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ON MEAN-FIELD CONTROL PROBLEMS FOR BACKWARD
DOUBLY STOCHASTIC SYSTEMS

JIAN Sonc! AND MENG WANG?*

Abstract. This article is concerned with stochastic control problems for backward doubly stochastic
differential equations of mean-field type, where the coefficient functions depend on the joint distribution
of the state process and the control process. We obtain the stochastic maximum principle which serves
as a necessary condition for an optimal control, and we also prove its sufficiency under proper conditions.
As a byproduct, we prove the well-posedness for a type of mean-field fully coupled forward-backward
doubly stochastic differential equation arising naturally from the control problem, which is of interest
in its own right. Some examples are provided to illustrate the applications of our results to control
problems in the types of scalar interaction and first order interaction.
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1. INTRODUCTION

In this paper, we are concerned with a control problem in which the state process {(y:,2:),t € [0,T]} is
governed by the following equation

_dyt :f(t7 Yty Zt, Ut, £(Z/t> 2t ut))dt + g(t7 Yty 2ty Ut, ‘C(yt7 2t Ut))d%t
- thth te [OvT]v (11)

yr =¢€.

In the above equation, the control process {us, ¢ € [0,T]} is a given stochastic process; L(y;, ¢, u¢) stands for the
law of the random vector (yi, z¢,u:); B and W are two mutually independent Brownian motions; the stochastic
integral with respect to B is a backward It6 integral while the one with respect to W is forward. This equation
is called a mean-field backward doubly stochastic differential equation (MF-BDSDE) due to its dependence on
two Brownian motions as well as on the joint law of state and control processes. The cost functional of the
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control problem is given by

J(u) =E l/o h(t, ye, ze, ue, L(ye, ze, ug))dt + ©(yo, L(yo)) | - (1.2)

Our goal of this paper is to obtain the stochastic maximum principle (SMP), a necessary condition for an
optimal control, i.e., a control minimizing J(u). Below we briefly recall some related results, which is by no
means complete in the literature.

Stochastic control problems have gained a particular interest due to their broad applications in economics,
finance, engineering, etc. The earliest works can be retrospected to Kushner [1] and Bismut [2]. Among others, the
theory of general backward stochastic differential equations (BSDEs) introduced in [3] plays an important role
in the study of stochastic control problems. As an extension of BSDEs, backward doubly stochastic differential
equations (BDSDEs) were introduced by Pardoux and Peng in [4]. We refer to Yong and Zhou [5] and Zhang
[6] for more details on stochastic control, BSDEs, and other related topics.

Mean-field models are useful to characterize the asymptotic behavior when the size of the system is getting
very large. Mean-field stochastic differential equations (MF-SDEs), also known as equations of McKean-Vlasov
type, were first introduced by Kac [7] when investigating physical systems with a large number of interacting
particles. The approach of studying large particle systems pioneered by Kac now is called in the literature
propagation of chaos and we refer to Sznitman [8] for further reading. In recent years, mean-field theories for
BSDEs and BDSDEs were investigated by Buckdahn et al. [9] and Li and Xing [10], respectively.

As is well known in the literature of game theory, it is in general hard to construct Nash equilibrium explicitly
if the number of players is large. The pioneer work of Lasry and Lions [11] proposed a framework of approximating
Nash equilibrium for stochastic games with a large number of players. Huang et al. [12] dealt with large games
in a similar approach. Later on, Carmona and Delarue [13] provided a probabilistic analysis for large games
formulated by Lasry and Lions, in which they resolved the limiting optimal control problem by studying a mean-
field forward-backward stochastic differential equation (MF-FBSDE). We refer to [14, 15] and the references
therein for more details about mean-field games and related topics.

Mean-field control problems have also attracted considerable attention accompanying with the development
of mean-field game theory. At the beginning, the investigation was focused on the control problems which involve
the expected values; for instance, Buckdahn et al. [16] obtained the global maximum principle for mean-field
SDEs (see also [17]). After Lions introduced the notion of derivatives with respect to probability measures in his
seminal work [18] (see also [15, 19]), a more general form of mean-field interaction where the law of the solution
process is involved has been studied, see e.g. [20, 21]. We also refer to [22-24] and the references therein for
more development on mean-field control problems.

Motivated by the existing works, in this paper we investigate the mean-field control problem (1.1)—(1.2) for
MF-BDSDEs and aim to obtain SMP. We remark that Han et al. [25] has obtained SMP for control problems
involving such BDSDEs without mean-field terms (see also [26, 27]). In our control problem (1.1)—(1.2), the
state process and the cost functional both depend on the joint distribution of the state process and the control
process. Note that in our setting, the dependence on the joint distribution is rather general, and in particular,
it includes the cases of ¢(t, X;, E[X;], u) and E[p(t, Xy, Xy, u;)] which are known as the scalar interaction and
first order interaction of mean-field type, respectively. These two cases will be treated in Section 5 as examples
of applying our main result.

In our study of the mean-field control problem for BDSDESs, a combination of existing techniques and methods
from BDSDEs, FBSDEs and mean field theory is applied, which is summarized below.

(i) From a modelling perspective, BDSDE is a generalization of BSDE and hence can describe more phenom-
ena in the real world. It is worth mentioning that this generalization is not trivial. For instance, the classical
1t6’s formula which plays an essential role in the study of stochastic optimal control problems can not be applied
directly in our situation due to the appearance of the backward It integral in (1.1), and a generalized 1td’s
formula (see Lem. 3.1, and we refer to [4] for more details) is invoked.
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(ii) In the mean-field control problems, the dependence of the coefficient functions on probability measures
leads to a failure of the classical calculus, and we employ the concept of L-derivative for functions of probability
measures initiated by P. L. Lions [18] (see also [15, 19]). In comparison with the classical situation, this requires
additional effort in the analysis, and as a consequence, L-derivatives also appear in the stochastic maximum
principle (see Theorem 3.7) and the Hamiltonian system (4.1).

(iii) We prove the well-posedness of the fully coupled mean-field forward backward doubly stochastic differ-
ential equations (FBDSDESs) (4.2) which naturally arise when investigating the control problem. This type of
equation was first introduced by Peng and Shi [28] and later on was further investigated for instance in [25].
To prove the well-posedness, we adapt the continuation method initiated in [29] where the new product rule
Lemma 3.2 is involved (see the proof of Lem. 4.2), also together with a careful treatment of the L-derivatives
appearing in our analysis. See Theorem 4.3 and Remark 4.4.

This article is organized as follows. In Section 2, some preliminaries of the L-derivative of functions of
probability measures is recalled. In Section 3, we prove our main result of stochastic maximum principle as well
as a verification theorem. Section 4 is devoted to the investigation of a type of fully coupled mean-field BDSDE;,
which is of interest in its own right. Finally, we provide some examples in Section 5.

To conclude this section, we introduce some notations that will be used throughout the article. For two
vectors u, v € R™, denote by (u,v) the scalar product of u and v, by |v| = \/{(v,v) the Euclidean norm of v. For
A, B € R"*? we denote the scalar product of A and B by (A, B) = tr{ ABT} and the norm of the matrix A
by || 4] = \/tr{AAT}, where the superscript T stands for the transpose of vectors or matrices. We also use the

. o\ T
notation OI:<8%1,---,3%> for x € R". Then for ¥ :R"” - R, 0,V = (

Do \I/> is a column vector, and
i nx

for U :R" — RY, 9,¥ = ( 5V ) is a n x d matrix. Henceforth, we denote by C a generic constant which
g nxd

can be different in different lines.

2. PRELIMINARIES ON L-DERIVATIVE

In this section, we collect some preliminaries on L-differentiability for functions of probability laws which was
initiated by P. L. Lions [18]. We refer to [19] and [15] for more details.

For m € N, let P2(R™) be the set of probability measures on R™ with finite second moment. Denote by
Wa(+, ) the 2-Wasserstein distance in Po(R™), i.e.,

Walyu, i2) = inf { ([, - y|2p<dx,dy>)é} ,

where the infimum is taken over all p € Po(R*™) with p(dz, R™) = py(dz) and p(R™,dy) = pa(dy). Then,
(P2(R™), W3) is a polish space. It’s obvious from the definition that

Wi = (5[5 7))

here X and Y are R™-valued random variables with the distributions p; and s, respectively.
For a function H : RY x Py(R™) — R, we call H : RY x L2(Q; R™) — R a lifting of H if H(z,Y) = H(z, L(Y)),
where £(Y') means the probability law of Y.

