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UNIFORMLY EXPONENTIAL STABILITY OF SEMI-DISCRETE

SCHEME FOR A VIBRATION CABLE WITH A TIP MASS UNDER

OBSERVER-BASED FEEDBACK CONTROL

Bao-Zhu Guo1,2,3,* and Xi Zhao1

Abstract. In this paper, we consider uniformly exponential approximation for a vibrating cable with
tip mass under a non-collocated output stabilizing feedback control. By designing an observer-based
output feedback control, the closed-loop system is composed of the coupled same type of PDEs and
ODEs. By order reduction method, we find a global Lyapunov functional for the closed-loop system.
The closed-loop system is then semi-discretized by the finite difference method. For the discrete systems,
we also construct the Lyapunov functions. The uniform exponential stability of the semi-discretized
systems is then established analogously as the proof for the continuous counterpart via an indirect
Lyapunov functional approach.
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1. Introduction

Flexible structures are widely used in many areas, such as aerospace, civil and mechanical engineering, and
vibrating cable is one of the most important flexible structures in applications. Mathematically, a vibrating
cable with a tip mass can be described by a partial differential equation (PDE) which represents the dynamics
of the cable and an ordinary differential equation (ODE) which represents the dynamics of the tip mass. The
vibration control is the most concerned problem from standpoint of the distributed parameter systems. In the
past several decades, boundary pointwise control and observation is the major strategy for the vibration control
of flexible structures. Examples can be found in [4, 6, 8, 18–20] and the references therein, among many others.
Usually, for the collocated cases where the actuator and sensor are located at the same boundary, one can use
most often the direct output feedback control based on passivity principle. However, for the non-collocated
cases where the control and sensor are located in different boundaries, the control design and analysis is much
challenging. As early as 1980s, the non-collocated control was used in robot control [3], see also [17] and [9].
For a non-collocated control system, the most often used control design is the observer-based feedback control
which makes the feedback control intrinsically infinite-dimensional. A single PDE system under an observer-
based feedback control becomes a coupled PDE system. In order to apply such designed feedback control, the
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discretization is thereby necessary. For a PDE system, one would rather discretize the system into an ODE
system for which most of engineers are familiar with by keeping the time continuous and the spatial variable
to be discretized. This process is called the semi-discretization scheme. However, there is a major concern from
PDE to its semi-discrete counterpart. If the discretized ODE system preserves as much as possible the important
control properties like uniform controllability, observability, and exponential stability, one can use the finite-
dimensional semi-discretized system as a physical model itself instead of the original infinite-dimensional PDE
model. In the past a few decades since from 1990s, there are many studies on semi-discretization of PDEs, for
which a basic problem is the preservation of the uniform exponential stability. This is unfortunately not an easy
question to be answered.

In paper [1], it was first pointed out that an exponentially stable PDE system might not be uniformly
exponentially stable with respect to the mesh size by classical finite difference or finite element schemes although
the semi-discrete systems are still exponentially stable for every step size. The non-uniformity problem was later
studied in [23]. Gradually, researchers realize that the non-uniformity is caused by spurious high frequencies
during the semi-discretization process. Many methods have thereafter been proposed to circumvent this problem,
such as the Tychonoff regularization method [11], two-grid algorithms [12, 20], filtering techniques [2, 23].
Among them the numerical viscosity method proposed in [22] and mixed finite element method proposed in
[5, 10] are most successful methods. However, the mixed finite element method is much complicated then the
finite-difference method and the numerical viscosity method adds an artificial term in the classical semi-discrete
scheme where the coefficients of the numerical viscosity term vary from PDE to PDE and the stability analysis
relies on the special boundary conditions of the PDEs. A natural semi-discrete scheme was proposed in paper [14]
by an order reduction finite-difference method, which demonstrates very different nature compared with other
approaches. First, the scheme preserve uniformly the exponential stability and observability for many types of
PDEs. Second, its mathematical proofs for uniform exponential stability follows the exponential stability of
the PDE counterpart. These advantages have been explained in papers [7, 15, 16].

The papers aforementioned by order reduction finite-difference method, however, dealt with only single PDEs.
In a recent paper [21], the method was used to deal with a wave PDE under an observer-based feedback control,
which is a coupled PDE. Very surprisedly, a global Lyapunov functional was constructed in [21]. This motivates
us to discuss the uniform exponential stability of the semi-discrete scheme for a vibrating cable with tip mass, for
which a non-collocated control and observation was discussed in a recent paper [19]. The idea is still constructing
a global Lyapunov functional by which we not only give the uniform exponential stability of the semi-discrete
scheme but also simplifies significantly the exponential stability of the original PDE system discussed in [19]. A
big difference with [21] is that the Lyapunov functional is not directly applied instead it is used by combining
the C0-semigroup property.

The system that we consider in this paper is described by the following wave equation with a tip mass:



wtt(x, t) = wxx(x, t), x ∈ (0, 1), t > 0,

w(0, t) = 0, t ≥ 0,

wx(1, t) +mwtt(1, t) = U(t), t ≥ 0,

y(t) = wx(0, t), t ≥ 0,

(1.1)

where w(x, t) is the displacement at position x and time t, m > 0 is the tip mass at the actuator end, U(t)
is the boundary control (input), y(t) is the observation (output). System (1.1) can be used to describe the
vibration of a flexible cable with tip mass first discussed in [18]. We consider system (1.1) in the energy state
space H1 = H1

E(0, 1)× L2(0, 1)× C, H1
E(0, 1) = {f |f ∈ H1(0, 1), f(0) = 0}, with the system energy

E0(t) =
1

2

∫ 1

0

[w2
t (x, t) + w2

x(x, t)]dx+
1

2

η2(t)

m+ αa
, η(t) = awx(1, t) +mwt(1, t). (1.2)
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It was proved in [18] that system (1.1) under the collocated feedback control:

U(t) = −αwt(1, t)− awxt(1, t), α, a > 0, (1.3)

is exponentially stable in H1, that is,

E0(t) ≤M0e
−ω0tE0(0), ∀t ≥ 0, (1.4)

for some constants M0, ω0 > 0 independent of t. Here it is noted that both signals wt(1, ·) and wxt(1, ·) belong
to L2

loc(0,∞). For instance, the transfer function from U → wxt(1, ·) is computed as

s2(e2s + 1)

s(e2s + 1) +ms2(e2s − 1)

which is bounded on open left complex plane, which means that wxt(1, ·) ∈ L2
loc(0,∞), and so is for wt(1, ·).

In other words, the feedback control (1.3) makes sense that U ∈ L2
loc(0,∞). The collocated control (1.3),

however, has some disadvantages in measurement because when the cable is moving, measurement of the high
order signal (angular velocity) wxt(1, t) in control (1.3) is not always feasible. The non-collocated measurement
(vertical force) in system (1.1) is much easy. The control problem (1.1) was first proposed in [19] in which the
following observer-based feedback control

U(t) = −αŵt(1, t)− aŵxt(1, t), (1.5)

was proposed with the following observer:


ŵtt(x, t) = ŵxx(x, t), x ∈ (0, 1), t > 0,

ŵx(0, t) = rŵt(0, t) + βŵ(0, t) + wx(0, t), t ≥ 0,

ŵx(1, t) +mŵtt(1, t) = U(t), t ≥ 0,

(1.6)

where the tuning parameters β and r are two strictly positive numbers. The closed-loop of the system (1.1)
under output feedback (1.5) is then described by



wtt(x, t) = wxx(x, t), x ∈ (0, 1), t > 0,

w(0, t) = 0, t ≥ 0,

wx(1, t) +mwtt(1, t) = −αŵt(1, t)− aŵxt(1, t), t ≥ 0,

ŵtt(x, t) = ŵxx(x, t), x ∈ (0, 1), t > 0,

ŵx(0, t) = rŵt(0, t) + βŵ(0, t) + wx(0, t), t ≥ 0,

ŵx(1, t) +mŵtt(1, t) = −αŵt(1, t)− aŵxt(1, t), t ≥ 0.

(1.7)

Denote the observer error as

e(x, t) = ŵ(x, t)− w(x, t). (1.8)
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Then, the system (1.7) is equivalent to



ŵtt(x, t) = ŵxx(x, t), x ∈ (0, 1), t > 0,

ŵ(0, t) = e(0, t), t ≥ 0,

ŵx(1, t) +mŵtt(1, t) = −αŵt(1, t)− aŵxt(1, t), t ≥ 0,

ett(x, t) = exx(x, t), x ∈ (0, 1), t > 0,
ex(0, t) = ret(0, t) + βe(0, t), t ≥ 0,

ex(1, t) +mett(1, t) = 0, t ≥ 0.

(1.9)

Remark 1.1. In paper [19], the following system which is equivalent to (1.9)

wtt(x, t) = wxx(x, t), x ∈ (0, 1), t > 0,

w(0, t) = 0, t ≥ 0,

wx(1, t) +mwtt(1, t) = −αwt(1, t)− awxt(1, t)− αet(1, t)− aext(1, t), t ≥ 0,

ett(x, t) = exx(x, t), x ∈ (0, 1), t > 0,
ex(0, t) = ret(0, t) + βe(0, t), t ≥ 0,
ex(1, t) +mett(1, t) = 0, t ≥ 0,

(1.10)

was shown to be exponentially stable by means of the Riesz basis approach and the author declaimed that
finding a Lyapunov functional for the system (1.10) is difficult because at first glance, the system (1.10) is
even not dissipative. In this paper, we turn to study the equivalent form system (1.9) for which we do find a
Lyapunov functional. This not only simplifies significantly the exponential stability of system (1.10) or (1.9)
but also makes the uniformly convergence analysis of the semi-discrete scheme for (1.9) possible.

