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UNIFORMLY EXPONENTIAL STABILITY OF SEMI-DISCRETE
SCHEME FOR A VIBRATION CABLE WITH A TIP MASS UNDER
OBSERVER-BASED FEEDBACK CONTROL

BAo-ZHU Guol?3*® AND X1 ZHAO!

Abstract. In this paper, we consider uniformly exponential approximation for a vibrating cable with
tip mass under a non-collocated output stabilizing feedback control. By designing an observer-based
output feedback control, the closed-loop system is composed of the coupled same type of PDEs and
ODEs. By order reduction method, we find a global Lyapunov functional for the closed-loop system.
The closed-loop system is then semi-discretized by the finite difference method. For the discrete systems,
we also construct the Lyapunov functions. The uniform exponential stability of the semi-discretized
systems is then established analogously as the proof for the continuous counterpart via an indirect
Lyapunov functional approach.
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1. INTRODUCTION

Flexible structures are widely used in many areas, such as aerospace, civil and mechanical engineering, and
vibrating cable is one of the most important flexible structures in applications. Mathematically, a vibrating
cable with a tip mass can be described by a partial differential equation (PDE) which represents the dynamics
of the cable and an ordinary differential equation (ODE) which represents the dynamics of the tip mass. The
vibration control is the most concerned problem from standpoint of the distributed parameter systems. In the
past several decades, boundary pointwise control and observation is the major strategy for the vibration control
of flexible structures. Examples can be found in [4, 6, 8, 18-20] and the references therein, among many others.
Usually, for the collocated cases where the actuator and sensor are located at the same boundary, one can use
most often the direct output feedback control based on passivity principle. However, for the non-collocated
cases where the control and sensor are located in different boundaries, the control design and analysis is much
challenging. As early as 1980s, the non-collocated control was used in robot control [3], see also [17] and [9].
For a non-collocated control system, the most often used control design is the observer-based feedback control
which makes the feedback control intrinsically infinite-dimensional. A single PDE system under an observer-
based feedback control becomes a coupled PDE system. In order to apply such designed feedback control, the
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discretization is thereby necessary. For a PDE system, one would rather discretize the system into an ODE
system for which most of engineers are familiar with by keeping the time continuous and the spatial variable
to be discretized. This process is called the semi-discretization scheme. However, there is a major concern from
PDE to its semi-discrete counterpart. If the discretized ODE system preserves as much as possible the important
control properties like uniform controllability, observability, and exponential stability, one can use the finite-
dimensional semi-discretized system as a physical model itself instead of the original infinite-dimensional PDE
model. In the past a few decades since from 1990s, there are many studies on semi-discretization of PDEs, for
which a basic problem is the preservation of the uniform exponential stability. This is unfortunately not an easy
question to be answered.

In paper [1], it was first pointed out that an exponentially stable PDE system might not be uniformly
exponentially stable with respect to the mesh size by classical finite difference or finite element schemes although
the semi-discrete systems are still exponentially stable for every step size. The non-uniformity problem was later
studied in [23]. Gradually, researchers realize that the non-uniformity is caused by spurious high frequencies
during the semi-discretization process. Many methods have thereafter been proposed to circumvent this problem,
such as the Tychonoff regularization method [11], two-grid algorithms [12, 20], filtering techniques [2, 23].
Among them the numerical viscosity method proposed in [22] and mixed finite element method proposed in
[5, 10] are most successful methods. However, the mixed finite element method is much complicated then the
finite-difference method and the numerical viscosity method adds an artificial term in the classical semi-discrete
scheme where the coefficients of the numerical viscosity term vary from PDE to PDE and the stability analysis
relies on the special boundary conditions of the PDEs. A natural semi-discrete scheme was proposed in paper [14]
by an order reduction finite-difference method, which demonstrates very different nature compared with other
approaches. First, the scheme preserve uniformly the exponential stability and observability for many types of
PDEs. Second, its mathematical proofs for uniform exponential stability follows the exponential stability of
the PDE counterpart. These advantages have been explained in papers [7, 15, 16].

The papers aforementioned by order reduction finite-difference method, however, dealt with only single PDEs.
In a recent paper [21], the method was used to deal with a wave PDE under an observer-based feedback control,
which is a coupled PDE. Very surprisedly, a global Lyapunov functional was constructed in [21]. This motivates
us to discuss the uniform exponential stability of the semi-discrete scheme for a vibrating cable with tip mass, for
which a non-collocated control and observation was discussed in a recent paper [19]. The idea is still constructing
a global Lyapunov functional by which we not only give the uniform exponential stability of the semi-discrete
scheme but also simplifies significantly the exponential stability of the original PDE system discussed in [19]. A
big difference with [21] is that the Lyapunov functional is not directly applied instead it is used by combining
the Cy-semigroup property.