Definition 2.1. A function H : R? x Py(R™) is said to be L-differentiable at (zg, o) € RY x Pa(R™) if
there exists a random variable Yy € L?(Q;R™) with £(Yy) = o, such that the lifted function H is Fréchet
differentiable at (zg,Yp), i.e., there exists a linear continuous mapping

[DH](x0,Yp) : RY x L2(;R™) — R
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such that
H(wo + Az, Yy + AY) — H(x, Yo) = [DH](w0, Yo)(Az, AY) + of|Az| + [|AY || 2). (2.1)
Note that H := R? x L?(2;R™) is a Hilbert space with the inner product

(21, Y1), (22, Y2)),, = (w1, 22) + E[(Y1, Y2)].

By Riesz representation theorem, the Fréchet derivative [DH](zo,Yp) can be viewed as an element DH (z, Yy)
in # in the sense that for all (z,Y") € H,

[DH] (o, Yo)(,Y) = (DH (w0, Yp), (,Y)),, (2.2)

Indeed, there exists a measurable function g : R™ — R™ depending only on g such that DH(zo,Y) = g(Y)
a.s. for all Y with £(Y) = po. Then, we define the L-derivative of H at (o, o) along the random variable Y
by g(Y), which is denoted by 9, H (zo, to)(Y"). Thus, we have a.s.

0 H (w0, L(Y))(Y) = g(Y) = DH(ao,Y).

Example 2.2. Consider the following function H on Py(R™),

H(p) = - h(y)u(dy),

where h: R™ — R is twice differentiable with bounded second derivatives. Clearly, the lifted function H(Y) =
E[h(Y)] with £(Y) = p, and 9, H(L(Y))(Y) = DH(Y) = 8,h(Y) by (2.1) and (2.2).

Similarly, for a function H : R? x Py(R" x R"*! x R¥) — R depending on a vector z € R? and a joint
probability law p = (g, ftz, ) € P2(R™ x R™*! x R¥)| we can define partial L-differentiability. We say that H
is joint L-differentiable at (x,u) if there exists a triple of random variables (Y, Z,U) € L?(Q;R™ x R"*! x RF)
with £(Y, Z,U) = p such that the lifted function H(z,Y, Z,U) = H (x, 1) is Fréchet differentiable at (z,Y, Z,U).
Observing R? x L2(Q;R™ x R™*! x R¥) =2 RY x L2(;R™) x L2(;R"*!) x L2(Q;R¥), the partial L-derivatives
Ou,H,0, H and 0, H at (x,u) along (Y, Z,U) can be defined via the following identity

DH(z,Y,Z,U) = (8$H(x, 1), Oy, H(2, 12), Oy H (2, 1), O, H(x, u)) (Y, Z,U).

We remark that 0, H (z, 1)(Y, Z,U) actually does not depend on (Y, Z,U).

A standard result says that joint continuous differentiability in the two arguments is equivalent to partial
differentiability in each of the two arguments and joint continuity of the partial derivatives. Hence, the joint
continuity of 9, H (x, ) means the joint continuity with respect to the Euclidean distance on R? and the 2-
Wasserstein distance on Pa(R™ x R"*! x R¥); the joint continuity of d,,H(z,u) is understood as the joint
continuity of the mapping (x,Y, Z,U) + 0, H(x, L(Y,Z,U))(Y,Z,U) from R? x L2(;R™ x R™¥! x RF) to
L?(Q;R™).
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3. STOCHASTIC MAXIMUM PRINCIPLE

In this section, we aim to derive our main result of the stochastic maximum principle. First, we fix some
mathematical notations, formulate our control problem, and recall It6’s formula for stochastic processes involv-
ing backward It6’s integral. Then we present the assumptions which will be used throughout the paper. The
maximum principle will be obtained via the classical variational method. Assuming proper convexity conditions
on the Hamiltonian, we prove a verification theorem, i.e., showing that the stochastic maximum principle is
also a sufficient condition for an optimal control.

3.1. Some preliminaries for the control problem

On a probability space (€2, F, P) satisfying usual conditions, let {B;}:>0 and {W;};>0 be two mutually
independent Brownian motions, taking values in R and R’ respectively. Denote by N the collection of P-null
sets of F. For each ¢ € [0,T], denote

Fo=FVVvVF,

where FV = O‘{WT, 0<r< t} V N is the augmented o-field generated by W and similarly ]:t],BT = O'{BT —
By, t<r<T } V N. We stress that F; is neither increasing nor decreasing in ¢ and hence does not constitute a
filtration. Now let us introduce the following spaces:

LE(R") = {§ Q= RY¢eGand E[|¢P] < —i—oo} for any o-field G C F;
L%([s,7;R™) = {¢ s, ] x Q= R ¢y € Fy for t € [s,7] and E {/ |¢t|2dt] < —l—oo};
SZ([s,]; R™) = {(;S s [s,7] x @ — R™; ¢ is continuous a.s., ¢; € F; for t € [s, 7],

and JE[ sup |¢t|2] < —l—oo}.

s<t<r

The state process (Y, z¢)o<t<7 is governed by the following BDSDE

—dys =f(t, ye, 26, we, L(Ye, 26, ue) )t + g(t, ye, ze, ue, L(Ye, 2, ut))dgt
— 2 dWy, t € [0,7-‘]7 (31)

yr :ga
with £ a given Fp-measurable random variable. We aim to minimize the cost functional given by

T

J(’lL) =K [ h(tayhztautvﬁ(ytazt)ut))dt+(I)(y07[’(y0)) ) (32)
0

over the set U := L%([0,T]; U) of admissible controls, where U is a closed convex subset of R¥. The functions
f, g and h are measurable mappings from [0,7] x R™ x R™*! x RF x Py(R™ x R"*! x R¥) to R", R"*¢ and R,
respectively.

We stress that the state process (y, z) and the cost functional J(u) depend on the joint distribution £(yy, 2, ut)
of the state and the control processes.

To end this subsection, we recall It&’s formula obtained in [4], Lemma 1.3, which is a key ingredient in our
analysis.
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Lemma 3.1. Let o € S%([0, T};R"), 3 € L%([0, T); R"),y € L%([0, T}; R"*%), 0 € L%([0, T); R"*!) be such that

t t t
at=a0+/ ﬁsds—i—/ %d§5+/ 0. dW,,0<t<T.
0 0 0

Then for ¢ € C*(R™), we have

t t t
o) =0(a0) + [ (0uble). B)ds + [ (@asta)nedBo) + [ (0udta).0.ai)
0 0 0
I I
! / tr[ﬁaaqb(as)’ys’yg ] ds+ = / tr[Onad(as)007 ] ds. (3.3)
2 Jo 2 Jo
The following product rule is a direct corollary of Lemma 3.1.

Lemma 3.2. Consider the processes y and p given by

dy; = frdt + gtdgt + 2 dWrs,
dp; = Fydt + GydW; + :d By,

where f, g,z F,G,q all belong to L%([0,T]; R™) with proper dimension m. We have

d(pe,ye) = (dpe, ye) + (De, dye) + (G, ze) dt — (gi, q¢) dt. (3.4)

3.2. Main assumptions and the variational equation
We assume the following conditions for our control problem (3.1)-(3.2).

(H1) The functions f(¢,0,0,0,d) and g(t,0,0,0, 6g) are uniformly bounded, where §, is the Dirac measure at 0.
The functions f, g and h are differentiable with respect to (y, z,u) € R™ x R"*! x R¥ for each t € [0, 7] and
p € Po(R™ x R™*! x R¥). Moreover, for p =y, z, u, the partial derivative 0p¢p is continuous and uniformly
bounded in (t,y, z,u, p) for o = f, g, h. In particular, we require ||0,9(t,y, z,u, p)|| < a1 € (0,1).

(H2) The functions f, g and h are L-differentiable with respect to p. Moreover, for v = p,, tis, fty, the L-
derivative 9,¢ is continuous with L2-norm being uniformly bounded in (¢,y, z,u, u) for ¢ = f,g,h. In
particular, we require

/ Ha zg(t,y,z,%u)(y’,z’,u’)Hde(y’,z’,u’) <ag € (07 1- al)'
R™ xR % xRk

(H3) The function ® is differentiable with respect to y and L-differentiable with respect to p,, and moreover
Oy ®(y, ) and 9, P(y, L(Y))(Y') are jointly continuous.