We point out that the system (1.9) is a coupled PDE+ODE system. Actually, let

η(t) = mŵt(1, t) + aŵx(1, t), ηe(t) = et(1, t). (1.11)

Then, (1.9) can be written into 

ŵtt(x, t) = ŵxx(x, t), x ∈ (0, 1), t > 0,

ŵ(0, t) = e(0, t), t ≥ 0,

ŵx(1, t) = −ma ŵt(1, t) + 1
aη(t), t ≥ 0,

η̇(t) = −1

a
η(t)− aα−m

a
ŵt(1, t), t ≥ 0,

ett(x, t) = exx(x, t), x ∈ (0, 1), t > 0,
ex(0, t) = ret(0, t) + βe(0, t), t ≥ 0,

et(1, t) = ηe(t), t ≥ 0,

η̇e(t) = − 1

m
ex(1, t), t ≥ 0.

(1.12)

We consider the system (1.12) in the state space:

H = {(f1, g1, η1, f2, g2, η2) ∈ H2
2, f1(0) = f2(0)}. (1.13)
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System (1.12) can be written as an evolution equation in H:

d

dt
(ŵ(·, t), ŵt(·, t), η(t), e(·, t), et(·, t), ηe(t)) = A(ŵ(·, t), ŵt(·, t), η(t), e(·, t), et(·, t), ηe(t)), (1.14)

where the operator A is defined by

A(f1, g2, η1, f2, g2, η2) =

(
g1, f

′′
2 ,−

1

a
η1 −

aα−m
a

g1(1), g2, f
′′
2 ,−

1

m
f ′2(1)

)
,

D(A) =
{

(f1, g2, η1, f2, g2, η2), A(f1, g2, η1, f2, g2, η2) ∈ H|

f ′1(1) = −m
a
g1(1) +

1

a
η1, f

′
1(0) = rg2(0) + βf2(0), g2(1) = η2

}
.

(1.15)

For notational simplicity, we omit the obvious spatial and time domains in all equations hereafter unless it
is necessary. It is seen from (1.12) that the e-subsystem is independent of (ŵ, η)-subsystem. We consider the
e-subsystem in the energy state space H2 = H1(0, 1)× L2(0, 1)× C with the system energy

Fe(t) =
1

2

∫ 1

0

[e2t (x, t) + e2x(x, t)]dx+
β

2
e2(0, t) +

m

2
η2e(t). (1.16)

It is well known that the e-subsystem associates with a C0-semigroup solution in H2 and is exponentially stable:

Fe(t) ≤Mee
−ωetFe(0),∀t ≥ 0,

for some constants Me, ωe > 0 independent of t. The total energy F (t) of the system (1.9) is given by

F (t) = Fŵ(t) + Fe(t), (1.17)

where Fe(t) is defined by (1.16) and

Fŵ(t) =
1

2

∫ 1

0

[ŵ2
t (x, t) + ŵ2

x(x, t)]dx+
1

2

η2(t)

m+ αa
. (1.18)

Different to paper [19], we show by an (indirect) Lyapunov method that the system (1.12) is also exponentially
stable, that is, there are constants M1 and ω1 independent of the initial value such that

F (t) ≤M1e−ω1tF (0), ∀t > 0. (1.19)

Throughout the paper, we use Ė(t) for the derivative of the energy E(t) with respect to time and f ′(t) for
derivative of function f(t) with respect to time, which are clear from the context. The rest of this paper is
organized as follows. In Section 2, we transform the original coupled system (1.9) into an equivalent system by
order reduction method and prove the exponential stability of the order reduced couple system by the Lyapunov
function method. In Section 3, we construct a semi-discretized finite difference scheme for the order reduced
coupled system. Equivalently, we get a semi-discretized finite difference scheme for the original coupled system
(1.9). Section 4 is devoted to the proof of the uniform exponential stability of the semi-discretized system of
the order reduced PDE, which leads to the uniform exponential stability of the semi-discretized system of the
original system (1.9), followed up by concluding remarks in Section 5.
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2. Exponential stability of continuous system

Since (1.9) and (1.12) are equivalent, we would rather use (1.9) in this section for the sake of notational
simplicity. First, we introduce the following intermediate variables

z(x, t) = ŵx(x, t), u(x, t) = ex(x, t). (2.1)

Then, the system (1.9) can be reformulated as

ŵtt(x, t) = zx(x, t),

z(x, t) = ŵx(x, t),

ŵ(0, t) = e(0, t),

z(1, t) +mŵtt(1, t) = −αŵt(1, t)− azt(1, t),

ett(x, t) = ux(x, t),
u(x, t) = ex(x, t),

u(0, t) = ret(0, t) + βe(0, t),

u(1, t) +mett(1, t) = 0.

(2.2)

It is noted that in the system (1.9), it involves the second derivative with respect to the spatial variable x, but
in (2.2), the derivative with respect to x is the first order. This is what the appellation of order reduction means.
System (2.2) is a differential algebraic system which is called singular system in literature. Its well-posedness
and regularity are guaranteed by that of (1.12), which have been proved in [19] for its equivalent system (1.10).
Having constructed the Lyapunov functional, this problem will become a trivial fact in present paper. The
energy E(t) of the system (2.2) now reads

E(t) = Eŵ(t) + Ee(t), (2.3)

where 
Eŵ(t) =

1

2

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx+

1

2

η2(t)

m+ αa
, η(t) = az(1, t) +mŵt(1, t),

Ee(t) =
1

2

∫ 1

0

[e2t (x, t) + u2(x, t)]dx+
m

2
e2t (1, t) +

β

2
e2(0, t).

(2.4)

The derivatives of Eŵ(t) and Ee(t) formally satisfy{
Ėŵ(t) = − 1

m+αa [az2(1, t) + αmŵ2
t (1, t)]− z(0, t)et(0, t),

Ėe(t) = −re2t (0, t),
(2.5)

and hence

Ė(t) = − 1

m+ αa
[az2(1, t) + αmŵ2

t (1, t)]− z(0, t)et(0, t)− re2t (0, t). (2.6)

This is the reason that the author of [19] considered the C0-semigroup generation to be difficult because Ė(t)
is not dissipative at a first glance.
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In this section, we use an (indirect) Lyapunov function method to prove the exponential stability of the
system (2.2), which is a preparation for the uniform exponential stability of its semi discrete counterpart in the
next section. To this end, we construct the Lyapunov functional L(t) and in particular V (t):

L(t) = E1(t) + εP1(t), V (t) = tL(t) + P (t), (2.7)

where the auxiliary functions are given by



E1(t) = Eŵ(t) + δ1Ee(t),

P1(t) = 2

∫ 1

0

ŵt(x, t)z(x, t)dx,

ψ1(t) = 2

∫ 1

0

[x− (m+ 1)]u(x, t)et(x, t)dx,

ψ2(t) =

∫ 1

0

e(0, t)et(x, t)dx+me(0, t)et(1, t),

P (t) = NEe(t) + δ1(ψ1(t) +Neψ2(t)) + 3

∫ 1

0

xz(x, t)ŵt(x, t)dx,

(2.8)

with constants ε, δ1, Ne, N > 0 satisfying



0 < ε < min

{
a

m+ αa
,

αm

m+ αa
,

1

2

}
,

0 < δ < 2ε,

δ1 >
1

2δr
,

Ne > max

{
(m+ 1)β +

1

2
, 2(m+ 1)β

}
,

N > δ1(m+ 1)
2(1 + r2) +N2

e

2r
.

(2.9)

In order to prove the uniform exponential stability of system (2.2), we need the following Lemmas 2.1–2.5.
Doing so, we need an equivalent inner product on H, which enables us to establish the C0-semigroup generation
of system (1.12) under this new product. Actually, notice that



L(t) = Eŵ(t) + δ1Ee(t) + 2ε

∫ 1

0

ŵt(x, t)ŵx(x, t)dx,

Eŵ(t) =
1

2

∫ 1

0

[ŵ2
t (x, t) + ŵ2

x(x, t)(x, t)]dx+
1

2

1

m+ αa
η2(t),

Ee(t) =
1

2

∫ 1

0

[e2t (x, t) + e2x(x, t)]dx+
m

2
η2e(t) +

β

2
e2(0, t).

(2.10)
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The new product can be defined according to (2.10) as follows:

〈(f1, g1, η1, f2, g2, η2, f̂1, ĝ1, η̂1, f̂2, ĝ2, η̂2〉H

=

∫ 1

0

[f ′1(x)f̂ ′1(x) + g1(x)ĝ1(x)]dx+
1

m+ αa
η1η1 + 2ε

∫ 1

0

f ′1(x)g1(x)dx

+δ1

[∫ 1

0

[f ′2(x)f̂ ′2(x) + g2(x)ĝ2(x)]dx+ βf2(0)f̂2(0) +mη2η̂2

]
,

(2.11)

where the ε and δ1 are those defined by (2.9). The following Lemma 2.1 is a trivial fact.