The system that we consider in this paper is described by the following wave equation with a tip mass:

Wit (2, t) = War(z,t),z € (0,1),t > 0,
w(0,t) =0,t >0,

wy(1,t) + mwy (1,t) = U(t),t >0,
y(t) = w,(0,t),t >0,

(1.1)

where w(z,t) is the displacement at position = and time ¢, m > 0 is the tip mass at the actuator end, U(t)
is the boundary control (input), y(¢) is the observation (output). System (1.1) can be used to describe the
vibration of a flexible cable with tip mass first discussed in [18]. We consider system (1.1) in the energy state
space H1 = H5(0,1) x L*(0,1) x C, HL(0,1) = {f|f € H'(0,1), f(0) = 0}, with the system energy

1 2
Ey(t) = %/0 [w2(z,t) + w?(z,t)]dz + %mnT(to)za’ n(t) = awy (1,t) + mwe(1,1). (1.2)
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It was proved in [18] that system (1.1) under the collocated feedback control:
U(t) = —aw(1,t) — awg (1,1), a,a > 0, (1.3)
is exponentially stable in 1, that is,
Eo(t) < Moe “°'Ey(0), Vit >0, (1.4)

for some constants My, wy > 0 independent of t. Here it is noted that both signals w;(1,-) and w,(1,-) belong

to L? .(0,00). For instance, the transfer function from U — w,4(1,-) is computed as

82(625 + 1)
s(e2s +1) + ms2(e?s — 1)

which is bounded on open left complex plane, which means that w,(1,-) € L? (0,00), and so is for wy(1,-).

In other words, the feedback control (1.3) makes sense that U € L? (0,00). The collocated control (1.3),
however, has some disadvantages in measurement because when the cable is moving, measurement of the high
order signal (angular velocity) wy(1,¢) in control (1.3) is not always feasible. The non-collocated measurement
(vertical force) in system (1.1) is much easy. The control problem (1.1) was first proposed in [19] in which the
following observer-based feedback control

U(t) = —aii(1,1) — adiu(1,t), (1.5)
was proposed with the following observer:

Wy (x,t) = Wy (2, t),2 € (0,1),¢ > 0,
we(0,t) = rw(0,2) + Bw(0, ) + we(0,2),£ > 0, (1.6)
’&)\1(171‘5) + mﬁ?tt(l,t) = U(t),t Z O,

where the tuning parameters 8 and r are two strictly positive numbers. The closed-loop of the system (1.1)
under output feedback (1.5) is then described by

wi(x,t) = wee(z,t), 2 € (0,1),t >0,
w(0,t) = 0, > 0,
(1,t

g

T 1, )+ mwtt(l,t) = *O[’l/l;t(l,t) - a@xt(l,t),t 2 0,

~ N (1.7)
Wit (2, 1) = Wap(x,t),x € (0,1),t > 0,

@m(o7t) = T@t((),t) + ﬂ@(ovt) + wm(ovt)vt >0,

Wy (1,t) + mwe(1,t) = —awi(1,t) — aWye(1,¢),¢ > 0.

Denote the observer error as

Il
=

e(x,t) (z,t) — w(x,t). (1.8)
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Then, the system (1.7) is equivalent to

€ (0,1), t >0,

t
@x(Lt) + mf&tt(l,t) = —Oﬂ./l)t(l,t) — a@xt(l,t), t Z 0,

ew(z,t) = ege(x,t), z € (0,1), t >0,
ex(0,t) = re(0,t) + Be(0,t), t > 0,
ex(1,8) + mew(1,8) =0, t > 0.

Remark 1.1. In paper [19], the following system which is equivalent to (1.9)

wi(z,t) = Wy (x,t), x € (0,1), t >0,
w(0,t) =0, t >0,

ew(z,t) = ege(z,t), x € (0,1),t >0,
ex(0,t) = req(0,t) + Be(0,t), t > 0,
ex(1,t) + mew(1,8) =0, t >0,

)

Wy (1,t) + mwe(1,t) = —awe(1,t) — awye(1,t) — aer(1,t) — aegt(1,t), t >0,

(1.10)

was shown to be exponentially stable by means of the Riesz basis approach and the author declaimed that
finding a Lyapunov functional for the system (1.10) is difficult because at first glance, the system (1.10) is
even not dissipative. In this paper, we turn to study the equivalent form system (1.9) for which we do find a
Lyapunov functional. This not only simplifies significantly the exponential stability of system (1.10) or (1.9)

but also makes the uniformly convergence analysis of the semi-discrete scheme for (1.9) possible.