Remark 3.3. Note that, if f, g are continuously differentiable with uniformly bounded partial derivatives as
assumed in (H1) and (H2), we can deduce that f, g are Lipschitz in (y,z,u) and p. Precisely, there exists
a constant C' and 0 < a,as < 1 with oy + ap < 1 such that for all 3,4’ € R™, 2,2/ € R™™! u,u/ € RF,
w= LY, Z,U), 1 = LY, Z',U") € Po(R" x R™¥! x RF),

2
|f(t,y,z,u,,u) - f(ta y/,Z/,’U,/,,U,/)|
<Ol + =21+ =P E[Y — Y+ |2 22+ U - U'F)),
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and

2
gt y, 2, u, ) — gty 2 u' 1) |
<C(ly-yP+lu-uP+E[Y =Y+ U= UP]) + (arllz - 2|2 + 0:E[|1Z - 2|12 ).

The following result borrowed from [10] provides the existence and uniqueness for the solution of (3.1).

Theorem 3.4. Under the Assumptions (H1) and (H2), for any fized u = (u)o<i<r € U, there exists a unique
solution (y*,z") € S%([0,T]; R™) x L%([0, T); R™*!) to (3.1).
Let u* € U be an optimal control, i.e., J(u*) = 12{{ J(v), and (y*, 2z*) be the corresponding state process. We

shall introduce some notations that will be used in the sequel.

Recalling that ¢/ = L%([0,T]; U) with U being a convex set of R¥, we have u® := u* +ev €U for 0 <e <1
and all v = u — u* with arbitrarily v € U. Let (y°, 2°) denote the solution of (3.1) with u = u®. We shall take
the following abbreviated notations

0f = (yZ‘,ZZZUI,E(yZ‘,waZ‘)) Of = (y5 2> ug, L5, 27, 7)),
Ve =y A — ), 20 = 2+ A ), up = uf A Aey, (3.5)

6)\ (ytazg\vutvﬁ(yt7'z§\7u?))

Let (Q, F, P) be a copy of (Q, F, P). For a random variable X defined on (£, F, P), we denote by X its copy
on Q. For any integrable random variable & on the probability space (2 x QFxF,P® P) we denote

E[¢(w,@)] :/Qf(w,fu)P(dw) and E[E(w,&)] :/ﬁf(w,@)P(dC)). (3.6)

With the above notations in mind, we introduce the following linear backward doubly stochastic differential
equation

—dIy ={ 0, F(4,0;) K + 0. £ (4,0, L + 0 f (8,0 ) + E[0, £ (1,075 5 ) K
+ B[00 £ (4 00) @7 5 0L + B[O, S (1015, 57 )] b
+ B0, (1, 6,) @7, 3 00 n] + B[00t 07) @7 3 5 )] VB
— LydW,, t€[0,T),
Kr =0,

——

to which there exists a unique solution (K, L) € S%([0,T];R™) x L%([0, T]; R"*!) by Theorem 3.4.

Proposition 3.5. Let assumptions (H1)-(H3) hold. Then, we have

[

*

-5 _Ltuzdt] .

lim E { sup
€

e—0 0<t<T

y Kt‘ } =0 and limE

e—0

3
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Proof. Denote

5 *
e Y~y Rt T %

Ui = — K; and %] =
€

— L. (3.8)
Then, by (3.1) and (3.7), (95, 2§ Jo<t<T solves the following equation,

—dj; ={L[F(0,05) = F(1.01)] = 0,/ (1,0;) Ky — 0. f(£,0;) Lo — D f (1,67 )ve
~E[0,,/(t.07) @ 5 u) K — [0, £ (1,007, % ;) L]
— E[0,, f(4,01) 57 5 )] fat
+ {L10(t,07) — g(t.07)] — Dy9(t, 6) K, — D:g(t.07) Ly — Dug(t, 6] v (3.9)
—E[0,,,9(t.67) (7 7 @) K] — E[0,.9(8,07) (@7, % ;) Le)
— B[0,, 906,007, 7, 5)5) B, — 5dW, e (0,7)

5 =0.

Using notations (3.5) and (3.6), some algebraic work shows that (3.9) can be written as

1 ~ e~ ~
~aif =| [ {ou000.00)3 + Bloy, #0068 2. )]

+ 00005 + B [0, 110,00 2 D)) + £ fana

+ | [ {ousteoit +Blo, 000 2. D) (3.10)

+0.9(t,00)35 + E[0,.g(t,00) (4, 20, ud) 5E] + G E}d)\} dB,

— 52dW,, te[0,T),
i =0.

where

F (0, (6,0)) = 0, (1,07) Ko+ B[ (0, £(1,0) i 2 0d) = Dy, F(1,00) (57 5 00) Ko

+(6zf(ta Gt)\) - 0. f(t, 9:))[/75 + E[(a;tzf(t 0)\)(3/1: 7Zt ) Ut ) auzf(t 07 )Yz Ztvut))zt}
+(auf(t7 9?) — ouf(t, 9:))% + E[<auuf(t7 at )(yt ’Zt)\7 ut) O, f(t,07) (1, Ef,ut))ﬁt},

and G’\ is of the same form as F} e Wlth f replaced by g.
Applylng Ito’s formula (3.3) to |§£]*, we have

T
B[lgi) +E[ [ 120%s]

T 1 _ _
=28 [ ([ {0,805, +E[0,, 55,00 (2.1 i)
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0. f(5,00)55 + B [0, f(5,00) (42, 22, u2)32] + FM< YA, i )d
+ z (87 s)Zs + Pz (S )(ys,Zs,Us) + } S

T 1
+]E/ H/O {8y9(s,02)i + E[0,, (s, 02) (2, 22, ud)ie]
t
™ 2
+0:9(s,02)2 + E[0,.9(s, 0 (2, 2> u)‘)zs] +GA5}d/\H ds.

E S

The uniform boundedness of the partial derivatives of f and g as assumed in (H1) and (H2) yields

e12 T 2 T 2 Tt \el|2 e||?
Bllii] +E[ [ 15Pas] < om[ [ iipas) B [0[RP+ 02 hanes

To get the desired result, in view of Gronwall’s lemma, it suffices to show

' T 1 N

3%1@[/0 /0 | Paxat] = o, (3.11)
and

] T 1 Nel2

;%E[A /O |G *daat] = o. (3.12)

We shall prove (3.11) below, and (3.12) can be proved in the same way and thus omitted. By Holder’s inequality,

we have
T 1
E[/ / [ Pandt]
0 0
T 1
SCE/O {/0 {1050 (2,05) = 0, £ (&, 07) | Ko|* +110:f (£, 63) — = £ (¢, 07) 7| Le |tk

1 ~ o~
/0 B (|0, £(1,00) (00, 20 ) — By, F(1.07) @ 5700 [P] B[ 2] d

+ / B [0 £ (1, 02) (g 2 ) — D, £(1,00) G0 5050 | ][I Ee12] d
0

1 ~

b [ B0 00 2 ) = 0,0 07) G5B
! 2

+ [ 10u5(0.60) = 050,07 Plus i .

Due to the continuity and uniform boundedness assumed in (H1) and (H2) for the partial derivatives, we can
apply the dominated convergence theorem to prove (3.11). The proof is concluded. O

The differentiability of the cost functional J(-) proved in the following result will be used in the derivation
of the variational inequality in Section 3.3.