Lemma 2.1. The function E1(t) defined by (2.8) is equivalent to the energy E(t) of the system (2.2), i.e., there
exist two positive constants C1 and C2 such that

C1E(t) ≤ E1(t) ≤ C2E(t), (2.12)

where C1 = min{1, δ1}, C2 = max{1, δ1} and δ1 is selected by (2.9).

Lemma 2.2. The function L(t) defined by (2.7) is equivalent to the energy E1(t) defined by (2.8), i.e.

(1− 2ε)E1(t) ≤ L(t) ≤ (1 + 2ε)E1(t), (2.13)

for any 0 < ε < 1
2 .

Proof. The second function of (2.8) satisfies

|P1(t)| ≤ 2

∫ 1

0

|ŵt(x, t)z(x, t)|dx ≤
∫ 1

0

[ŵ2
t (x, t) + ŵ2

x(x, t)]dx ≤ 2E1(t),

and hence

(1− 2ε)E1(t) ≤ L(t) ≤ (1 + 2ε)E1(t),

for any 0 < ε < 1
2 .

Lemma 2.3. Let the parameters ε, δ, δ1 be those chosen in (2.9). Then, the derivative of L(t) defined by (2.7)
satisfies

L̇(t) ≤ 0. (2.14)

Proof. Let E1(t) be defined by (2.8) and P1(t) be defined by (2.8). A simple calculation shows that Ė1(t) = − a

m+ αa
z2(1, t)− αm

m+ αa
ŵ2
t (1, t)− z(0)et(0, t)− δ1re2t (0, t),

Ṗ1(t) = [z2(1, t) + ŵ2
t (1, t)]− [z2(0, t) + ŵ2

t (0, t)].

(2.15)

Hence,

L̇(t) = Ė1(t) + εṖ1(t)

= − a

m+ αa
z2(1, t)− αm

m+ αa
ŵ2
t (1, t)− z(0, t)et(0, t)− δ1re2t (0, t) + ε[z2(1, t) + ŵ2

t (1, t)]
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−ε[z2(0, t) + ŵ2
t (0, t)]

≤ − a

m+ αa
z2(1, t)− αm

m+ αa
ŵ2
t (1) +

δ

2
z2(0, t) +

1

2δ
e2t (0, t)− δ1re2t (0, t)

+ε[z2(1, t) + ŵ2
t (1, t)]− ε[z2(0, t) + ŵ2

t (0, t)]

≤ −
(

a

m+ αa
− ε
)
z2(1, t)−

(
αm

m+ αa
− ε
)
ŵ2
t (1, t)

−
(
ε− δ

2

)
z2(0, t)−

(
δ1r −

1

2δ

)
e2t (0, t) ≤ 0, (2.16)

where ε, δ and δ1 are those chosen in (2.9).

Lemma 2.3 really means that the system (1.12) is dissipative under the equivalent inner product (2.11). The
operator A defined by (1.15) is dissipative in H under the inner product (2.11). Since the boundedness of A−1

is a trivial fact, by the Lumer-Phillips theorem, A generates a C0-semigroup on H. The well-posedness of (1.12)
and hence the differential algebraic system (2.2) is guaranteed. This simplifies significantly the argument by the
Riesz basis approach presented in [19].

Lemma 2.4. The function V (t) is equivalent to the auxiliary function L(t) defined by (2.7), i.e., there exists
constant C > 0 such that

(t− C)L(t) ≤ V (t) ≤ (t+ C)L(t),∀t ≥ 0, (2.17)

where

C3 = max

3,
N + 2δ1(m+ 1) + δ1Ne max

{
1, m+1

β

}
δ1

 , C =
C3

1− 2ε
.

Proof. According to the auxiliary function P (t) defined by (2.8), we have

P (t) = NEe(t) + δ1(ψ1(t) +Neψ2(t)) + 3

∫ 1

0

xz(x, t)ŵt(x, t)dx = I1(t) + I2(t), (2.18)

where

I1(t) = NEe(t) + δ1(ψ1(t) +Neψ2(t)), I2(t) = 3

∫ 1

0

xz(x, t)ŵt(x, t)dx. (2.19)

The functions ψ1(t) and ψ2(t) defined by (2.8) satisfy

|ψ1(t)| = 2

∣∣∣∣∫ 1

0

[x− (m+ 1)]u(x, t)et(x, t)dx

∣∣∣∣
≤ (m+ 1)

[∫ 1

0

u2(x, t)dx+

∫ 1

0

e2t (x, t)dx

]
≤ 2(m+ 1)Ee(t),

(2.20)
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and

|ψ2(t)| =
∣∣∣∣∫ 1

0

e(0, t)et(x, t)dx+me(0, t)et(1, t)

∣∣∣∣
≤ 1

2

∫ 1

0

e2t (x, t)dx+
1

2
e2(0, t) +

m

2
e2t (1, t) +

m

2
e2(0, t)

=
1

2

∫ 1

0

e2t (x, t)dx+
m

2
e2t (1, t) +

(
1

2
+
m

2

)
e2(0, t)

≤ max

{
1,
m+ 1

β

}
Ee(t).

(2.21)

We then obtain

|δ1(ψ1(t) +Neψ2(t))| ≤ δ1
(

2(m+ 1) +Ne max

{
1,
m+ 1

β

})
Ee(t), (2.22)

and hence

|I1(t)| ≤
(
N + 2δ1(m+ 1) + δ1Ne max

{
1,
m+ 1

β

})
Ee(t). (2.23)

Similarly, for I2(t) defined by (2.19), one has

|I2(t)| =
∣∣∣∣3 ∫ 1

0

xz(x, t)ŵt(x, t)dx

∣∣∣∣ ≤ 3

2

∫ 1

0

z2(x, t) + ŵ2
t (x, t)dx ≤ 3Eŵ(t). (2.24)

By (2.23) and (2.24) with (2.18), we can easily obtain that

|P (t)| = |I1(t) + I2(t)| ≤
(
N + 2δ1(m+ 1) + δ1Ne max

{
1,
m+ 1

β

})
Ee(t) + 3Eŵ(t)

≤ C3E1(t).

(2.25)

By Lemma 2.2, we have further that

|P (t)| ≤ C3

1− 2ε
L(t). (2.26)

The function V (t) then satisfies

(t− C)L(t) ≤ V (t) ≤ (t+ C)L(t), (2.27)

where

C3 = max

N + 2δ1(m+ 1) + δ1Ne max
{

1, m+1
β

}
δ1

, 3

 , C =
C3

1− 2ε
.
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Lemma 2.5. Let V (t) be defined by (2.7). Then, there exists a constant T > 0 such that

V̇ (t) ≤ 0, ∀t ≥ T. (2.28)

Proof. Finding the derivative of ψ1(t) defined by (2.8) with respect to t gives

ψ̇1(t) =2

∫ 1

0

[x− (m+ 1)]ut(x, t)et(x, t)dx+ 2

∫ 1

0

[x− (m+ 1)]u(x, t)ett(x, t)dx

=[x− (m+ 1)]e2t (x, t)|10 + [x− (m+ 1)]u2(x, t)|10 −
∫ 1

0

[
u2(x, t) + e2t (x, t)

]
dx

=−me2t (1, t) + (m+ 1)e2t (0, t)−mu2(1, t) + (m+ 1)u2(0, t)−
∫ 1

0

[
u2(x, t) + e2t (x, t)

]
dx

≤−
∫ 1

0

[
u2(x, t) + e2t (x, t)

]
dx−me2t (1, t) + (m+ 1)e2t (0, t) + (m+ 1)u2(0, t)

=−
∫ 1

0

[
u2(x, t) + e2t (x, t)

]
dx−me2t (1, t) + (m+ 1)(1 + r2)e2t (0, t)

+ (m+ 1)β2e2(0, t) + 2(m+ 1)rβe(0, t)et(0, t). (2.29)

Finding the derivative of ψ2(t) defined by (2.8) with respect to t gives

Neψ̇2(t) =Neet(0, t)

∫ 1

0

et(x, t)dx+Nee(0, t)

∫ 1

0

ett(x, t)dx+Nemet(0, t)et(1, t) +Neme(0, t)ett(1, t)

=Ne

∫ 1

0

et(0, t)et(x, t)dx+Nemet(0, t)et(1, t)−Nee(0, t)u(0, t)

≤1

2

∫ 1

0

e2t (x, t)dx+
N2
e

2
e2t (0, t) +

m

2
e2t (1, t) +

mN2
e

2
e2t (0, t)−Nee(0, t)u(0, t)

=
1

2

∫ 1

0

e2t (x, t)dx+
m

2
e2t (1, t) +

N2
e

2
(1 +m)e2t (0, t)−Nere(0, t)et(0, t)−Neβe2(0, t). (2.30)

By (2.29), (2.30) and the second equation of (2.5), the derivative of I1(t) defined by (2.19) satisfies

İ1(t) = NĖe(t) + δ1(ψ̇1(t) +Neψ̇2(t))

≤−Nre2t (0, t)− δ1
∫ 1

0

u2(x, t)dx− δ1
1

2

∫ 1

0

e2t (x, t)dx− δ1[Neβ − (m+ 1)β2]e2(0, t)− δ1
m

2
e2t (1, t)