We point out that the system (1.9) is a coupled PDE4+ODE system. Actually, let
W(t) = m'&}t(lvt) + aﬂ)\m(lﬂt)a ne(t) = et(lvt)'

Then, (1.9) can be written into

~

Wit (2, t) = Wy (2, t), z € (0,1), t >0,
@(0,t) = e(0,1), t >0,
Wy(1,t) = =W, (1,t) + In(t), t >0,

ac —m

@e(1,8), t > 0,

D
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We consider the system (1.12) in the state space:

H= {(flaglan17f2a927n2) € Hg?fl(o) = fQ(O)}

(1.11)

(1.12)

(1.13)
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System (1.12) can be written as an evolution equation in H:

%({0\(7 t)’ ﬂj\t('? t)’ 77(75)7 6(-, t)a et('a t)a ﬁe(t)) = A({U\(’ t)a ﬂ)\t(" t)v n(t)a 6(', t)a et(', t)’ ne<t))7 (1'14)
where the operator A is defined by

1 ac —m
A(f1,92,m, f2,92,m2) = (917f§/a —5771 -

91(1)7927 éla_;fé(1)>v
D(A) = {(f179277717f27925772)7A(flag27n17f27927772) S 7-l| (115)

F) = =2 010+ 2, £1(0) = rga(0) + B200),62(1) = 2 .

For notational simplicity, we omit the obvious spatial and time domains in all equations hereafter unless it
is necessary. It is seen from (1.12) that the e-subsystem is independent of (@, n)-subsystem. We consider the
e-subsystem in the energy state space Ha = H'(0,1) x L?(0,1) x C with the system energy

1
F.(t) = %/0 [€2(z,t) + eﬁ(x,t)]d:c + geQ(O,t) +

m
2

n2(t). (1.16)
It is well known that the e-subsystem associates with a Cy-semigroup solution in Ho and is exponentially stable:
Fe(t) < Mee " F.(0),t > 0,

for some constants M., w. > 0 independent of ¢. The total energy F(t) of the system (1.9) is given by

F(t) = F(t) + F.(t), (1.17)

where F,(t) is defined by (1.16) and

1t _ 1 n*(t)
Falt) = 5 [ [@8t) + @ e + 5200

(1.18)
Different to paper [19], we show by an (indirect) Lyapunov method that the system (1.12) is also exponentially
stable, that is, there are constants M; and w; independent of the initial value such that

F(t) < Mye "' F(0), Vt > 0. (1.19)

Throughout the paper, we use E(t) for the derivative of the energy E(t) with respect to time and f’(t) for
derivative of function f(¢) with respect to time, which are clear from the context. The rest of this paper is
organized as follows. In Section 2, we transform the original coupled system (1.9) into an equivalent system by
order reduction method and prove the exponential stability of the order reduced couple system by the Lyapunov
function method. In Section 3, we construct a semi-discretized finite difference scheme for the order reduced
coupled system. Equivalently, we get a semi-discretized finite difference scheme for the original coupled system
(1.9). Section 4 is devoted to the proof of the uniform exponential stability of the semi-discretized system of
the order reduced PDE, which leads to the uniform exponential stability of the semi-discretized system of the
original system (1.9), followed up by concluding remarks in Section 5.
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2. EXPONENTIAL STABILITY OF CONTINUOUS SYSTEM
Since (1.9) and (1.12) are equivalent, we would rather use (1.9) in this section for the sake of notational
simplicity. First, we introduce the following intermediate variables
z(z,t) = Wy (z, 1), u(z, t) = ex(x, t). (2.1)

Then, the system (1.9) can be reformulated as

Wit (,t) = 24(x, T),

z(x,t) = Wy (z, t),

w(0,t) = e(0,t),

z(1,t) + mwg (1,t) = —awe(1,t) — az(1,¢),

ett(mat) = uw(xvt)7
u(z,t) = ex(x,t),

u(0,t) = re:(0,t) + Be(0,t),
u(1,t) + meg(1,t) = 0.