Proposition 3.6. Under conditions (H1)-(H3), the cost functional J(-) defined by (3.2) is Gateaux differen-
tiable, and the derivative at u* in the direction v is given by

d
—J(u* + ev)

T
df;‘ 0 :]E/O {<ayh(t79:)a Kt> + <82h(t70:)7 Lt> + <8uh(t, Hf)a Ut>

e=



10 JIAN SONG AND MENG WANG

+E[@uyh(ta9?)(@?,5?7a?),f~{t>] + IEKaltzh(t,@:)(grvg:?ﬂt) Ztﬂ

+E[(9,2 (5, L)), Ko) +E[(9,, (v, £(65)F), Ko))]| (3.13)
Proof. By the definition (3.2) of J and the notations (3.5), we have
g\ _ u* T
HOIOE e [ 00— hi0.05) b + B[00, £08)) — 0005 £0)]
L4l (3.14)

For the term Iy, Taylor’s first-order expansion yields

Il =E /T {<ayh(t7 0:)’ Kt> + <8:h(t7 Qf)a Lt> + <8uh(t’ 0:)7vt>
0

+

E[(0p, h(t,07)(@F 75, 107), Ky )| + E[(0, h(t, 07) (FF . 3, ), L)

. T
B0 07) G 57 5).70) Jat + B [ g

+

with
of .7/ {{0yh(t,07),95) + (Oyh(t,0)) — Oyh(t,07), K;) }dA
/ {{0:.n(t,6}),27) + (D:h(t,0,) — D.h(t,07), L) }dA
[ B 00000 ) ) + B9, hte, 0000 ). )
L

E[(0, h(t, 02) (w22 ud) — Oy, h(t, 0) (57 5, 7). Ko d

EK@ (00 20 ud) — B, h(t,07) (5, 5 ), Lo )] dA

1

+

+ [<aﬂuh(t70t )(yt aZ:s)\’Ut) Ot h(t,07) (Y, 22 5 up),s mﬂd)‘

1

+ [ {0uh(t,00) — Ouh(t, 0F), v )dA,

hc\c\o\o

where we recall that g5, 2f are given in (3.8).
Note that by (H1) and (H2), the partial derivatives of h are jointly continuous and uniformly bounded.
Combining this fact with Proposition 3.5, we can apply dominated convergence theorem to get

T
lim E ;dt = 0.
lim /0 pidt =0

The term I in (3.14) can be analyzed in a similar way. The proof is concluded. O



ON MEAN-FIELD CONTROL PROBLEMS FOR BACKWARD DOUBLY STOCHASTIC SYSTEMS 11

3.3. On necessity of the condition

In this subsection, we present our main result of stochastic maximum principle, which is a necessary condition
for an optimal control.

Let H : [0,T] x R" x R™! x RF x Py(R™ x R"*! x RF) x R" x R"*? — R denote the Hamiltonian given by

H(t,y, z,u, 1, p,q) == (f(t,y, 2,u, n), p) + {(g(t,y, 2,u, 1), @) + h(t,y, z,u, ). (3.15)

Consider the following adjoint equation

dpe =[0,H (1,67 p1.a0) + E[0,, H (07513 w5 27 ) |t
+ [0-H .07 pu ) + B[, H (67 @) 07 27 ui)] | atve
— qdB,, te[0,T),

po =0y ®(5, £(y5)) + E [0, 2(T5, L)) (v5)]

(3.16)

where we have used notations in (3.5). Recalling the equation (3.7) of (K, L), applying It&’s formula to <pt, Kt>
from 0 to T and taking expectation, we can get

T ~ ~
E[(po, Ko)] =E / {(OF 76,0000+ E[OF, £(6,01) (w1 25 i )]
+ 00 g(t,07 ) + E[0], 9(t.07) (7,25 ui )] ve)
= (0:h(t,07) + B[0, bt 07) (57 =7 )], L) el

Note that E[<p0, K0>] is the sum of the last two terms on the right-hand side of (3.13). Plugging this expression
into (3.13), we get

a
de

T
=5 [ (08 (0,00 + BIOL £ (.00 27 )5i] + 08,07
0

J(u* +ev)

e=0

+E[O) g(t,07)(y;, 2, ui)@] + Ouh(t, 07) + E[0,, h(t, 07)(yF, 27 up)], vt>dt.

Using the Hamiltonian H given by (3.15), we can write

i](u* + ev)

T
2 0 :E/ (OuH (07 pi00) + B [0, H (16,5030 (57 5 )] oyt (317)
0

e=

Now we are ready to derive our main result, the stochastic maximum principle.

Theorem 3.7. We assume conditions (H1)-(H3) for the control problem (3.1)—(3.2). Suppose that u* =
(uf)o<t<r € U is an optimal control, (yf,z)o<i<r 1S the associated state process, and (p:,qi)o<i<T 15 the
adjoint process satisfying (3.16). Then, we have, for all a € U,

(OuH (60}, p1,00) + B[00, H(6, 87,50, G0 (w21 0i)] o — uf ) 2 0, dt @ dP as, (3.18)
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where H is the Hamiltonian defined by (3.15).

Proof. Given any admissible control (u;)o<i<r € U, we denote v, = u, — uy. We use the perturbation uj =

uj + evg. Since w* is optimal, i.e., J(u*) achieves the minimum, we have

> 0.

e=0

%J(u* + ev)

This together with (3.17) implies

T
E / (OuH(t07, 91, ) + B0, H 8,87, 50,8) (v 20w — wf )t > 0.
0
We set an admissible control (u;)o<i<r as follows

wo ] as se [t,t + €],
7 u¥, otherwise,

where (ay)o<i<r € U. From (3.19), we have

1 the * ™ Nx o~ o~ * %k *
2| [ (0502 0 + B0 585 )02 2] — )| > 0
t

Letting ¢ — 07, by Lebesgue differential theorem, we have for almost all ¢,

E [(auH(t,Gz‘,pt,qt) + B[O, H(t, 07, Be. @) (w5, 27 uf)], e — U%ﬂ > 0.
For A € F;, we set oy = ala + uylye with a € U. Thus, we have for almost all ¢,

B [(0uH (07 90 00) + B[00, H (.0 500 1)) 0 — i Y] 2 0

As A € F; is chosen arbitrarily, the definition of conditional expectation leads to, for almost all ¢,

E |:<auH(t79:apt7qt) +E[auuH(ug:aﬁt,th)(yzyvau:)]va - u;‘> JT:t:|
= <auH(t70;kapt7Qt) +E[auuH(t?a:,ﬁtaat)(y;avau:)]va - U:> 2 O,a.s.

This proves the desired result.

3.4. On sufficiency of the condition

(3.19)

(3.20)

In this subsection, we prove a verification theorem which states that under proper conditions, the maximum

principle (3.18) obtained in Theorem 3.7 does yield an optimal control.

Theorem 3.8. Assume (H1)-(H3). We further assume that the Hamiltonian H given in (3.15) and ® are

convex in the sense

H(t>yl7zl7ulaﬂ/7p7 q) - H(t7y7zau7ﬂapa Q)
Z <ayH(t7y7 2, Uy [y P,y Q)ayl - y> + IEIK(?M/H(LZJ, 2, Uy [y P,y q)(i}a Z, fj)v }7/ - }7>:|
+ <82H(tayazvua,u7p7 Q)yz/ - Z> —|—IE[<3MZH(t,y,Z,u,,u,p, Q)(i}a27 [7)’ 2/ - Z>]
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+ <auH(ta Y, z, U, 1y P, q)a ul - U> + IEIK&MUH@, Y, z, U, Uy P, q)(?a 23 (7), [7/ - fj>] 9
and
Oy, 1) = Dy, 1y) > {0y @y, 1)y = y) +E[(D, Dy, 1) (V), Y = V)],

for all y,y € R, z,2" € R w,u’ € RF) p, i’ € Po(R™ x R X RF) with = (piy, pzy pu) = E(?,Z, [7),
= (ply, il i) = LY, 2',U"), p € R™ and q € R™*,

Let u* = (uf)o<i<r € U be an admissible control, (y;, z{)o<i<r the state process and (pi, qi)o<i<t the adjoint
process. Then, if (3.18) holds, u* is an optimal control.

Proof. Recalling the definition of (3.2) of J and the notations (3.5), we have

T
J(u) = J(u") = ]E/O {n(t,0}) = h(t,07) Yt + E[®(yg, L(y5)) — ®(y5, L))

where we use the superscript u to denote the processes associated to the control process (ui)o<i<r € U. It
follows directly from the convexity of H and ® that

h(t,0y) — h(t,07)
= H(t, 08 pr.ar) — H(t. 07, pe.ar) — (f(£,01) = F(£,07). ) — (g(t,01) — g(t.07), r)
> (O, H (1,07, pes @), i — vi ) + B[O, H(E, 05,0, a) (T 75 0), 1 — U )]
<8 H(t,07,pe,qe), 2 — 2 +E[<aqu (t, 07 e, q0) (W5, 27 i), 2 _EI>] (3.21)
+ (O H (t, 07, qe), ue — uy ) + [<8 H(t,0F,pe,q0) (U7, 275 07), ue — )|
— (f(t,01) = f(t.00),pe) — (g(t,01) — g(t,07), ),

and

B[2(yg. L(y5)) — @5, L(y5))]
E[(0, 805, £0i) v — 93) + B[00, (0 L5) ). 5% — 55)]] (322)
= E (0,5 £y3)) + E [0y, @0, L) w3)] vt — vi5) .