− δ1 [Ner − 2(m+ 1)rβ] e(0, t)et(0, t) + δ1

[
(m+ 1)(1 + r2) +

N2
e

2
(m+ 1)

]
e2t (0, t)

=− δ1
∫ 1

0

u2(x, t)dx− δ1
1

2

∫ 1

0

e2t (x, t)dx− δ1[Neβ − (m+ 1)β2]e2(0, t)− δ1
m

2
e2t (1, t)

− δ1 [Ner − 2(m+ 1)rβ] e(0, t)et(0, t)−
[
Nr − δ1(m+ 1)(1 + r2)− δ1

N2
e

2
(m+ 1)

]
e2t (0, t)

≤− δ1Ee(t)− δ1
[
Neβ − (m+ 1)β2 − β

2

]
e2(0, t)−

[
Nr − δ1(m+ 1)(1 + r2)

−δ1
N2
e

2
(m+ 1)

]
e2t (0, t)− δ1 [Ner − 2(m+ 1)rβ] e(0, t)et(0, t),
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where Ne and N > 0 satisfy (2.9). Therefore,

İ1(t) ≤ −δ1Ee(t). (2.31)

Finding the derivative of I2(t) defined by (2.19) with respect to t gives

İ2(t) =
3

2
z2(1, t) +

3

2
ŵ2
t (1, t)−

3

2

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx. (2.32)

Combining (2.31), (2.32) and (2.18) leads to

Ṗ (t) = İ1(t) + İ2(t) ≤ −δ1Ee(t) +
3

2
z2(1, t) +

3

2
ŵ2
t (1, t)−

3

2

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx. (2.33)

Now, differentiating (2.7), together with (2.8), (2.16) and (2.33), yields

V̇ (t) = tL̇(t) + L(t) + Ṗ (t)

= −t
(

a

m+ αa
− ε
)
z2(1, t)− t

(
αm

m+ αa
− ε
)
ŵ2
t (1, t)− tz(0)et(0, t)− tδ1re2t (0, t)

−tε[z2(0, t) + ŵ2
t (0, t)] +

1

2

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx+

1

2

η2

m+ αa
+ δ1Ee(t)

+2ε

∫ 1

0

ŵt(x, t)z(x, t)dx+ Ṗ (t)

≤ −t
(

a

m+ αa
− ε
)
z2(1, t)− t

(
αm

m+ αa
− ε
)
ŵ2
t (1, t) + t

δ

2
z2(0, t) + t

1

2δ
e2t (0, t)− tδ1re2t (0, t)

−tεz2(0, t) +
1

2

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx+

a2

m+ αa
z2(1, t) +

m2

m+ αa
ŵ2
t (1, t) + δ1Ee(t)

+

∫ 1

0

[ŵ2
t (x, t) + z2(x, t)]dx+ Ṗ (t)

≤ −
[
t

(
a

m+ αa
− ε
)
− a2

m+ αa
− 3

2

]
z2(1, t)−

[
t

(
αm

m+ αa
− ε
)
− m2

m+ αa
− 3

2

]
ŵ2
t (1, t)

−t
(
ε− δ

2

)
z2(0, t)− t

(
δ1r −

1

2δ

)
e2t (0, t) (2.34)

Since ε, δ and δ1 are selected by (2.9), there exists a constant T > 0 such that

V̇ (t) ≤ 0, ∀t ≥ T. (2.35)

Theorem 2.6. There exist strictly positive constants M1 and ω1, independent of the initial value, such that the
energy E(t) of the continuous system (2.2) satisfies

E(t) ≤M1e−ω1tE(0), ∀t > 0. (2.36)
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Proof. From Lemmas 2.4 and 2.5, it follows that

L(t) ≤ T + C

t− C
L(0),∀t > max{T,C}. (2.37)

Hence, there exist constants t0 > 0, 0 < γ0 < 1, such that

L(t0) ≤ γ0L(0). (2.38)

Since from Lemmas 2.2 and 2.1, L(t) , E1(t) and E(t) are mutually equivalent, (2.38) means that the C0-
semigroup eAt generated by operator A define by (1.15) is exponentially stable on H. This implies in turn that
E(t) decays uniformly exponentially: There exist positive constants M1 and ω1, independent of the initial value,
such that

E(t) ≤M1e−ω1tE(0), ∀t > 0. (2.39)

It is seen that the exponential decay for our Lyapunov functional L(t) uses an indirect argument (2.38) by
the semigroup property.

3. Semi-discrete finite difference schemes

In this section, we first construct a semi-discrete finite difference scheme for the order reduced system (2.2).
Let N be a non-negative integer and the mesh size be h = 1

N+1 . An equidistance partition of the spatial interval
[0, 1] is given by

0 = x0 < . . . < xj = jh < . . . < xN+1 = 1, j = 0, 1, . . . , N + 1.

To simplify the notation, we introduce the following notation. Let the sequence {zj}N+1
0 be denoted by {zj}j

and {uj}N+1
0 by {uj}j . Introduce the average operators zj+ 1

2
and uj+ 1

2
, and the difference operators δxzj+ 1

2
,

δ2xzj+ 1
2

, δxuj+ 1
2

, and δ2xuj+ 1
2

as follows:

zj+ 1
2

=
zj + zj+1

2
, δxzj+ 1

2
=
zj+1 − zj

h
,

δ2xzj+ 1
2

=
δxzj+ 1

2
− δxzj− 1

2

h
=
zj+1 − 2zj + zj−1

h2
,

uj+ 1
2

=
uj + uj+1

2
, δxuj+ 1

2
=
uj+1 − uj

2
,

δ2xuj+ 1
2

=
δxuj+ 1

2
− δxuj− 1

2

h
=
uj+1 − 2uj + uj−1

h2
.

Denote

ŵj = ŵ(xj , t), zj = z(xj , t), ej = e(xj , t), uj = u(xj , t), j = 0, 1, · · · , N + 1.
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Denote by the prime ′ the derivative with respect to time t. The first two equations of system (2.2) holds at
(xj+ 1

2
,t), i.e.,

ŵ′′(xj+ 1
2
, t) = zx(xj+ 1

2
, t), z(xj+ 1

2
, t) = ŵx(xj+ 1

2
, t),

where xj+ 1
2

= (j + 1
2 )h. Replace the differential operator ∂x with difference operator δx to get

ŵ′′j+ 1
2

= δxzj+ 1
2

+O(h2), zj+ 1
2

= δxŵj+ 1
2

+O(h2). (3.1)

Similarly, for the fifth and sixth equations of system (2.2), we have

e′′j+ 1
2

= δxuj+ 1
2

+O(h2), uj+ 1
2

= δxej+ 1
2

+O(h2). (3.2)

It is noted in (3.1) and (3.2) that O(h2) is formal, which is for the functions with respect to x not for the
sequences. By omitting the infinitesimal terms in (3.1) and (3.2), and still denoting by ŵj , ŵj , ej and uj all
related sequences without the infinitesimal terms, we can get the following semi-discretized finite difference
scheme for (2.2): 

ŵ′′
j+ 1

2

= δxzj+ 1
2
, 0 ≤ j ≤ N,

zj+ 1
2

= δxŵj+ 1
2
, 0 ≤ j ≤ N,

ŵ0 = e0,

zN+1 +mŵ
′′

N+1 = −αŵ′N+1 − az′N+1,

e
′′

j+ 1
2

= δxuj+ 1
2
, 0 ≤ j ≤ N,

uj+ 1
2

= δxej+ 1
2
, 0 ≤ j ≤ N,

u0 = re′0 + βe0,

uN+1 +me
′′

N+1 = 0.

(3.3)

which is a second-order accuracy scheme at each xj+ 1
2
. Since{zj}j and {uj}j in (3.3) are additionally introduced,

we can cancel the intermediate variables {zj}j and {uj}j to get the semi-discretized finite difference scheme for
the original system(1.9). For this purpose, we first eliminate the variable {zj}j related terms from (3.3). To this
end, multiplying the first equation of (3.3) by h

2 and adding to the second equation of (3.3) yields

zj+1 = δxŵj+ 1
2

+
h

2
ŵ′′j+ 1

2
, 0 ≤ j ≤ N,

and hence

zj = δxŵj− 1
2

+
h

2
ŵ′′j− 1

2
, 1 ≤ j ≤ N. (3.4)

Similarly, multiplying the first equation of (3.3) by h
2 and subtracting from the second equation of (3.3) gives

− zj = −δxŵj+ 1
2

+
h

2
ŵ′′j+ 1

2
, 1 ≤ j ≤ N. (3.5)
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Adding up (3.4) and (3.5), for 1 ≤ j ≤ N , we derive

1

2
(ŵ′′j+ 1

2
+ ŵ′′j− 1

2
) = δ2xŵj (3.6)

Then, setting j = N + 1 in (3.4), and combining with the fourth equation of (2.2), we obtain[
δxŵN+ 1

2
+
h

2
ŵ′′N+ 1

2

]
mŵ

′′

N+1 = −αŵ′N+1 − a
[
δxŵN+ 1

2
+
h

2
ŵ′′N+ 1

2

]′
. (3.7)

By the same procedure, we eliminate the variable {uj}j related terms from (3.3) to get
1
2 (e′′

j+ 1
2

+ e′′
j− 1

2

) = δ2xej , 1 ≤ j ≤ N
h
2 e
′′
1
2

+ δxe 1
2

= re′0 + βe0,
h
2 e
′′
N+ 1

2

+ δxeN+ 1
2

+me′′N+1 = 0.

(3.8)

Combining (3.6)–(3.8), we get the following semi-discrete scheme for the original system(1.9):

1
2 (ŵ′′

j+ 1
2

+ ŵ′′
j− 1

2

) = δ2xŵj , 1 ≤ j ≤ N,

ŵ0 = e0,[
δxŵN+ 1

2
+ h

2 ŵ
′′
N+ 1

2

]
+mŵ

′′

N+1 = −αŵ′N+1 − a
[
δxŵN+ 1

2
+ h

2 ŵ
′′
N+ 1

2

]′
1
2 (e′′

j+ 1
2

+ e′′
j− 1

2

) = δ2xej , 1 ≤ j ≤ N,
h
2 e
′′
1
2

+ δxe 1
2

= re′0 + βe0,

h
2 e
′′
N+ 1

2

+ δxeN+ 1
2

+me′′N+1 = 0.

(3.9)

Since systems (1.9) and (1.12) are equivalent to each other, the semi-discrete scheme (3.9) is equivalent to

1
2 (ŵ′′

j+ 1
2

+ ŵ′′
j− 1

2

) = δ2xŵj , 1 ≤ j ≤ N,

ŵ0 = e0,

h
2 ŵ
′′
N+ 1

2

+ δxŵN+ 1
2

= −ma ŵ
′
N+1 + 1

aη,

η̇ = − 1
aη −

aα−m
a ŵ′N+1,

1
2 (e′′

j+ 1
2

+ e′′
j− 1

2

) = δ2xej , 1 ≤ j ≤ N,
h
2 e
′′
1
2

+ δxe 1
2

= re′0 + βe0,

e′N+1 = ηe,

η̇e = − 1

m

[
h

2
e′′N+ 1

2
+ δxeN+ 1

2

]
.

(3.10)

which is a semi-discrete scheme of system (1.12).

Remark 3.1. In (3.9), there is third order derivative with respect to time but by introducing η(t), the third
order derivative with respect to time disappears in (3.10), which is consistent with (1.2).
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Set

G = (ŵ1, · · · , ŵN+1, η, e0, · · · , eN+1)> (3.11)

to be the variable of (3.10). System (3.10) can be reformulated into a vectorial form:

M0G
′′ +M1G

′ +M2G = 0, (3.12)

where Mi, i = 0, 1, 2, are (2N + 4)× (2N + 4) square matrices. The matrix M0 is given by

M0 =

(
A11 A12

0 A22

)
(3.13)

where the matrices Aij , i, j = 1, 2, 3, 4 are defined by

A11 =



2
4

1
4

1
4

2
4

1
4

. . .
. . .

. . .
1
4

2
4

1
4 0

h
4

h
4 0

aα−m
a 1


, A12 =



1
4

0
. . .

. . .

0

 ,

A22 =



1
4

1
2

1
4

1
4

1
2

1
4

. . .
1
4

1
2

1
4

h
4

h
4

h
4 (h4 +m)


.

(3.14)

The matrix M1 can be expressed as

M1 =

(
B11 0
0 B22

)
, (3.15)

where the matrices B11, B22 ∈ R(N+2)×(N+2) are

B11 =


0

0
. . .

m
a

1
a

 , B22 =



0
0

. . .

−r
. . .

0 0

 . (3.16)

The matrix M2 can be expressed as

M2 =

(
C11 C12

0 C22

)
, (3.17)



UNIFORMLY EXPONENTIAL STABILITY OF SEMI-DISCRETE SCHEME FOR A VIBRATION CABLE 17

where the matrices C11, C12, C21, C22 ∈ R(N+2)×(N+2) are defined by

C11 =



2
h2 − 1

h2

− 1
h2

2
h2 − 1

h2

. . .
. . .

. . .

− 1
h2

2
h2 − 1

h2

− 1
h

1
h − 1

a
0


, C12 =


− 1
h2

0
. . .

. . .

0

 ,

C22 =



− 1
h2

2
h2 − 1

h2

− 1
h2

2
h2 − 1

h2

. . .

− 1
h2

2
h2 − 1

h2

(− 1
h − β) 1

h
− 1
h

1
h


.

(3.18)

Let Xh = (G, Ġ). Combining (3.12), the system (3.9) is described by

Ẋh = AhXh, (3.19)

where Ah ∈ R(4N+8)×(4N+8) is defined by

Ah =

(
0 I

−M−10 M2 −M−10 M1

)
. (3.20)

Certainly, the matrices Ah generate semigroups eAht. Our major task in this paper is to show that eAht is
uniformly exponentially stable with respect to the step size h→ 0.

To illustrate why the semi-discretized finite difference scheme (3.9) can preserve uniformly the exponential
stability of the original couple system (1.9), we present a numerical experiment to compare our scheme with
the classical finite difference based semi-discrete scheme of the following



ŵ′′j = δ2xŵj , 1 ≤ j ≤ N,

ŵ0 = e0,

ŵN+1−ŵN

h +mŵ′′N+1 = −αŵ′N+1 − a
ŵ′

N+1−ŵ
′
N

h .

e′′j = δ2xej , 1 ≤ j ≤ N,
e1−e0
h = re′0 + βe0,

eN+1−eN
h +me′′N+1 = 0.

(3.21)

For simplicity of numerical experiments, we set ej = 0 in both (3.9) and (3.21) because in this case, the
semi-discrete schemes are for the continuous system:

ŵtt(x, t) = ŵxx(x, t),

ŵ(0, t) = 0,

ŵx(1, t) +mŵtt(1, t) = −αŵt(1, t)− aŵxt(1, t),
(3.22)
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(a) Eigenvalue distribution of system (3.23)
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(b) Eigenvalue distribution of system (3.24)

Figure 1. The eigenvalue distributions of systems (3.23) and (3.24) with N = 100.

which is just the closed-loop system considered in [18]. Our order reduction semi-discrete scheme is from (3.9)
by setting all ej = 0:


1
2 (ŵ′′

j+ 1
2

+ ŵ′′
j− 1

2

) = δ2xŵj , 1 ≤ j ≤ N,
ŵ0 = 0,[
δxŵN+ 1

2
+ h

2 ŵ
′′
N+ 1

2

]
+mŵ

′′

N+1 = −αŵ′N+1 − a
[
δxŵN+ 1

2
+ h

2 ŵ
′′
N+ 1

2

]′
,

(3.23)

while the classical semi-discrete scheme is from (3.21) by setting all ej = 0:


ŵ′′j = δ2xŵj , 1 ≤ j ≤ N,

ŵ0 = 0,

wN+1−ŵN

h +mŵ′′N+1 = −αŵ′N+1 − a
ŵ′

N+1−ŵ
′
N

h .

(3.24)

We compute all eigenvalue of the semi-discrete schemes (3.23) and (3.24) for α = 2,m = 2, a = 1. Figure 1
shows the eigenvalue distribution of the semi-discretized system (3.23) and (3.24) with N = 100, respectively.
As shown in Figure 1, the high frequencies of semi-discretized system (3.23) tend to infinity (please note that
the low eigenvalue is not null real part yet small one), while the high frequencies of the semi-discretized system
(3.24) accumulate to imaginary axis. This explains why the semi-discretized system (3.9) preserves the uniform
exponential stability. Figure 2 shows the maximal real parts of the eigenvalues of the semi-discretized systems
(3.23) and (3.24) for N from 50 to 100, respectively. We find that the maximal real parts of system (3.24)
increase as N increases and gradually tends to zero, indicating that the decay rate is also gradually tending
to zero. The maximal real parts of the system (3.23) remain in a certain range, which ensure the uniformly
exponential stability.

Finally, since we cancel the intermediate variables {zj}j and {uj}j from (3.3) to get the semi-discretized
finite difference scheme (3.9), we can see that systems (3.3) and (3.9) are equivalent to each other. Same to [13],
in latter sections, we use (3.3) to prove the uniformly exponential stability, because the proof for the system
(3.3) is much easier than that for the system (3.9).
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(a) Maximal reals of eigenvalues of system (3.23)
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(b) Maximal reals of eigenvalues of system (3.24)

Figure 2. The maximal reals of eigenvalues of systems (3.23) and (3.24).

4. Uniformly exponential stability

In this section, we establish the uniformly exponential stability of the semi-discretized system (3.3). First,
the energy of the system (3.3) is defined by

Eh(t) = Eŵh (t) + Eeh(t). (4.1)

where 
Eŵh (t) =

1

2
h

N∑
j=0

(ŵ′j+ 1
2
)2 +

1

2
h

N∑
j=0

z2j+ 1
2

+
1

2

η2

m+ αa
, η = azN+1 +mŵ′N+1,

Eeh(t) =
1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

1

2
h

N∑
j=0

u2j+ 1
2

+
β

2
e20 +

m

2
(e′N+1)2,

(4.2)

which are discretizations of energy functions defined by (2.4). In order to prove the uniform exponential stability
of system (3.3), we need the following Lemmas 4.1–4.5.

The following Lemma 4.1 comes from [14].

Lemma 4.1. For any grid functions {Uj}j , {Vj}j , and{Wj}j at any mesh grid {xj}j, the following two formulas
of summation by parts:

h

N∑
j=0

δxUj+ 1
2
Vj+ 1

2
+ h

N∑
j=0

Uj+ 1
2
δxVj+ 1

2
= UN+1VN+1 − U0V0. (4.3)

h

N∑
j=0

δxUj+ 1
2
Vj+ 1

2
Wj+ 1

2
+ h

N∑
j=0

Uj+ 1
2
δxVj+ 1

2
Wj+ 1

2
+ h

N∑
j=0

Uj+ 1
2
Vj+ 1

2
δxWj+ 1

2

=UN+1VN+1WN+1 − U0V0W0 −
1

4

N∑
j=0

(Uj+1 − Uj)(Vj+1 − Vj)(Wj+1 −Wj). (4.4)
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Lemma 4.2. The derivative of the discrete energy Eh(t) of the system (3.3) satisfies

Ėh(t) = Ėŵh (t) + Ėeh(t) = − 1

m+ αa

[
az2N+1 + αm(ŵ′N+1)2

]
− z0e′0 − r(e′0)2. (4.5)

Proof. By virtue of (4.3) in Lemma 4.1, finding the derivative of Eŵh (t) defined by (4.2) with respect to t on
both sides yields

Ėŵh (t) = h

N∑
j=0

ŵ′j+ 1
2
ŵ′′j+ 1

2
+ h

N∑
j=0

zj+ 1
2
z′j+ 1

2
+

η

m+ αa
η′

= h

N∑
j=0

ŵ′j+ 1
2
δxzj+ 1

2
+ h

N∑
j=0

zj+ 1
2
δxŵ

′
j+ 1

2
+
azN+1 +mŵ′N+1

m+ αa
[−zN+1 − αŵ′N+1]

= zN+1ŵ
′
N+1 − z0ŵ′0 +

−az2N+1 − aαzN+1ŵ
′
N+1 −mzN+1ŵ

′
N+1 −mα(ŵ′N+1)2

m+ αa

= − 1

m+ αa
[az2N+1 + αm(ŵ′N+1)2]− z0e′0. (4.6)

Similarly,

Ėeh(t) = −r(e′0)2. (4.7)

Combining (4.6) and (4.7) with (4.1) gives

Ėh(t) = Ėŵh (t) + Ėeh(t) = − 1

m+ αa
[az2N+1 + αm(ŵ′N+1)2]− z0e′0 − r(e′0)2. (4.8)

Next we construct the following Lyapunov functions Lh(t) and function Vh(t), which are the discrete
counterparts of (2.7)

Lh(t) = E1h(t) + εP1h(t), Vh(t) = tLh(t) + Ph(t), (4.9)

where the auxiliary functions are given by

E1h(t) = Eŵh (t) + δ1E
e
h(t),

P1h(t) = 2h
N∑
j=0

ŵ′
j+ 1

2

zj+ 1
2
,

ψ1h(t) = 2h
N∑
j=0

[xj+ 1
2
− (m+ 1)]e′

j+ 1
2

uj+ 1
2
,

ψ2h(t) = e0h
N∑
j=0

e′
j+ 1

2

+me0e
′
N+1,

Ph(t) = NEeh(t) + δ1(ψ1h(t) +Neψ2h(t)) + 3h
N∑
j=0

xj+ 1
2
ŵ′
j+ 1

2

zj+ 1
2
.

(4.10)
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which are really the natural discretizations of the auxiliary functions defined in (2.8) for the continuous
counterpart with the same parameters ε, δ1, Ne, N > 0 defined by (2.9).

The following Lemma 4.3 is a trivial fact.

Lemma 4.3. The function E1h(t) defined by (4.10) is equivalent to the discrete energy Eh(t) of the system
(3.3), i.e., there exist two constants C1 and C2, such that

C1E1h(t) ≤ Eh(t) ≤ C2E1h(t),∀t ≥ 0, (4.11)

where C1 = min{1, δ1}, C2 = max{1, δ1} and δ1 is a positive constant selected in (2.9).

Lemma 4.4. The function Lh(t) defined by (4.9) is equivalent to E1h(t) defined by (2.8), i.e, for any 0 < ε < 1
2 ,

it has

(1− 2ε)E1h(t) ≤ Lh(t) ≤ (1 + 2ε)E1h(t). (4.12)

Proof. For the auxiliary function P1h(t) defined by (4.10), we have straightforwardly that

|P1h(t)| ≤

∣∣∣∣∣∣2h
N∑
j=0

ŵ′j+ 1
2
zj+ 1

2

∣∣∣∣∣∣ ≤ h
N∑
j=0

(ŵ′j+ 1
2
)2 + h

N∑
j=0

z2j+ 1
2
≤ 2E1h(t).

According to the third identity of (4.10), we further obtain the required inequalities:

(1− 2ε)E1h(t) ≤ Lh(t) ≤ (1 + 2ε)E1h(t).

for any 0 < ε < 1
2 .

The following Lemma 4.5 is the discrete counterpart of Lemma 2.3.

Lemma 4.5. For the parameters ε, δ and δ1 selected by (2.9), the derivative of the Lh(t) defined by (4.10)
satisfies

L̇h(t) ≤ 0. (4.13)

Proof. Combining (4.6) and (4.7), the derivative of the auxiliary function E1h(t) defined by (4.10) satisfies

Ė1h(t) = − 1

m+ αa
[az2N+1 + αm(ŵ′N+1)2]− z0e′0 − δ1r(e′0)2. (4.14)

By virtue of (4.4) in Lemma 4.1, the derivative of the auxiliary function P1h(t) defined by (4.10) along the
solution of (3.3) satisfies

Ṗ1h(t) = 2h

N∑
j=0

ŵ′′j+ 1
2
zj+ 1

2
+ 2h

N∑
j=0

ŵ′j+ 1
2
z′j+ 1

2

= 2h

N∑
j=0

δxzj+ 1
2
zj+ 1

2
+ 2h

N∑
j=0

ŵ′j+ 1
2
δxŵ

′
j+ 1

2

= z2N+1 + (ŵ′N+1)2 − [z20 + (ŵ′0)2].

(4.15)
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Therefore, the derivative of Lh(t) defined by (4.10) satisfies

L̇h(t) = Ė1h(t) + εṖ1h(t)

= − 1

m+ αa
[az2N+1 + αm(ŵ′N+1)2]− z0e′0 − δ1r(e′0)2 + ε[z2N+1 + (ŵ′N+1)2]

−ε[z20 + (ŵ′0)2]

≤ − a

m+ αa
z2N+1 −

αm

m+ αa
(ŵ′N+1)2 +

δ

2
z20 +

1

2δ
(e′0)2 − δ1r(e′0)2

+ε[z2N+1 + (ŵ′N+1)2]− ε[z20 + (ŵ′0)2]

≤ −
(

a

m+ αa
− ε
)
z2N+1 − (

αm

m+ αa
− ε)(ŵ′N+1)2

−
(
ε− δ

2

)
z20 − (δ1r −

1

2δ
)(e′0)2.

(4.16)

Since  0 < ε < min

{
a

m+ αa
,

αm

m+ αa

}
,

0 < δ < 2ε, δ1 >
1

2δr .

(4.17)

which are selected by (2.9), we arrive at

L̇h(t) ≤ 0. (4.18)

Lemma 4.6. The functions Vh(t) defined by (4.9) and the Lyapunov functions Lh(t) defined by (4.10) have the
relations: There exist constant C > 0 such that

(t− C)Lh(t) ≤ Vh(t) ≤ (t+ C)Lh(t),∀t > C, (4.19)

where

C =
C3

1− 2ε
, C3 = max

3,
N + 2δ1(m+ 1) + δ1Ne max

{
1, m+1

β

}
δ1

 .

Proof. By the Ph(t) defined by (4.10), we write

Ph(t) = NEeh(t) + δ1(ψ1h(t) +Neψ2h(t)) + 3h

N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
zj+ 1

2

= I1h(t) + I2h(t),

(4.20)
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where

I1h(t) = NEeh(t) + δ1(ψ1h(t) +Neψ2h(t)), I2h(t) = 3h

N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
zj+ 1

2
. (4.21)

The ψ1h(t) and ψ2h(t) defined by (4.10) satisfy

|ψ1h(t)| = 2h

∣∣∣∣∣∣
N∑
j=0

[xj+ 1
2
− (m+ 1)]e′j+ 1

2
uj+ 1

2

∣∣∣∣∣∣
≤ (m+ 1)

 N∑
j=0

(e′j+ 1
2
)2 +

N∑
j=0

u2j+ 1
2


≤ 2(m+ 1)Eeh(t),

(4.22)

and

|ψ2h(t)| =

∣∣∣∣∣∣e0h
N∑
j=0

e′j+ 1
2

+me0e
′
N+1

∣∣∣∣∣∣
≤ 1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

1

2
e20 +

m

2
(e′N+1)2 +

m

2
e20

=
1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

m

2
(e′N+1)2 + (

1

2
+
m

2
)e20

≤ max

{
1,
m+ 1

β

}
Eeh(t).