It is noted that in the system (1.9), it involves the second derivative with respect to the spatial variable z, but
in (2.2), the derivative with respect to x is the first order. This is what the appellation of order reduction means.
System (2.2) is a differential algebraic system which is called singular system in literature. Its well-posedness
and regularity are guaranteed by that of (1.12), which have been proved in [19] for its equivalent system (1.10).
Having constructed the Lyapunov functional, this problem will become a trivial fact in present paper. The
energy E(t) of the system (2.2) now reads

E(t) = Eg(t) + Ee(t), (2.3)
where
e 1 n?
Bot) = 3 [ 2.0+ 2200w+ 500 = aa(1,0) + man(1.0),
2 Jo 2m+ aa
L (2.4)
E.(t) = 5/ [e2(z,t) 4+ u*(x,t)]dx + %ef(l,t) + 562(0,15).
0
The derivatives of Eg(t) and E.(t) formally satisfy
Eg(t) = —taa[a2® (L 1) + am@} (1,1)] — 2(0,)e (0, 1), 25)
. 2.5
E.(t) = —re?(0,1),
and hence
. 1
E(t)=- [az?(1,t) + am®?(1,t)] — 2(0,t)e; (0, 1) — 7e2(0,1). (2.6)

m + aa

This is the reason that the author of [19] considered the Co-semigroup generation to be difficult because E(t)
is not dissipative at a first glance.
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In this section, we use an (indirect) Lyapunov function method to prove the exponential stability of the
system (2.2), which is a preparation for the uniform exponential stability of its semi discrete counterpart in the
next section. To this end, we construct the Lyapunov functional L(¢) and in particular V(t):

L(t) = E1(t) + ePi(t), V(t) = tL(t) + P(t), (2.7)
where the auxiliary functions are given by

Ey(t) = Eg(t) + 61 Ee(t),

1
Pi(t) = 2/0 wy(x, t)z(x, t)dz,
Vi (t) = 2 /0 o — (m + D), ez, t)da, (2.8)

1/12(t):/0 e(0,t)es(x, t)dx + me(0,t)e(1,1),

P(t) = NE(£) + 6 (r () + Notin(t)) + 3 / w22, 1), (2, t)da,

with constants €, 01, Ne, N > 0 satisfying

. { a am 1}
0 < e < min , =0
m+aoaa m+aa’ 2
0<d<2e,
1
5 -
L7 o5 (2.9)

N, > max{(m+ 1)8+ ;,2(7714'1)/6},

2(1+r?) + N?

N>51(m—|—1) o

In order to prove the uniform exponential stability of system (2.2), we need the following Lemmas 2.1-2.5.
Doing so, we need an equivalent inner product on H, which enables us to establish the Cy-semigroup generation
of system (1.12) under this new product. Actually, notice that

L(t) = Eg(t) + 6, Eu(t) + 2¢ /0 1 @y (w, )Ty (2, t)dz,

Es(t) = % /0 [@f(m,t) + @i(a@t)(w,t)]dx + %m n aanQ(t), (2.10)
E.(t) = %/0 [e2(x,t) + €2(x,t)]dx + %nﬁ(t) + gez(o,t).
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The new product can be defined according to (2.10) as follows:
((fr: 91105 f2, 92, M2, F1s G151 fo, G2, i)

- / @) (@) + g1 (@3 @)de +

1
— PN (),
T aa +2€/0 fi(@)gr(z)dz (2.11)

1 A _
5 [ [ @R + 0@mw + 55050) + mngﬁz} 7
0

where the ¢ and §; are those defined by (2.9). The following Lemma 2.1 is a trivial fact.

Lemma 2.1. The function E(t) defined by (2.8) is equivalent to the energy E(t) of the system (2.2), i.e., there
exist two positive constants Cy and Cy such that

CLE(t) < By (t) < CLE(1), (2.12)

where C; = min{1, 61}, Cy = max{1,8,} and &1 is selected by (2.9).
Lemma 2.2. The function L(t) defined by (2.7) is equivalent to the energy E1(t) defined by (2.8), i.e.
(1—2e)E1(t) < L(t) < (14 2e)E1 (1), (2.13)

forany0<€<%.
Proof. The second function of (2.8) satisfies

1

1
(PO <2 [ @z, )2(x,t)lde < [ [0 (2,t) + @5 (2, 1)]de < 2B1(1),
0 0

and hence
(1 -2e)E1(t) < L(t) < (14 2e)Eq (1),

forany0<5<%. [

Lemma 2.3. Let the parameters ¢,0,1 be those chosen in (2.9). Then, the derivative of L(t) defined by (2.7)
satisfies

L(t) <o0. (2.14)

Proof. