (4.6)

Applying Itô’s formula (3.3) to |ŷt|2, we have

E
[
|ŷt|2

]
+ E

∫ T

t

∥ẑs∥2ds

= 2E
∫ T

t

{〈
ŷs, α0(f(s, ζs, µs)− f(s, ζ ′s, µ′

s))− (1− α0)k3p̂s
〉

+
〈
ŷs, δ(f(s, ζs, µs)− f(s, ζ

′
s, µ

′
s)) + δk3p̂s

〉}
ds

+ E
∫ T

t

∥∥α0(g(s, ζs, µs)− g(s, ζ ′s, µ′
s))− (1− α0)k3q̂s

+ δ(g(s, ζs, µs)− g(s, ζ
′
s, µ

′
s)) + δk3q̂s

∥∥2ds.
By the Lipschitz conditions (A1) and the Gronwall’s inequality, we can find a constant K2 depending on only
k1, k2, k3, λ1, λ2 such that

sup
t∈[0,T ]

E
[
|ŷt|2

]
≤ K2

{
δE
∫ T

0

|ζ̂t|2dt+ E
∫ T

0

{
|p̂t|2 + ∥q̂t∥2

}
dt

}
,

E
∫ T

0

{
|ŷt|2 + ∥ẑt∥2}dt ≤ K2(T ∨ 1)

{
δE
∫ T

0

|ζ̂t|2dt+ E
∫ T

0

{
|p̂t|2 + ∥q̂t∥2

}
dt

}
.

(4.7)
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Similarly, the application of Itô’s formula (3.3) to |p̂t|2 yields

E
[
|p̂t|2

]
+ E

∫ t

0

∥q̂s∥2ds

= E
[∣∣α{Ψ(y0,L(y0))−Ψ(y′0,L(y′0))

}
+ (1− α0)ŷ0

+ δ
{
Ψ(y0,L(y0))−Ψ(y′0,L(y′0))− ŷ0

}∣∣2]
+ 2E

∫ t

0

{〈
p̂s, α0(F (s, ζs, µs)− F (s, ζ ′s, µ′

s)) + (1− α0)k2ŷs
〉

+
〈
p̂s, δ(F (s, ζs, µs)− F (s, ζ

′
s, µ

′
s))− δk2ŷs

〉}
ds

+ E
∫ t

0

∥∥α0(G(s, ζs, µs)−G(s, ζ ′s, µ′
s)) + (1− α0)k2ẑs

+ δ(G(s, ζs, µs)−G(s, ζ
′
s, µ

′
s))− δk2ẑs

∥∥2ds
By the Lipschitz conditions (A1) and the Gronwall’s inequality, we can deduce that there exists K3 depending
only on k1, k2, k3, λ1, λ2 such that

E
∫ T

0

{
|p̂t|2 + ∥q̂t∥2}dt ≤ K3

{
δE

(∫ T

0

|ζ̂t|2dt+ |ŷ0|2
)

+ E

(∫ T

0

{
|ŷt|2 + ∥ẑt∥2

}
dt+ |ŷ0|2

)}
. (4.8)

Now, in order to obtain the contraction of the mapping Iα0,δ for small δ, it suffices to prove the following
estimation from (4.6)–(4.8),

E
[
|ŷ0|2

]
+ E

[ ∫ T

0

∣∣ζ̂t∣∣2dt] ≤ δK (E[|ŷ0|2]+ E
[ ∫ T

0

∣∣ζ̂t∣∣2dt]
)
, (4.9)

for some positive constant K depending on k1, k2, k3, k4, λ1, λ2 and T . The proof is split in three cases according
to the positiveness of k2, k3, k4. When k2, k3, k4 > 0, (4.9) is a direct consequence of (4.6), when k2 > 0, k3 =
0, k4 > 0, (4.9) follows from (4.6) and (4.8), and when k2 = 0, k3 > 0, k4 ≥ 0, it follows from (4.6) and (4.7).

The proof is concluded.

We are ready to present our main result in this section.

Theorem 4.3. Under the assumptions (A1)–(A2), there exists a unique solution (y, p, z, q) ∈ L2
F ([0, T ];Rn ×

Rn × Rn×l × Rn×d) to equation (4.2).