(4.23)

Therefore

|δ1(ψ1h(t) +Neψ2h(t))| ≤ δ1
(

2(m+ 1) +Ne max

{
1,
m+ 1

β

})
Eeh(t), (4.24)

and hence

|I1h(t)| ≤
(
N + 2δ1(m+ 1) + δ1Nemax

{
1,
m+ 1

β

})
Eeh(t). (4.25)

By the same argument, the I2h(t) defined by (4.21) satisfies

|I2h(t)| =

∣∣∣∣∣∣3h
N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
zj+ 1

2

∣∣∣∣∣∣ ≤ 3

2
h

N∑
j=0

(ŵ′j+ 1
2
)2 +

3

2
h

N∑
j=0

z2j+ 1
2

≤ 3Eŵh (t).

(4.26)
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By (4.25) and (4.26), we can easily obtain that

|Ph(t)| = |I1h(t) + I2h(t)|

≤
(
N + 2δ1(m+ 1) + δ1Ne max

{
1,
m+ 1

β

})
Eeh(t) + 3Eŵh (t)

≤ C3E1h(t).

(4.27)

From Lemma 4.4, it follows that

|Ph(t)| ≤ C3E1h(t) ≤ C3

1− 2ε
Lh(t). (4.28)

The functions Vh(t) defined by (4.9) satisfy

(t− C)Lh(t) ≤ Vh(t) ≤ (t+ C)Lh(t), (4.29)

where

C =
C3

1− 2ε
, C3 = max

3,
N + 2δ1(m+ 1) + δ1Ne max

{
1, m+1

β

}
δ1

 .

Lemma 4.7. There exists a constant T > 0 such that the derivative of Vh(t) satisfies

V̇h(t) ≤ 0, t ≥ T. (4.30)

Proof. Finding the derivative of ψ1h(t) defined by (4.10) with respect to t gives

ψ̇1h(t) = 2h

N∑
j=0

[jh− (m+ 1)]e′′j+ 1
2
uj+ 1

2
+ 2h

N∑
j=0

[jh− (m+ 1)]e′j+ 1
2
u′j+ 1

2
. (4.31)

The first term on the right-hand side of (4.31) can be expressed as

2h

N∑
j=0

[jh− (m+ 1)]e′′j+ 1
2
uj+ 1

2
= 2h

N∑
j=0

[jh− (m+ 1)]δxuj+ 1
2
uj+ 1

2

= [xN+1 − (m+ 1)]u2N+1 − [x0 − (m+ 1)]u20 − h
N∑
j=0

u2j+ 1
2

= −mu2N+1 + (m+ 1)u20 − h
N∑
j=0

u2j+ 1
2
.

(4.32)
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The second term on the right-hand side of (4.31) can be expressed as

2h

N∑
j=0

[jh− (m+ 1)]e′j+ 1
2
u′j+ 1

2
= 2h

N∑
j=0

[jh− (m+ 1)]δxe
′
j+ 1

2
e′j+ 1

2

= [xN+1 − (m+ 1)](e′N+1)2 − [x0 − (m+ 1)](e′0)2 − h
N∑
j=0

(e′j+ 1
2
)2

= −m(e′N+1)2 + (m+ 1)(e′0)2 − h
N∑
j=0

(e′j+ 1
2
)2.

(4.33)

Plug (4.32) and (4.33) into (4.31) to get

ψ̇1h(t) = −mu2N+1 + (m+ 1)u20 −m(e′N+1)2 + (m+ 1)(e′0)2 − h
N∑
j=0

(e′j+ 1
2
)2 − h

N∑
j=0

u2j+ 1
2

≤ −h
N∑
j=0

(e′j+ 1
2
)2 − h

N∑
j=0

u2j+ 1
2
−m(e′N+1)2 + (m+ 1)(e′0)2 + (m+ 1)u20

= −h
N∑
j=0

(e′j+ 1
2
)2 − h

N∑
j=0

u2j+ 1
2
−m(e′N+1)2 + (m+ 1)(1 + r2)(e′0)2

+(m+ 1)β2e20 + 2(m+ 1)rβe0e
′
0.

(4.34)

Finding the derivative of ψ2h(t) defined by (4.10) with respect to t gives

Neψ̇2h(t) = Nee
′
0h

N∑
j=0

e′j+ 1
2

+Nee0h

N∑
j=0

e′′j+ 1
2

+Neme
′
0e
′
N+1 +Neme0e

′′
N+1

= Nee
′
0h

N∑
j=0

e′j+ 1
2

+Nee0(uN+1 − u0) +Neme
′
0e
′
N+1 +Neme0e

′′
N+1

= Nee
′
0h

N∑
j=0

e′j+ 1
2

+Neme
′
0e
′
N+1 −Nee0u0

≤ 1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

N2
e

2
(e′0)2 +

m

2
(e′N+1)2 +

m

2
N2
e (e′0)2 −Nee0u0

=
1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

m

2
(e′N+1)2 +

N2
e

2
(1 +m)(e′0)2 −Nere0e′0 −Neβe20.

(4.35)

Differentiating (4.21) and using (4.7), (4.34) and (4.35) gives

İ1h(t) = NĖeh(t) + δ1(ψ̇1h(t) +Neψ̇2h(t))

≤ −Nr(e′0)2 − δ1h
N∑
j=0

(e′j+ 1
2
)2 − δ1h

N∑
j=0

u2j+ 1
2
− δ1m(e′N+1)2 + δ1(m+ 1)(1 + r2)(e′0)2
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+δ1(m+ 1)β2e20 + δ12(m+ 1)rβe0e
′
0

+δ1
1

2
h

N∑
j=0

(e′j+ 1
2
)2 + δ1

m

2
(e′N+1)2 + δ1

N2
e

2
(1 +m)(e′0)2 − δ1Nere0e′0 − δ1Neβe20

≤ −δ1
1

2
h

N∑
j=0

(e′j+ 1
2
)2 − δ1h

N∑
j=0

u2j+ 1
2
− δ1[Neβ − (m+ 1)β2]e20 − δ1

m

2
(e′N+1)2

−δ1[Ner − 2(m+ 1)rβ]e0e
′
0 − [Nr − δ1(m+ 1)(1 + r2)− δ1

N2
e

2
(1 +m)](e′0)2

≤ −δ1Eeh(t)− δ1[Neβ − (m+ 1)β2 − β

2
]e20 − δ1[Ner − 2(m+ 1)rβ]e0e

′
0

−[Nr − δ1(m+ 1)(1 + r2)− δ1
N2
e

2
(1 +m)](e′0)2.

Since {
Ne > max

{
(m+ 1)β + 1

2 , 2(m+ 1)β
}
,

N > δ1(m+ 1)
2(1+r2)+N2

e

2r .
(4.36)

which are defined in (2.9), we can get

İ1h(t) ≤ −δ1Eeh(t). (4.37)

Finding the derivative of I2h(t) defined by (4.21) with respect to t gives

İ2h(t) = 3h

N∑
j=0

xj+ 1
2
ŵ′′j+ 1

2
zj+ 1

2
+ 3h

N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
z′j+ 1

2
. (4.38)

The first term on the right-hand side of (4.38) can be expressed as

3h
N∑
j=0

xj+ 1
2
ŵ′′j+ 1

2
zj+ 1

2
= 3h

N∑
j=0

xj+ 1
2
δxzj+ 1

2
zj+ 1

2
=

3

2
z2N+1 − 3h

N∑
j=0

z2j+ 1
2
. (4.39)

The second term on the right-hand side of (4.38) can be expressed as

3h

N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
z′j+ 1

2
= 3h

N∑
j=0

xj+ 1
2
ŵ′j+ 1

2
δxŵ

′
j+ 1

2
=

3

2
(ŵ′N+1)2 − 3h

N∑
j=0

(ŵ′j+ 1
2
)2. (4.40)

Plug (4.39) and (4.40) into (4.38) to get

İ2h(t) =
3

2
(ŵ′N+1)2 +

3

2
z2N+1 − 3h

N∑
j=0

(ŵ′j+ 1
2
)2 − 3h

N∑
j=0

z2j+ 1
2
. (4.41)
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From (4.20), we arrive at

Ṗh(t) = İ1h(t) + İ2h(t) ≤ −δ1Eeh(t) +
3

2
(ŵ′N+1)2 +

3

2
z2N+1 − 3h

N∑
j=0

(ŵ′j+ 1
2
)2 − 3h

N∑
j=0

z2j+ 1
2
. (4.42)

Finally, combining (4.10), (4.16) and (4.42), we obtain

V̇h(t) = tL̇h(t) + Lh(t) + Ṗh(t)

= −t
(

a

m+ αa
− ε
)
z2N+1 − t

(
αm

m+ αa
− ε
)

(ŵ′N+1)2 − tz0e′0 − tδ1r(e′0)2

−tε[z20 + (ŵ′0)2] +
1

2
h

N∑
j=0

(ŵ′j+ 1
2
)2 +

1

2
h

N∑
j=0

z2j+ 1
2

+
1

2

η2

m+ αa
+ δ1E

e
h(t)

+2hε

N∑
j=0

ŵ′j+ 1
2
zj+ 1

2
+ Ṗh(t)

≤ −t
(

a

m+ αa
− ε
)
z2N+1 − t

(
αm

m+ αa
− ε
)

(ŵ′j+ 1
2
)2 + t

δ

2
z20 + t

1

2δ
(e′0)2 − tδ1r(e′0)2

−tεz20 +
1

2
h

N∑
j=0

(ŵ′j+ 1
2
)2 +

1

2
h

N∑
j=0

z2j+ 1
2

+
a2

m+ αa
z2N+1 +

m2

m+ αa
(ŵ′N+1)2 + δ1E

e
h(t)

+h

N∑
j=0

(ŵ′j+ 1
2
)2 + h

N∑
j=0

z2j+ 1
2

+ Ṗh(t)

≤ −
[
t

(
a

m+ αa
− ε
)
− a2

m+ αa
− 3

2

]
z2N+1 −

[
t

(
αm

m+ αa
− ε
)
− m2

m+ αa
− 3

2

]
(ŵ′N+1)2

−t
(
ε− δ

2

)
z20 − t

(
δ1r −

1

2δ

)
(e′0)2. (4.43)

Since ε, δ, δ1 are chosen from (2.9), there exists a constant T > 0 such that

V̇h(t) ≤ 0, t ≥ T. (4.44)

Now we are in a position to state the main result of this paper.