Applying It6’s formula to (py,ys — y; ) yields that
E [0y (05, £3)) + E[9,, (T L0 w5)]. 06 — 03]

T
= Oy H (8,07 P 0e) + B[00, H (807 P @) v =7 wi)] i = ) (3.23)
— (OH (8,07 pes0e) + E [0, H(E 07 s @) i 25 )] =4 — 27) e

Combining (3.21)—(3.23), and using Fubini’s theorem, we have

T
J(u) = J(u*) 2 E / (OuH (07, pi,0) + B[00, HE, 07 B, G 91 250w — i )l
0



14 JIAN SONG AND MENG WANG

Thus, if we assume (3.18), we get
J(u) — J(u*) > 0.

Noting that u € U is chosen arbitrarily, this implies that u* is an optimal control. The proof is concluded. [

4. WELL-POSEDNESS OF MEAN-FIELD FORWARD-BACKWARD DOUBLY
STOCHASTIC DIFFERENTIAL EQUATIONS

Using the Hamiltonian H given in (3.15), the state equation (3.1) and the adjoint equation (3.16) can be
combined in the following system

—dyt =0, H(L, 0}, pr, qu)dt + O, H (1,07, py, q)d By — 2dWs,
dpe =0, H (&0 e, ar) + E[0,, H (07 5 @0) (7, =7 )] |t
+ [0-H (07 prsar) + [0, H(8, 67 5o 0) (v =1 )] | dWh (4.1)
— :d By, t€0,T],
yr =€, po = 0,®(y5, L(y5)) + E[0,, @@, L)) (w3)]

where 6; is given in (3.5).
If uy is a function of yf, 2, pt, ¢: and their joint distribution (see, e.g., the LQ case in Sect. 5.3), the above
system (4.1) can be written as a time-symmetric FBDSDE introduced in Peng and Shi [28] of mean-field type,

—dy, :f(t7ytvpt7 Zt, qtv‘c(yhptv Zt, Qt))dt + g(tayt,Pt, 2ty qt,s ﬁ(yt,]?t, Zty‘]t))dgt — 2 dWy,

dpt :F(ta Yt, Pty 2ty qt, ‘C(yhph Zt, qf))dt + G(tv Yty Pty 2ty 4t E(yt;pt; Zt, qt))th - qtd§t7 (42)
yr :§7 Do = ‘Il(yOa‘C(yO))v

where ¢ is an Fr-measurable random variable, ¥ : Q x R™ x Py(R™) — R™, and f, g, F, G are functions from
Q% [0,T] x R?® x R? x R™*! x R?X4 x Py(R"™ x R® x R™*! x R"*4) to R™ R"*4 R" R"*! respectively.

Definition 4.1. A quadruple of processes (y, p, z, q) is called a solution of (4.2) if (y,p, z,q) € L%([0,T]; R™ x
R™ x R™*! x R"*4) and satisfies (4.2).

Let A(t, ¢, p) = (=F, f,—G,g)(t,(, ) where ¢ = (y,p,2,q) and p stands for a generic element in Pa(R™ x
R™ x R™*! x R™"*4). Assume that for each ((,u) € R™ x R™ x R™*! x R?X4 x Py(R™ x R™ x R x R*d),
A(-, ¢ p) € LE([0, T R™ x R™ x R x R™*?) and that for each (y,u,) € R™ x Po(R"), (y, p) € L5 (R™).
For almost all (t,w) € [0,7T] x Q, we assume the following conditions.

(A1) There exists k; > 0 such that

|A(ta Ca :U‘) - A(t7 Cla :u/)| <k (|< - </| + W2(,u7 :u/))a
W (y, 1) = V(' )| < kr(ly — o1+ Walpy, 1)),

hold for ¢,¢ € R™ x R™ x R™! x R™ 4, 1 1" € Po(R™ x R™ x R™*! x R™*4) g o/ € R", and p,, p;, €
Pa(RY),
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(A2) Let ¢ = (Y, P,Z,Q),¢ = (Y, P,Z.Q) € L%([O,T};R” x R x R**E x R”Xd), w= L),y = E((j’).
There exist constants ks, k3, k4 > 0 with ko + k3 > 0 and k3 + k4 > 0 such that

]E[<A(ta Ca ,u‘) - 'A(tv C/7 .U’/)v C - C/ﬂ
<~k (E[Y = Y'P+[Z = Z'|PP]) — ks (E[|[P = PP + Q — Q'|I*]),
and
E[((Y.L(Y)) ~ WY, L(Y).Y — V)] > kE[Y ¥

Moreover, we make some further assumptions if ko or k3 is zero: we assume

lg(t, ¢, 1) = g(t, &', )| < Ba([Y = Y[+ [P = P'| +]|Q = Q') + M Z - Z|
+EEB[IY =Y+ [P = P/l +[|Q — Q) + AE[ll 2 - Z']],

if ks = 0, and

1G(t, ¢, n) = Gt ¢ i) < k(Y =Y+ 12 = Z'l| + [P = P']) + M[|Q - Q'
+EE[Y =Y+ 12 = Z'|| + [P = P'[]) + LE[|Q - Q'l],

if k3 = 0, where A1, Ao are nonnegative constants satisfying A\; + Ao < 1.

We shall employ the method of continuation introduced in [30] (see also [29, 31]) to establish the existence
of solution of (4.2). Consider a family of mean-field FBDSDEs parameterized by a € [0, 1],

—dys =[f(t, G ) + fo(t)]dt + [g% (¢, Ce, pre) + go(t)]dgt — 2 dWr,
dpy =[F(t, Cr, pue) + Fo(t)]dt + [G(t, G, pue) + Go(t) | dW; — Qtd§t7 (4.3)
yr :ga Po = \I/a(y07£(y0)) + ‘1/07

where G = (Yt pt, 26, qt)s e = LYt Pt 265 6t), (Fo, fo,Go,go) € LE([0,T);R™ x R x R x R™X4) ¥, €
L%, (R™) and for any given a € [0, 1],

fa(tvgtnut) = O‘f(tact,/it) - (1 - a)k3pt7 ga(tagta;u’t) = Oég(tvctnut) - (]- - a)k3qt7
F(t, Gy pe) = aF (t, Gy o) + (1 — )kaye, G(t, G i) = aG(t, Gy i) + (1 — )bz,
U (yo, L(y0)) = a¥(yo, L(y0)) + (1 — a)yo.

When a = 0, equation (4.3) is reduced to

—dy; =[—kap: + fo(t)]dt + [~k3q: + go(t)]d§t — zedWr,
dpy =lkaye + Fo(D)])dt + [kaz + Go(8)|dW;, — ¢:d B, (4.4)
yr =&, po = Yo + Yo.
The existence and uniqueness of the solution of equation (4.4) have been obtained in [25], Proposition 3.6. The

following lemma is the key ingredient of the continuation method, which says that, if (4.3) has a solution for
some «g € [0,1), it also has a solution for « € [, g + dg], where g is a constant independent of «y.
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Lemma 4.2. Under (A1)-(A2), we assume that there exists a constant ag € [0,1) such that given any
(Fo, fo: Go, 90) € L%([0,T];R™ x R™ x R™*! x R"™*4) and Wy € L% (R"), £ € L% (R™), equation (4.3) with
a = a has a unique solution. Then, there exists a constant 69 € (0,1) which only depends on ki, ka, ks, kg, A1, Ao
and T, such that for any a € [ag, ag + do|, equation (4.3) has a unique solution.

Proof. By the assumption, for each ¢ = (¥,7,%,q) € L%([0, T|;R™ x R" x R™*! x R"*?) with law 1 € Po(R" x
R™ x R™*! x R™"*4) | there exists a unique quadruple ¢ = (y,p,2,q) € L%([0,T];R™ x R™ x R™*! x R"*4)
satisfying, for § > 0,

—dy; =[f°(t, Cer ) + 6(f (£, Cys T1,) + kaPy) + fo(t)]dt
+ [ (t, Ce, ) + 6(g(t, Cp Ty) + k3,) + gol t]d§ — 2 dWy,
dpy =[F(t, G, pue) + 6(F(t,C, ) — ko) + Fo(t)] dt (4.5)
+ [ (8 Gy ) + 8(G (1, T ) — kaZ) + Go(D)]dW, — ud B,
yr =&, po = ¥ (Yo, L(y0)) + (¥ (T, L(To)) — Yo) + Yo-

In order to prove that (4.3) with o = ap + 0 has a solution (for sufficiently small ¢), it suffices to show that
the mapping I,,,5(¢) = ¢ defined via (4.5) is a contraction mapping on L%([0,T]; R™ x R™ x R"*! x R"*4)_ For
this purpose, we will obtain some estimations first.

Denote

»)

E]\) (y_y/ap_plvz_zlvq_q,)v
q) =

T IR

Il
<D
=D
)

@—y,f)—p,Z—Z,q—ql).

.
~—

Applying the product rule (3.4) to (g, p;) yields

o [(Jo. U(yo, L(y0)) — ¥ (y5, L(y0)))] + (1 — o) E[|Fo]
+ 0E [{Fo, =70 + ¥ (To» L(Fo)) — ¥ (T, LT0)))]

T
= E/O {a0(A(t, o, p1e) — A(t, ¢y 1), o) + (A, Gy Ty) — A(E G ih), G bt
T
—(1-ag)E / [kalfel? + ksG] + kol + k|32 e
0
T
+5E/ {k3<ﬁtvﬁt>+k3<6taa\t>+k2<yt7§t>+k2<§t72t>}dt-
0
v (A1)-(A2), we have
T
(@oki-+1 - aoBlIGP] +E [ (Ka(lFl + 1G17) + ko (G + [500°) b
0
sa{ [+ M)+ Ko RIRIE + M) + b4 + Hl)
+ k2 (31Ze? + 31Z02) + |Gl AG G ) — A(tf;ﬁé)l}dt

+E[(3[70 + 3T0?) + [ To, LTo)) — ¥ (Th, LFo))[Fol] }
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T o~ o~ o~
<4 E/o {ks (3P, + 51Pe)%) + ks (31T + 21@)?) + k2 (317,17 + $15:%)
+ ko (31Zel1? + LIZ0?) + ko (1G + 3IC 7 + Wiz, m)) dt
+E[(2170l* + 2[70l?) + k1 (1T0]® + 5170)* + 3WE (L), LT0)))] }
Noting

Wg(ﬁtﬂﬁ;) S E[|Et‘2]v and W22(['(y0)7 ‘C(gi))) S E[@OF]?

we can find a constant K; > 0 depending only on k1, ks, k3 such that
T
(aoka + 1 — ao)E[|50]*] + E/ {2 (19 + 1201%) + ks (1D + [1@l1?) bt
0
T ~ = —~
< 0K E/ (1G> + IC:1*)dt +E[[50]? + [7ol*] ¢ -
0
Noting (ks + 1 — ap) > min{1, k4}, we have
T
min{1, ks }E[|70|*] + E/ {2 (19 + 1201%) + ks (1] + [1@ll) bt
0
T ~ = —~
<ok B [ (G + CP)de+ B[l + ol p-
0
Applying Ito’s formula (3.3) to |7¢|?, we have

T
E[§:2] + E / 12 2ds
o 6(F(5,Cor i) — (5, Co TE)) + OkaD,) b
T
+E/1t llao(g(s, G, prs) — (s, ¢ 1)) — (1 — ) ks

+0(g(s,CorTiy) — 9(5, ConTIL)) + Oksd || ds.

T
= QE/t {<@\S7a0(f(57§sa,ufs) - f(&C;,M;)) - (1 - O‘O)kSZ/)\s>
+ (1.

17

By the Lipschitz conditions (A1) and the Gronwall’s inequality, we can find a constant K5 depending on only

kl, kg, kg, )\1, )\2 such that

T T
sup E[[7i[?] §K2{5E / C,[2dt +E / {|@|2+||at||2}dt}7
0 0

t€[0,T

T T _ T
E/ {|at|2+||2t||2}dtSK2<Tv1>{5E/ |<t|2dt+E/ {|@|2+|@|2}dt}.
0 0 0
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Similarly, the application of Itd’s formula (3.3) to [p|? yields

E[pi?] +E / 13:]Pds
=E[|a{T(yo, L(y0)) — T (v, L(yh))} + (1 — a0)To
+ 6{ (G, LTo)) — V(T LTh)) — To}|']

+ 28 [ {05, o) ~ FlssClopt) + (1~ o))
+ (Ps, 0(F (5, 0o Ti) — F(s,C,, L)) — 0kal,) }ds

+E / t a0 (G (s, Cs 1) = G5, Gl il)) + (1 = o) s
+0(G(5,Cor71,) — G(5,Cyo L)) — Ok, | *dls

By the Lipschitz conditions (A1) and the Gronwall’s inequality, we can deduce that there exists K3 depending
only on ki, ko, k3, A1, A2 such that

T T ~ N T R R
E/ {1De® + l@|* Yt < K {51}; (/ ¢, [Pdt + y02> +E (/ {17 + |12]? Yt + y0|2> } (4.8)
0 0 0

Now, in order to obtain the contraction of the mapping I,, s for small 6, it suffices to prove the following
estimation from (4.6)—(4.8),

E[|50/?] +E[/OT\§y2dt} < 6K (IE[@OF] +1E[/OT th}thD : (4.9)

for some positive constant K depending on k1, ks, k3, k4, A1, A2 and T'. The proof is split in three cases according

to the positiveness of ko, k3, ka. When ko, ks, kg > 0, (4.9) is a direct consequence of (4.6), when ko > 0,k3 =

0,kq > 0, (4.9) follows from (4.6) and (4.8), and when k2 = 0, k3 > 0,k4 > 0, it follows from (4.6) and (4.7).
The proof is concluded. O

We are ready to present our main result in this section.

Theorem 4.3. Under the assumptions (A1)-(A2), there exists a unique solution (y,p, z,q) € L%([0,T]; R™ x
R™ x Rl x R"*4) to equation (4.2).

Proof. The existence and uniqueness of the solution follows from the well-posedness of equation (4.4) by [25],
Proposition 3.6 and Lemma 4.2. We also provide a direct proof for the uniqueness as follows.
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Let ¢! = (y!,p!, 2%, ¢') and (2 = (y2,p% 22,¢%) be two solutions of (4.2). Denote ¢ = (7,5,%,q) = (y* —

Y2, pt —p?, 2t — 22, ¢' — ¢®). Applying Itd’s formula to (7, py), yields that

\Il(y(l),ﬁ (yoaﬁ(y(%))>/y\0>]

—E <-AtCthut) (tCtv“t)Q>

0

where we recall that A = (—F, f, —G, g). By the monotonicity condition (A2), we have that

T T
kaB[[g0]*] < —kz]E/ {15 + l12:]* }dt — ksE/ {Ipel* + 11@:l* }at < 0. (4.10)
0 0

If ko, kg > 0, it yields directly ¢! = (2. If ko or ks is 0, say, ko = 0 and k3 > 0, we have p; = ps and ¢1 = ¢
by (4.10), and the uniqueness of (y,z) follows from the classical result of BDSDEs (see [4]). The proof is
completed. 0

Remark 4.4. When the mean-field FBDSDE (4.2) is reduced to classical FBDSDE (without mean field),
Theorem 4.3 recovers the existence and uniqueness result obtained in [28], Theorem 2.2. Our result is also
compatible with [29], Theorem 2.6 when (4.2) degenerates to classical FBSDE.

5. EXAMPLES

In this section, we apply our results obtained in preceding sections to some special cases. For simplicity, we
assume n = [ = d = k = 1 throughout this section unless otherwise specified.

5.1. Scalar interaction

In this subsection, we consider the scalar interaction type control problem, in which the dependence upon
probability measure is through the moments of the probability measure.
More precisely, we assume that the coefficients in the state equation (3.1) take the following form,

Fty, zu,p) = f(t,y,z,u,/wdu), g(t,y,z,u, ) =§(t,y7z7u,/¢du)7

h(t,y, z,u, p) = ﬁ(t,y,zu,/wdu), ®(y, py) = i’(y,/vduy),

for functions ¢, ¢, : R3 — R and v : R — R with at most quadratic growth, and functions f , g, : 10,T) x
R3 xR — R, d:RxR—>R satisfying proper regularity conditions. Here [ pdu := fRs oy, 2 u)du(y,z u) =
Elp(Y, Z,U)] where (Y, Z,U) is a random vector with £(Y, Z,U) =

Similar to Example 2.2 in Section 2, the L-derivatives of f,g,h and ® can be calculated via f,g, h and &
respectively. For instance,

6Myf(t7yazvu7£(y7 Zv U))(K Za U) = 8rf(t7y72aU,E[¢(Y7 Za U)])ay@(}/, Za U)a

where 9, f denotes the partial derivative with respect to the term E[o(Y, Z,U)].
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Set ©F = (yf, zf,u;). Then, the adjoint equation (3.16) can be written as

dp, :{ay F(t. 07, E[0(0])])p: + E[pi0, f (.07, E[0(07)])0,0(0})]
+0,9(t, 07 E[0(67)])ar + E[@0,4(t, ©F E[6(67)]0,6(67))]
+3,h(t,07, E[p(0])]) + E[0:h(t,0;, E[¥(07)])9,(0])] }dt
+ {3zf(t, 07, E[p(0])])p: + E[5:0, f (, 07, E[(6])]) 0:40(6})] (5.1)
+0.9(t,07, E[p(0)])a: + E[G:0,9(t, 07, E[6(0])]0.6(0))]
+0.h(t, 07, E[(07)]) + E[0,h(t, 0], E[(6])])0.4(0})] }th

— qtdgt, t € 10,7,
po =0, ® (v, Elv(y)]) +E[0,® (35, Elv(y5)]) 9y v (w3)] -

The stochastic maximum principle (3.18) obtained in Theorem 3.7 becomes

{auf(t,@;:,ﬂa[ Vb1 + 0 (1, O1 E[6(O7)] ar + 0uh(t, O E[6(07)])

+E[p0,f(t.6;.E[p(© r]) 0(07)] +E[6:0,4(t. 6; . E[$(6])]) 0.(6})]
+E[8,.h(t,@:, [ (CH ]) }(a—uf)z(), for all a € U.

5.2. First order interaction
In this example, we consider the case of first order interaction where the dependence of the coefficients on
the probability measure is linear in the following sense

f(t7 y’ Z7u7 l’l’) = / f(t7 y7 Z? u’ y/7 Z/’ u/)du(y/7zl7u/) :E[f(t’ y? Z’ u? }7’ 27 17)]7
R3

g(t7 y7 Z’ u’/”') = / g(t7 y7 Z7 u’ y’? Z/’ u/)du(y/7'z/7ul) :E[g(t7 y7 Z7u7)77 Z’ ﬁ)]?
R3

h(t7 y’ Z7u7 M) = / il(t’ y? Z’ u’ y/? Z/7u/)du(y/7zl7ul) = E[h(t’ y? Z’u7i\}5 Z’ ﬁ)]?
R3

By, ) = / By, )dpy () = B[d (5, 7)),

for some functions f, g, h defined on R3 x R3 and & defined R x R with values on R, where (}7,2,6) is a
random vector with the law pu.

The state equation (3.1) with first order interaction corresponds to a type of mean-field BDSDE which may
arise naturally in economics, finance and game theorem, etc. We refer to [9] for a study of mean-field BSDEs
with first order interaction via a limit approach.

Actually, when considering the N-players game where each individual state is governed by

N
. 1 ~ . . .
aXi =+ > b(t, X{, X] up)dt + odWy, i=1,--- N,
-
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u! denotes the strategy of i-th player. The equation can be rewritten as

dX} =b(t, X}, @, ul)dt + odW,

N .
where i) = & > 0y, and b(t,z, p,u) = [, b(t, x,2’,u)du(2’). Interaction given by functions of the form is
i—1 t

called first order or linear.
Now, we come back to our control problem in the case of first order interaction. From Example 2.2, f,
g, h are linear with respect to y, and @ is linear in p,. For ®, 9, ®(y, ny)(y') = 0, ®(y,y’) and similarly,

Op, [t y, 2, u, ) (y', 2/, ') = 8y/f(t,y, z,u,y’, 2", u'). The adjoint equation is

dpe ={ [0, (07,57, 2 b1 + 0y(6, 01, 57 5 T Ja + Dy h(t, ©7, 57 57 )
+ B[Oy (467721 w))B+ Dy (6 7 i 4wl ) + Oy h(t, 07, 2 up)] e
+{E[0. (1,07, 57, 5w+ 0:9(4, 07,57 5, )a + Dbt ©7, 57 57 )] 5:2)
B[00 f( 67,y 21 ui )P + 0298, 67,y 25 ui ) + 00h(1, 67,y 25 )] AW
— qtdgt, t€[0,T],
po =E[0,®(y5,T5) + 0y ®(T5, )] -

Similarly, it follows from applying stochastic maximum principle in Theorem 3.7 that for Va € U,
{E[auf(ta @?, ﬂ;&k, E:a ﬁ:)pt + aug(tv 9:7 @;ka Z&kv a;)qt + auh(tv 9:7 g;tka 'FZV;‘v ﬂ:)
0w (87, yi 24w B+ 0wt O7 il 21w s + Ouh(t, O 7 24wy }(a —uj) > 0.

5.3. LQ problem

In this subsection, we will apply the stochastic maximum principle derived in Section 3 to a kind of mean-
field stochastic linear quadratic control problem with scalar interaction. In such an LQ model, the drift and the
volatility in (3.1) are of the form

F @y 2w, L(yes 2e,w)) = frye + foze + faue + [1E[y] + FoE[2e] + f5Elue),
9(757 Yt, 2ty Ut, £(yt7 Zty Ut)) =091Vt + g2zt + g3ug + §1E[yt] + §2E['zt] + §3E[ut]7

and the cost functional is assumed to be

J@:bﬁé{mﬁ+m£+mﬁ+m@mf+m@wf+m@mwwt

+®%+¢@MW}

where fi, fi, 9i,G;, hi,hi for i = 1,2,3 and ®,® are given constants satisfying hi, ha, hyi, ho, ®,® > 0 and
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hs,h3 > 0, |g2| + |g] < 1. In this setting, the Hamiltonian H given by (3.15) is

H(t,y,Z,U,M,p,q) :{f1y+f2z+f3u+?1 [ ]+f2E +f3 }p
{91y + 922 + gsu + G Ely) + G,E[2] + G5E[ul }q
+3{hy® + ha2® + hau® + ha(Ely])* + ha(E[2])* + ha(E[u])?}, (5-3)

and the adjoint equation (3.16) is

dpe ={fipe + [1E[p] + 9100 + 51 Elgi] + hay; + hiE[y;]}dt
+{ fopt + F2E[p] + 92a: + GoElar] + hozf + hoE[z]}dW,
—qdB,, telo,T),

po =Pyg + PE[yg).

If we further assume that the control domain U is the whole space R, the stochastic maximum principle
(3.18) yields

f3pe + f3E[pd] + g3q¢ + G3Elq:] + hsuy + hsE[u;] = 0. (5.5)

Taking expectation, we have

o s+ TaBlRd + (09 + 32 Elad . (5.6)

Plugging this into (5.5), we obtain that

1 - _
uj == g fop+ i (haFs = B f)EIp + 030 + b (hafis — Pags)Elad ). (5.7)

If the following stochastic Hamiltonian system

—dy; ={f1y; + fazi + fou; + TAEly;] + FoEl2] + ToElw;] bt
+ {glyi‘ + 9221 + g3ui + 51 E[y;] + G.B[z/] + §3E[UZ‘]}d§t — 2 AW,
dpt :{flpt + F1Elpd + g1ae + 9. El@i] + hayy + EﬂE[yf]}dt (5.8)
+ {fzpt + [oElpd] + 9201 + GoBlae] + hoz! + Ez]E[Zf]}th - Qtdﬁt,
yr =€, po = Py + PE[yg]-

with u} being given by (5.7) admits a solution, by the verification theorem in Section 3.4, the control process
(5.7) is indeed the unique optimal control. Substituting (5.6) and (5.7) for E[uf] and u} respectively leads to a
strong coupling between the forward and backward equations in (5.8), and we cannot apply Theorem 4.3 due to
the lack of monotonicity assumed in condition (A2). In the rest of this subsection, we shall prove the existence
and uniqueness of the solution under some weaker conditions which are satisfied by (5.8) without the terms of
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Consider the following mean-field FBDSDE

—dys =f(t, Yt Cpe, 2t, Dar, L(ye, Cpy, 2t, Dgy))dt
+ 9(t, ye, Cpy, zt, Das, L(ys, Cpy, 24, DQt))dEt — 2 dWr,
dpr =F (L, ye, pt, 2t, Gt, L(Ye: Pty 2, @) )dl (5.9)
+ G(t, Yts Pty 2t5 Gty L(Yts Pty 26, q1) )AWe — Qtdgt-
yr =€, po = Y(y0, L(y0)),

where C and D are matrices of dimension n x n. For simplicity, here we set | = d = 1. We introduce
below conditions (B1)-(B2) which are parallel to but weaker than (A1)-(A2) imposed in Section 4. As

in Section 4, we use the notations ¢ = (y,p, z,q) and A(t,(,p) = (—F, f,—Gj)(t,(,u), where f(t,(,,u) =
f(t,y,Cp,z,Dq, L(y,Cp, z, Dq)) and similarly for g.

(B1) There exist constants ¢; > 0,ce > 0 such that

E[(A(t, ¢ ) — At ¢ 1), Q)] < —aiE[[g + |21%] — eE[|Ch + D],
for ¢,¢" € LE(R" x R" x R x R™), p, o' € Po(R"™ x R™ x R™ x R™), 1., pit, € Po(R™), ¢ = (5,5,%,0) =
—y.,p—0.2—2,q—4¢).

(B2) There exists a constant ¢z > 0 such that

|A(t, ¢, 1) — AL, ¢ 1) < es(I¢ = ¢+ Walp, 1)),
W (y, ) — U )] < es(ly — o[+ Walpy, 11).

Moreover, we assume that there exist Aj, Ao > 0 with A\; + Ay < 1 such that for V¢ € [0, T],

|f(t.y,Cp, 2, Dq, L(y,Cp, 2, Dq)) — f(t,y',Cp', 2", D', Ly, OV, ', D))’
< cs([9f° + 21* + [Cp + D> + E[|g* + [2]° + [Cp + Dgl*]),

|9(t,y, Cp, 2, Dq, Ly, Cp, 2, Dq)) — g(t,y',Cp', 2, D', L(y,Cp', 2, Dg")|*
< (|9 + |Ch+ Dg* + E[|g* + |C + Dgl*]) + M[21> + ME[[Z?],
|F(t,y,p 20, 1) — F(t o', 0s 2, d 1) < es (182 + Wi, 1)),
G(t,y.p, 2,4, 1) — Gty 9,2 d' )|

< es([9 + 212 + [P + E[[° + [21* + [BI?]) + M[al® + AE[[gl?].

Theorem 5.1. Under conditions (B1)-(B2), equation (5.9) admits a unique solution.

Proof. First we prove the uniqueness. Let ¢ = (y, z,p,q) and ' = (v/,p’, 2, ¢') be two solutions of (5.9). Applying
1t6’s formula to @}, ﬁt> and taking expectation yield

T
E[<§/\07 \Il(y()v [’(yo)) - ‘I’(y(l)’ £(y6))>] = E/O <A(ta Cta ,ut) - -A(t7 sz /’Li)’ Zt>dt
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This together with condition (B1) implies

T
CQE/ |Ch: + D |*dt <0,
0

and recalling that co > 0, we have

|Cp; + DG;|? = 0, for almost all t € [0, 7). (5.10)

Now we deal with |7;]2

account, we can get

in a similar way. Using Lipschitz conditions on f and g in (B2) and taking (5.10) into

1 T T )
Ell7il) + 5E / Bul?ds < ooF / 7. 2ds,
t t

for some positive constant ¢g. This implies § = 0 by Gronwall’s inequality and hence z = 0. The uniqueness of
(p, q) then follows directly from classical result for BDSDEs.
To obtain the existence of the solution, we consider the following equation:
_dyt :{Ckf(t7 Yt, Cpt7 Zt, Dqt7 E(yta Cpt7 Zt, Dqt)) - (1 - a)(CTCpt + CTDqt) + fo(t)}dt
+ {ag(t,yt, Cpe, 2, Day, L(ys, Cpy, 21, Day)) — (1 — a) (DT Cpy + DT Day) + go(t)}dgt
— thWt,
dpt :{CKF(t, Yt, Dty 2t Gt ‘C(yt7pt7 2t Qt)) + Fo(t)}dt
+ {aG(t, Yty Pty 2, Gty LYt Des 2, Q1)) + Go(t)}th - Qtd§t7
yr =, po = a¥(yo, L(y0)) + Yo.

(5.11)

Clearly, (5.11) with & = 1 coincides with (5.9), and when « = 0, the existence and uniqueness follows directly
from [4]. As in Section 4, we shall take the method of continuation and prove the result of Lemma 4.2 under
conditions (B1)-(B2). More precisely, given ag € [0,1) and ¢ = (¥,p,%,q) € L%([0, T];R™ x R™ x R" x R"), we
consider

_dyt :{Oéof(t, Yt, Cpta 2t DQt, £(yt7 Cpt7 2t Dqt)) - (1 - aO)(CTCpt + CTDC]t)

+ 0 (4,1 CPis %t DGy, L(Trs By %1 DT,)) + 0(CTC, + CTDT,) + folt) }t
+ {Oéog(t, Y, Cpi, 2, Day, L(ye, Cpe, 2, D)) — (1 — ) (DT Cpy + DT Dyy)
+69(t, 1> Oy %0, Dy L5, Oy, 70, D7) + 6(DTCp, + DTDG,) + go(t) b B,

— 2dW, (5.12)
dpt :{O‘()F(t7 Yty Pty 2t i, ‘C(ytapta 2ty qt)) + 6F(t7yt7ﬁtyzt76t7 ‘C(yuﬁutht)) + FO(t)}dt

+ {OéOG(t,ytapta Zt, qt7£(ytapta 2ty Qt)) + 6G(t7yt7pt7zt7ataE(?wﬁwzfmqt)) + GO(t)}th

- qtd§t7

yr =€, po = 2oV (yo, L(y0)) + ¥ (o, L(Hy)) + Yo,
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and shall prove that the mapping I, s5(¢) = () defined by (5.12) is contractive for ¢ which is small but
independent of ag.

Applying the product rule (3.4) to <§t,]3t>, taking expectation and using (B1)-(B2), we can get the following
estimation which is parallel to (4.6): there exists a constant Cy only depending on ¢y, ¢2, cs such that

T T . R R R
IE/ |C@+Dq2|2dtsacl{la/ {|<t2+<t|2}dt+E[y02+|yol2]}-
0 0

Applying Ito’s formula to |7;|? and taking expectation, we can get the following estimates:

T T
E[[5:?] < CoE / (CP: + D [2dt + 6CHE / C,[2dt,
0 0
T T T .
IE/ (7% + |22}t < 031&/ |Cﬁt+Dq§|2dt+5cgE/ |, |dt.
0 0 0

Similarly, we can also get

T T T ~ ~
E / (B + |32} dt < CAE / (G2 + 132} dt + 6C,E / C[2dt + CAE[[5o?] + SCAE[[F[?].
0 0 0

Combining the above estimates, we can find a constant L only dependent on c1, co, c3, A1, A2 and 7', such that

T T
E/ |Geldt + E[[g0]*] < 6L (E/ |<t|2dt+E[|yO|2]> -
0 0

Hence, if we choose § = ﬁ, Io,.s is a contraction mapping and thus equation (5.11) admits a solution for

a = ag + 6. Noting that the choice of ¢ is independent of ag, one can repeat this procedure and show that (5.11)
has a solution for all « € [0, 1]. In particular, this implies the existence of solution to (5.9).
The proof is concluded. O

Now, we reconsider the stochastic linear quadratic problem that does not depend on the distribution of the
control process, i.e., f3,G3, hs = 0. In such situation, the optimal control u given by (5.7) becomes

ur = — - (f3pe + gsar), (5.13)

and the Hamiltonian system (5.8) now is

—dy; :{flyt + foze — ;%(f?,pt +93q0) + F1E[ye] + ?2E[zt]}dt
+ {glyt + 9220 — 22 (fape + 93a:) + 51 E[y:] +§2E[Zt]}d§t — 2 dW,
dpy :{flpt + [1E[pd + 9100 + 91 Elqe] + haye +E1E[yt]}dt (5.14)
+ {fzpt + [oElpd] + 9201 + G2Blae] + hoze + E2E[Zt]}th - (Jtd%t,
yr =& po = Pyo + PE[yo].

It can be easily checked that the coefficients in (5.14) satisfy (B1)-(B2) (we remark that the monotonicity
condition in (A2) is not satisfied, though). By Theorem 5.1, there exists a unique solution to (5.14). Thus,
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equations (5.13) together with (5.14) provides a unique optimal control for the mean-field backward doubly
stochastic LQ problem without involving the distribution of control.

Remark 5.2. When the mean-field FBDSDE (5.9) is reduced to classical FBDSDE (without mean field),
Theorem 5.1 recovers the existence and uniqueness result obtained in [25], Theorem 3.8.
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