Proof. The existence and uniqueness of the solution follows from the well-posedness of equation (4.4) by [25],
Proposition 3.6 and Lemma 4.2. We also provide a direct proof for the uniqueness as follows.
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Let ζ1 = (y1, p1, z1, q1) and ζ2 = (y2, p2, z2, q2) be two solutions of (4.2). Denote ζ̂ = (ŷ, p̂, ẑ, q̂) = (y1 −
y2, p1 − p2, z1 − z2, q1 − q2). Applying Itô’s formula to ⟨ŷt, p̂t⟩, yields that

E
[〈
Ψ(y10 ,L(y10))−Ψ(y20 ,L(y20)), ŷ0

〉]
= E

∫ T

0

〈
A(t, ζ1t , µ1

t )−A(t, ζ2t , µ2
t ), ζ̂t

〉
dt,

where we recall that A = (−F, f,−G, g). By the monotonicity condition (A2), we have that

k4E
[
|ŷ0|2

]
≤ −k2E

∫ T

0

{
|ŷt|2 + ∥ẑt∥2

}
dt− k3E

∫ T

0

{
|p̂t|2 + ∥q̂t∥2

}
dt ≤ 0. (4.10)

If k2, k3 > 0, it yields directly ζ1 = ζ2. If k2 or k3 is 0, say, k2 = 0 and k3 > 0, we have p1 = p2 and q1 = q2
by (4.10), and the uniqueness of (y, z) follows from the classical result of BDSDEs (see [4]). The proof is
completed.

Remark 4.4. When the mean-field FBDSDE (4.2) is reduced to classical FBDSDE (without mean field),
Theorem 4.3 recovers the existence and uniqueness result obtained in [28], Theorem 2.2. Our result is also
compatible with [29], Theorem 2.6 when (4.2) degenerates to classical FBSDE.

5. Examples

In this section, we apply our results obtained in preceding sections to some special cases. For simplicity, we
assume n = l = d = k = 1 throughout this section unless otherwise specified.

5.1. Scalar interaction

In this subsection, we consider the scalar interaction type control problem, in which the dependence upon
probability measure is through the moments of the probability measure.

More precisely, we assume that the coefficients in the state equation (3.1) take the following form,

f(t, y, z, u, µ) = f̂
(
t, y, z, u,

∫
φdµ

)
, g(t, y, z, u, µ) = ĝ

(
t, y, z, u,

∫
ϕdµ

)
,

h(t, y, z, u, µ) = ĥ
(
t, y, z, u,

∫
ψdµ

)
, Φ(y, µy) = Φ̂

(
y,

∫
γdµy

)
,

for functions φ, ϕ, ψ : R3 → R and γ : R → R with at most quadratic growth, and functions f̂ , ĝ, ĥ : [0, T ] ×
R3 × R → R, Φ̂ : R × R → R satisfying proper regularity conditions. Here

∫
φdµ :=

∫
R3 φ(y, z, u)dµ(y, z, u) =

E[φ(Y, Z, U)] where (Y,Z, U) is a random vector with L(Y,Z, U) = µ.

Similar to Example 2.2 in Section 2, the L-derivatives of f, g, h and Φ can be calculated via f̂ , ĝ, ĥ and Φ̂
respectively. For instance,

∂µyf
(
t, y, z, u,L(Y, Z, U)

)
(Y,Z, U) = ∂rf̂

(
t, y, z, u,E[φ(Y,Z, U)]

)
∂yφ(Y, Z, U),

where ∂rf̂ denotes the partial derivative with respect to the term E[φ(Y, Z, U)].
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Set Θ∗
t = (y∗t , z

∗
t , u

∗
t ). Then, the adjoint equation (3.16) can be written as

dpt =

{
∂y f̂

(
t,Θ∗

t ,E
[
φ(Θ∗

t )
])
pt + Ẽ

[
p̃t∂rf̂

(
t, Θ̃∗

t ,E
[
φ(Θ∗

t )
])
∂yφ(Θ

∗
t )
]

+ ∂y ĝ
(
t,Θ∗

t ,E
[
ϕ(Θ∗

t )
])
qt + Ẽ

[
q̃t∂r ĝ

(
t, Θ̃∗

t ,E
[
ϕ(Θ∗

t )
]
∂yϕ(Θ

∗
t )
)]

+ ∂yĥ
(
t,Θ∗

t ,E
[
ψ(Θ∗

t )
])

+ Ẽ
[
∂rĥ
(
t, Θ̃∗

t ,E
[
ψ(Θ∗

t )
])
∂yψ(Θ

∗
t )
]}
dt

+

{
∂z f̂

(
t,Θ∗

t ,E
[
φ(Θ∗

t )
])
pt + Ẽ

[
p̃t∂rf̂

(
t, Θ̃∗

t ,E
[
φ(Θ∗

t )
])
∂zφ(Θ

∗
t )
]

+ ∂z ĝ
(
t,Θ∗

t ,E
[
ϕ(Θ∗

t )
])
qt + Ẽ

[
q̃t∂rĝ

(
t, Θ̃∗

t ,E
[
ϕ(Θ∗

t )
]
∂zϕ(Θ

∗
t )
)]

+ ∂zĥ
(
t,Θ∗

t ,E
[
ψ(Θ∗

t )
])

+ Ẽ
[
∂rĥ
(
t, Θ̃∗

t ,E
[
ψ(Θ∗

t )
])
∂zψ(Θ

∗
t )
]}
dWt

− qtd
←−
B t, t ∈ [0, T ],

p0 =∂yΦ̂
(
y∗0 ,E[γ(y∗0)]

)
+ Ẽ

[
∂rΦ̂

(
ỹ∗0 ,E[γ(y∗0)]

)
∂yγ(y

∗
0)
]
.

(5.1)

The stochastic maximum principle (3.18) obtained in Theorem 3.7 becomes{
∂uf̂

(
t,Θ∗

t ,E
[
φ(Θ∗

t )
])
pt + ∂uĝ

(
t,Θ∗

t ,E
[
ϕ(Θ∗

t )
])
qt + ∂uĥ

(
t,Θ∗

t ,E
[
ψ(Θ∗

t )
])

+ Ẽ
[
p̃t∂rf̂

(
t, Θ̃∗

t ,E
[
φ(Θ∗

t )
])
∂uφ(Θ

∗
t )
]
+ Ẽ

[
q̃t∂r ĝ

(
t, Θ̃∗

t ,E
[
ϕ(Θ∗

t )
])
∂uϕ(Θ

∗
t )
]

+ Ẽ
[
∂rĥ
(
t, Θ̃∗

t ,E
[
ψ(Θ∗

t )
])
∂uψ(Θ

∗
t )
](
a− u∗t

)
≥ 0, for all a ∈ U.

5.2. First order interaction

In this example, we consider the case of first order interaction where the dependence of the coefficients on
the probability measure is linear in the following sense

f(t, y, z, u, µ) =

∫
R3

f̂(t, y, z, u, y′, z′, u′)dµ(y′, z′, u′) = Ẽ[f̂(t, y, z, u, Ỹ , Z̃, Ũ)],

g(t, y, z, u, µ) =

∫
R3

ĝ(t, y, z, u, y′, z′, u′)dµ(y′, z′, u′) = Ẽ[ĝ(t, y, z, u, Ỹ , Z̃, Ũ)],

h(t, y, z, u, µ) =

∫
R3

ĥ(t, y, z, u, y′, z′, u′)dµ(y′, z′, u′) = Ẽ[ĥ(t, y, z, u, Ỹ , Z̃, Ũ)],

Φ(y, µy) =

∫
R
Φ̂(y, y′)dµy(y

′) = Ẽ[Φ̂(y, Ỹ )],

for some functions f̂ , ĝ, ĥ defined on R3 × R3 and Φ̂ defined R × R with values on R, where (Ỹ , Z̃, Ũ) is a
random vector with the law µ.

The state equation (3.1) with first order interaction corresponds to a type of mean-field BDSDE which may
arise naturally in economics, finance and game theorem, etc. We refer to [9] for a study of mean-field BSDEs
with first order interaction via a limit approach.

Actually, when considering the N -players game where each individual state is governed by

dXi
t =

1

N

N∑
j=1

b̂(t,Xi
t , X

j
t , u

i
t)dt+ σdWt, i = 1, · · · , N,
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uit denotes the strategy of i-th player. The equation can be rewritten as

dXi
t = b(t,Xi

t , µ
N
t , u

i
t)dt+ σdWt,

where µN
t = 1

N

N∑
j=1

δXj
t
and b(t, x, µ, u) =

∫
Rn b̂(t, x, x

′, u)dµ(x′). Interaction given by functions of the form is

called first order or linear.
Now, we come back to our control problem in the case of first order interaction. From Example 2.2, f ,

g, h are linear with respect to µ, and Φ is linear in µy. For Φ, ∂µy
Φ(y, µy)(y

′) = ∂y′Φ̂(y, y′) and similarly,

∂µy
f(t, y, z, u, µ)(y′, z′, u′) = ∂y′ f̂(t, y, z, u, y′, z′, u′). The adjoint equation is



dpt =
{
Ẽ
[
∂y f̂(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )pt + ∂y ĝ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )qt + ∂yĥ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )
]

+ Ẽ
[
∂y′ f̂(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )p̃t + ∂y′ ĝ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )q̃t + ∂y′ ĥ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )
]}
dt

+
{
Ẽ
[
∂z f̂(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )pt + ∂z ĝ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )qt + ∂zĥ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )
]

+ Ẽ
[
∂z′ f̂(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )p̃t + ∂z′ ĝ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )q̃t + ∂z′ ĥ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )
]}
dWt

− qtd
←−
B t, t ∈ [0, T ],

p0 =Ẽ
[
∂yΦ̂(y

∗
0 , ỹ

∗
0) + ∂y′Φ̂(ỹ∗0 , y

∗
0)
]
.

(5.2)

Similarly, it follows from applying stochastic maximum principle in Theorem 3.7 that for ∀a ∈ U,

{
Ẽ
[
∂uf̂(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )pt + ∂uĝ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )qt + ∂uĥ(t,Θ

∗
t , ỹ

∗
t , z̃

∗
t , ũ

∗
t )

+ ∂u′ f̂(t, Θ̃∗
t , y

∗
t , z

∗
t , u

∗
t )p̃t + ∂u′ ĝ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )q̃t + ∂u′ ĥ(t, Θ̃∗

t , y
∗
t , z

∗
t , u

∗
t )
]}(

a− u∗t
)
≥ 0.

5.3. LQ problem

In this subsection, we will apply the stochastic maximum principle derived in Section 3 to a kind of mean-
field stochastic linear quadratic control problem with scalar interaction. In such an LQ model, the drift and the
volatility in (3.1) are of the form

f(t, yt, zt, ut,L(yt, zt, ut)) = f1yt + f2zt + f3ut + f1E[yt] + f2E[zt] + f3E[ut],
g(t, yt, zt, ut,L(yt, zt, ut)) = g1yt + g2zt + g3ut + g1E[yt] + g2E[zt] + g3E[ut],

and the cost functional is assumed to be

J(u) =
1

2
E
[ ∫ T

0

{
h1y

2
t + h2z

2
t + h3u

2
t + h1(E[yt])2 + h2(E[zt])2 + h3(E[ut])2

}
dt

+Φy20 +Φ(E[y0])2
]
,

where fi, f i, gi, gi, hi, hi for i = 1, 2, 3 and Φ,Φ are given constants satisfying h1, h2, h1, h2,Φ,Φ ≥ 0 and
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h3, h3 > 0, |g2|+ |g2| < 1. In this setting, the Hamiltonian H given by (3.15) is

H(t, y, z, u, µ, p, q) =
{
f1y + f2z + f3u+ f1E[y] + f2E[z] + f3E[u]

}
p

+
{
g1y + g2z + g3u+ g1E[y] + g2E[z] + g3E[u]

}
q

+ 1
2

{
h1y

2 + h2z
2 + h3u

2 + h1(E[y])2 + h2(E[z])2 + h3(E[u])2
}
, (5.3)

and the adjoint equation (3.16) is


dpt =

{
f1pt + f1E[pt] + g1qt + g1E[qt] + h1y

∗
t + h1E[y∗t ]

}
dt

+
{
f2pt + f2E[pt] + g2qt + g2E[qt] + h2z

∗
t + h2E[z∗t ]

}
dWt

−qtd
←−
B t, t ∈ [0, T ],

p0 =Φy∗0 +ΦE[y∗0 ].

(5.4)

If we further assume that the control domain U is the whole space R, the stochastic maximum principle
(3.18) yields

f3pt + f3E[pt] + g3qt + g3E[qt] + h3u
∗
t + h3E[u∗t ] = 0. (5.5)

Taking expectation, we have

E[u∗t ] = −
1

h3 + h3

{
(f3 + f3)E[pt] + (g3 + g3)E[qt]

}
. (5.6)

Plugging this into (5.5), we obtain that

u∗t =− 1

h3

{
f3pt +

1
h3+h3

(
h3f3 − h3f3

)
E[pt] + g3qt +

1
h3+h3

(
h3g3 − h3g3

)
E[qt]

}
. (5.7)

If the following stochastic Hamiltonian system



−dy∗t =
{
f1y

∗
t + f2z

∗
t + f3u

∗
t + f1E[y∗t ] + f2E[z∗t ] + f3E[u∗t ]

}
dt

+
{
g1y

∗
t + g2z

∗
t + g3u

∗
t + g1E[y∗t ] + g2E[z∗t ] + g3E[u∗t ]

}
d
←−
B t − z∗t dWt,

dpt =
{
f1pt + f1E[pt] + g1qt + g1E[qt] + h1y

∗
t + h1E[y∗t ]

}
dt

+
{
f2pt + f2E[pt] + g2qt + g2E[qt] + h2z

∗
t + h2E[z∗t ]

}
dWt − qtd

←−
B t,

y∗T =ξ, p0 = Φy∗0 +ΦE[y∗0 ].

(5.8)

with u∗t being given by (5.7) admits a solution, by the verification theorem in Section 3.4, the control process
(5.7) is indeed the unique optimal control. Substituting (5.6) and (5.7) for E[u∗t ] and u∗t respectively leads to a
strong coupling between the forward and backward equations in (5.8), and we cannot apply Theorem 4.3 due to
the lack of monotonicity assumed in condition (A2). In the rest of this subsection, we shall prove the existence
and uniqueness of the solution under some weaker conditions which are satisfied by (5.8) without the terms of
E[u∗t ].
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Consider the following mean-field FBDSDE

−dyt =f(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))dt

+ g(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))d
←−
B t − ztdWt,

dpt =F (t, yt, pt, zt, qt,L(yt, pt, zt, qt))dt

+G(t, yt, pt, zt, qt,L(yt, pt, zt, qt))dWt − qtd
←−
B t.

yT =ξ, p0 = Ψ(y0,L(y0)),

(5.9)

where C and D are matrices of dimension n × n. For simplicity, here we set l = d = 1. We introduce
below conditions (B1)-(B2) which are parallel to but weaker than (A1)–(A2) imposed in Section 4. As

in Section 4, we use the notations ζ = (y, p, z, q) and A(t, ζ, µ) = (−F, f̆ ,−G, ğ)(t, ζ, µ), where f̆(t, ζ, µ) =
f(t, y, Cp, z,Dq,L(y, Cp, z,Dq)) and similarly for ğ.

(B1) There exist constants c1 ≥ 0, c2 > 0 such that

E
[〈
A(t, ζ, µ)−A(t, ζ ′, µ′), ζ̂

〉]
≤ −c1E

[
|ŷ|2 + |ẑ|2

]
− c2E

[
|Cp̂+Dq̂|2

]
,

E
[〈
Ψ(y, µy)−Ψ(y′, µ′

y), ŷ
〉]
≥ 0,

for ζ, ζ ′ ∈ L2
F (Rn × Rn × Rn × Rn), µ, µ′ ∈ P2(Rn × Rn × Rn × Rn), µy, µ

′
y ∈ P2(Rn), ζ̂ = (ŷ, p̂, ẑ, q̂) =

(y − y′, p− p′, z − z′, q − q′).

(B2) There exists a constant c3 > 0 such that

|A(t, ζ, µ)−A(t, ζ ′, µ′)| ≤ c3
(
|ζ − ζ ′|+W2(µ, µ

′)
)
,

|Ψ(y, µy)−Ψ(y′, µ′
y)| ≤ c3

(
|y − y′|+W2(µy, µ

′
y)
)
.

Moreover, we assume that there exist λ1, λ2 > 0 with λ1 + λ2 < 1 such that for ∀t ∈ [0, T ],

∣∣f(t, y, Cp, z,Dq,L(y, Cp, z,Dq))− f(t, y′, Cp′, z′, Dq′,L(y′, Cp′, z′, Dq′))∣∣2
≤ c3

(
|ŷ|2 + |ẑ|2 + |Cp̂+Dq̂|2 + E

[
|ŷ|2 + |ẑ|2 + |Cp̂+Dq̂|2

])
,∣∣g(t, y, Cp, z,Dq,L(y, Cp, z,Dq))− g(t, y′, Cp′, z′, Dq′,L(y′, Cp′, z′, Dq′))∣∣2

≤ c3
(
|ŷ|2 + |Cp̂+Dq̂|2 + E

[
|ŷ|2 + |Cp̂+Dq̂|2

])
+ λ1|ẑ|2 + λ2E

[
|ẑ|2
]
,∣∣F (t, y, p, z, q, µ)− F (t, y′, p′, z′, q′, µ′)

∣∣2 ≤ c3(|ζ̂|2 +W 2
2 (µ, µ

′)
)
,∣∣G(t, y, p, z, q, µ)−G(t, y′, p′, z′, q′, µ′)

∣∣2
≤ c3

(
|ŷ|2 + |ẑ|2 + |p̂|2 + E

[
|ŷ|2 + |ẑ|2 + |p̂|2

])
+ λ1|q̂|2 + λ2E

[
|q̂|2
]
.

Theorem 5.1. Under conditions (B1)–(B2), equation (5.9) admits a unique solution.

Proof. First we prove the uniqueness. Let ζ = (y, z, p, q) and ζ ′ = (y′, p′, z′, q′) be two solutions of (5.9). Applying
Itô’s formula to

〈
ŷt, p̂t

〉
and taking expectation yield

E
[〈
ŷ0,Ψ(y0,L(y0))−Ψ(y′0,L(y′0))

〉]
= E

∫ T

0

〈
A(t, ζt, µt)−A(t, ζ ′t, µ′

t), ζ̂t
〉
dt.
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This together with condition (B1) implies

c2E
∫ T

0

∣∣Cp̂t +Dq̂t
∣∣2dt ≤ 0,

and recalling that c2 > 0, we have

|Cp̂t +Dq̂t|2 = 0, for almost all t ∈ [0, T ]. (5.10)

Now we deal with |ŷt|2 in a similar way. Using Lipschitz conditions on f and g in (B2) and taking (5.10) into
account, we can get

E[|ŷt|2] +
1

2
E
∫ T

t

|ẑs|2ds ≤ c0E
∫ T

t

|ŷs|2ds,

for some positive constant c0. This implies ŷ ≡ 0 by Gronwall’s inequality and hence ẑ ≡ 0. The uniqueness of
(p, q) then follows directly from classical result for BDSDEs.

To obtain the existence of the solution, we consider the following equation:

−dyt =
{
αf(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))− (1− α)(CTCpt + CTDqt) + f0(t)

}
dt

+
{
αg(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))− (1− α)(DTCpt +DTDqt) + g0(t)

}
d
←−
B t

− ztdWt,

dpt =
{
αF (t, yt, pt, zt, qt,L(yt, pt, zt, qt)) + F0(t)

}
dt

+
{
αG(t, yt, pt, zt, qt,L(yt, pt, zt, qt)) +G0(t)

}
dWt − qtd

←−
B t,

yT =ξ, p0 = αΨ(y0,L(y0)) + Ψ0.

(5.11)

Clearly, (5.11) with α = 1 coincides with (5.9), and when α = 0, the existence and uniqueness follows directly
from [4]. As in Section 4, we shall take the method of continuation and prove the result of Lemma 4.2 under
conditions (B1)-(B2). More precisely, given α0 ∈ [0, 1) and ζ = (y, p, z, q) ∈ L2

F ([0, T ];Rn × Rn × Rn × Rn), we
consider

−dyt =
{
α0f(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))− (1− α0)(C

TCpt + CTDqt)

+ δf(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt)) + δ(CTCpt + CTDqt) + f0(t)
}
dt

+
{
α0g(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt))− (1− α0)(D

TCpt +DTDqt)

+ δg(t, yt, Cpt, zt, Dqt,L(yt, Cpt, zt, Dqt)) + δ(DTCpt +DTDqt) + g0(t)
}
d
←−
B t

− ztdWt,

dpt =
{
α0F (t, yt, pt, zt, qt,L(yt, pt, zt, qt)) + δF (t, yt, pt, zt, qt,L(yt, pt, zt, qt)) + F0(t)

}
dt

+
{
α0G(t, yt, pt, zt, qt,L(yt, pt, zt, qt)) + δG(t, yt, pt, zt, qt,L(yt, pt, zt, qt)) +G0(t)

}
dWt

− qtd
←−
B t,

yT =ξ, p0 = α0Ψ(y0,L(y0)) + δΨ(y0,L(y0)) + Ψ0,

(5.12)
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and shall prove that the mapping Iα0,δ(ζ) = (ζ) defined by (5.12) is contractive for δ which is small but
independent of α0.

Applying the product rule (3.4) to
〈
ŷt, p̂t

〉
, taking expectation and using (B1)-(B2), we can get the following

estimation which is parallel to (4.6): there exists a constant C1 only depending on c1, c2, c3 such that

E
∫ T

0

|Cp̂t +Dq̂t|2dt ≤ δC1

{
E
∫ T

0

{
|ζ̂t|2 + |ζ̂t|2

}
dt+ E

[
|ŷ0|2 + |ŷ0|2

]}
.

Applying Itô’s formula to |ŷt|2 and taking expectation, we can get the following estimates:

E
[
|ŷt|2

]
≤ C2E

∫ T

0

|Cp̂t +Dq̂t|2dt+ δC2E
∫ T

0

|ζ̂t|2dt,

E
∫ T

0

{|ŷt|2 + |ẑt|2}dt ≤ C3E
∫ T

0

|Cp̂t +Dq̂t|2dt+ δC3E
∫ T

0

|ζ̂t|2dt.

Similarly, we can also get

E
∫ T

0

{|p̂t|2 + |q̂t|2}dt ≤ C4E
∫ T

0

{|ŷt|2 + |ẑt|2}dt+ δC4E
∫ T

0

|ζ̂t|2dt+ C4E
[
|ŷ0|2

]
+ δC4E

[
|ŷ0|2

]
.

Combining the above estimates, we can find a constant L only dependent on c1, c2, c3, λ1, λ2 and T , such that

E
∫ T

0

|ζ̂t|2dt+ E
[
|ŷ0|2

]
≤ δL

(
E
∫ T

0

|ζ̂t|2dt+ E
[
|ŷ0|2

])
.

Hence, if we choose δ = 1
2L , Iα0,δ is a contraction mapping and thus equation (5.11) admits a solution for

α = α0 + δ. Noting that the choice of δ is independent of α0, one can repeat this procedure and show that (5.11)
has a solution for all α ∈ [0, 1]. In particular, this implies the existence of solution to (5.9).

The proof is concluded.

Now, we reconsider the stochastic linear quadratic problem that does not depend on the distribution of the
control process, i.e., f3, g3, h3 = 0. In such situation, the optimal control u given by (5.7) becomes

ut = − 1
h3
(f3pt + g3qt), (5.13)

and the Hamiltonian system (5.8) now is

−dyt =
{
f1yt + f2zt − f3

h3
(f3pt + g3qt) + f1E[yt] + f2E[zt]

}
dt

+
{
g1yt + g2zt − g3

h3
(f3pt + g3qt) + g1E[yt] + g2E[zt]

}
d
←−
B t − ztdWt,

dpt =
{
f1pt + f1E[pt] + g1qt + g1E[qt] + h1yt + h1E[yt]

}
dt

+
{
f2pt + f2E[pt] + g2qt + g2E[qt] + h2zt + h2E[zt]

}
dWt − qtd

←−
B t,

yT =ξ, p0 = Φy0 +ΦE[y0].

(5.14)

It can be easily checked that the coefficients in (5.14) satisfy (B1)-(B2) (we remark that the monotonicity
condition in (A2) is not satisfied, though). By Theorem 5.1, there exists a unique solution to (5.14). Thus,
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equations (5.13) together with (5.14) provides a unique optimal control for the mean-field backward doubly
stochastic LQ problem without involving the distribution of control.

Remark 5.2. When the mean-field FBDSDE (5.9) is reduced to classical FBDSDE (without mean field),
Theorem 5.1 recovers the existence and uniqueness result obtained in [25], Theorem 3.8.
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