Theorem 4.8. There exist strictly positive constants M and ω which are independent of the initial value such
that the energy Fh(t) of the semi-discretized finite difference scheme (3.9) decays uniformly exponentially:

Fh(t) ≤Me−ωtFh(0), ∀t ≥ 0, (4.45)
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where Fh(t) = F ŵh (t) + F eh(t) with


F ŵh (t) =

1

2
h

N∑
j=0

(ŵ′j+ 1
2
)2 +

1

2
h

N∑
j=0

δxŵ
2
j+ 1

2
+

1

2

η2

m+ αa
, η = aδxŵN+1 +mŵ′N+1,

F eh(t) =
1

2
h

N∑
j=0

(e′j+ 1
2
)2 +

1

2
h

N∑
j=0

δxe
2
j+ 1

2
+
β

2
e20 +

m

2
(e′N+1)2.

(4.46)

Proof. For T > C, by (4.19), (4.13) and (4.30),

(t− C)Lh(t) ≤ Vh(t) ≤ Vh(T ) ≤ (T + C)Lh(T ) ≤ (T + C)Lh(0),∀t > T.

Hence,

Lh(t) ≤ T + C

t− C
Lh(0),∀t > T. (4.47)

This, together with Lemmas 4.3 and 4.4, gives

Eh(t) ≤ C2E1h(t) ≤ C2

1− 2ε
Lh(t) ≤ C2

1− 2ε

T + C

t− C
Lh(0)

≤ C2

1− 2ε

T + C

t− C
(1 + 2ε)E1h(0) ≤ C2

1− 2ε

T + C

t− C
(1 + 2ε)C1Eh(0).

Hence, there exists T ∗ and 0 < γ < 1 which are independent of h such that

Eh(t) ≤ γEh(0),∀t > T ∗ > T.

Since Fh(t) = Eh(t), we have

Fh(t) ≤ γFh(0),∀t > T ∗ > T. (4.48)

By the semigroup theory, there are M,ω > 0 independent of h such that

Fh(t) ≤Me−ωtFh(0), ∀t > 0. (4.49)

It should be pointed out that the argument (4.48) to uniform exponential stability is an indirect Lyapunov
argument by the property of the C0-semigroups, which is very different to the direct Lyapunov functional
approach used in [21].

5. Concluding remarks

In this paper, the uniformly exponential approximation for a vibration cable with tip mass under non-
collocated boundary control is investigated. With only one pointwise non-collocated measurement, an observer-
based stabilizing feedback control that makes the closed-loop a coupled PDE system is considered. By order



UNIFORMLY EXPONENTIAL STABILITY OF SEMI-DISCRETE SCHEME FOR A VIBRATION CABLE 29

reduction approach, we transform the closed-loop system into a low order differential algebraic system with
introduced intermediate variables. It is found that a global Lyapunov functional can be constructed for this
differential algebraic system. As a result, the exponential stability of the closed-loop system is then proved,
which simplifies significantly the proof of a recent paper [19] and pave the way for the study of the semi-
discretized models. We then discretize this differential algebraic system by finite-difference method. Having
cancelled the intermediate variables, we obtain finally a semi-discrete scheme for the original closed-loop system.
As a consequence, two semi-discrete finite difference schemes are equivalent and the semi-discrete scheme for
differential algebraic system is much easy to be handled by the Lyapunov approach than the semi-discrete
scheme for the original system, which has been demonstrated in previous studies. The uniform exponential
stability of the semi-discrete schemes is finally established by an indirect Lyapunov functional method through
a C0-semigroup property, which is parallel to the proof of the continuous differential algebraic counterpart.

Funding. This work was supported by the National Natural Science Foundation of China under grand no. 12131008.

References
[1] H.T. Banks, K. Ito and C. Wang, Exponentially stable approximations of weakly damped wave equations. Int. Ser. Numer.

Math. 100 (1991) 1–33.

[2] H.El. Boujaoui, H. Bouslous and L. Maniar, Boundary stabilization for 1-D semidiscrete wave equation by filtering technique.
Bull. TICMI 17 (2013) 1–18.

[3] R.H. Cannon and E. Schmitz, Initial experiments on the end-point control of a flexible one-link robot. Int. J. Robot. Res. 3
(1984) 62–75.

[4] P.A. Chodavarapu and M.W. Spong, On noncollocated control of a single flexible link. Proc. IEEE Int. Conf. Robotics
Automation (1996) 1101–1106.

[5] C. Castro and S. Micu, Boundary controllability of a linear semi-discrete 1-D wave equation derived from a mixed finite element
method. Numer. Math. 102 (2006) 413–462.

[6] B.Z. Guo and C.Z. Xu, On the spectrum-determined growth condition of a vibration cable with a tip mass. IEEE Trans.
Autom. Control 45 (2000) 89–93.

[7] B.Z. Guo and B.B. Xu, A semi-discrete finite difference method to uniform stabilization of wave equation with local viscosity.
IFAC J. Syst. Control 13 (2020) 100100.

[8] B.Z. Guo and J.M. Wang, Control of Wave and Beam PDEs The Riesz Basis Approach. Springer-Verlag, Cham (2019).
[9] I.C. Gohberg and M.G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators. Providence, RI (1969).

[10] R. Glowinski, W. Kinton and M.F. Wheeler, A mixed finite element formulation for the boundary controllability of the wave
equation. Int. J. Numer. Methods Biomed. Eng. 27 (1989) 623–635.

[11] J.A. Infante and E. Zuazua, Boundary observability for the space semi-discretizations of the 1-D wave equation. ESAIM Math.
Model. Numer. Anal. 33 (1999) 407–438.

[12] P. Loreti and M. Mehrenberger, An ingham type proof for a two-grid observability theorem. ESAIM Control Optim. Calc.
Var. 14 (2008) 604–631.

[13] J. Liu, R. Hao and B.Z. Guo, Order reduction-based uniform approximation of exponential stability for one-dimensional
Schrödinger equation. Syst. Control Lett. 160 (2022) 105136.

[14] J. Liu and B.Z. Guo, A new semidiscretized order reduction finite difference scheme for uniform approximation of one-
dimensional wave equation. SIAM J. Control Optim. 58 (2020) 2256–2287.

[15] J. Liu and B.Z. Guo, A novel semi-discrete scheme preserving uniformly exponential stability for an Euler Cbernoulli beam.
Syst. Control Lett. 134 (2019) 104518.

[16] J. Liu and B.Z. Guo, Uniformly semidiscretized approximation for exact observability and controllability of one-dimensional
Euler–Bernoulli beam. Syst. Control Lett. 156 (2021) 105013.

[17] W. Lacarbonara and H. Yabuno, Closed-loop non-linear control of an initially imperfect beam with non-collocated input. J.
Sound Vibrat. 273 (2004) 695–711.

[18] O. Morgul, B. Rao and F. Conrad, On the stabilization of a cable with a tip mass. IEEE Trans. Automat. Control 39 (1994)
2140–2145.

[19] Z.D. Mei, Output feedback exponential stabilization for a 1-D wave PDE with dynamic boundary. J. Math. Anal. Appl. 508
(2022) 125860.

[20] M. Negreanu and E. Zuazua, Uniform boundary controllability of a discrete 1-D wave equation. Syst. Control Lett. 48 (2003)
261–279.

[21] H.J. Ren and B.Z. Guo, Uniformly exponential stability of semi-discrete scheme for observer-based control of 1-D wave equation.
Syst. Control Lett. 168 (2022) 105346.

[22] L.T. Tebou and E. Zuazua, Uniform boundary stabilization of the finite difference space discretization of the 1-d wave equation.
Adv. Comput. Math. 26 (2007) 337–365.



30 B.-Z. GUO AND X. ZHAO

[23] E. Zuazua, Propagation, observation, and control of waves approximated by finite difference methods. SIAM Rev. 47 (2005)
197–243.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Uniformly exponential stability of semi-discrete scheme for a vibration cable with a tip mass under observer-based feedback control
	1 Introduction
	2 Exponential stability of continuous system
	3 Semi-discrete finite difference schemes 
	4 Uniformly exponential stability
	5 Concluding remarks

	References

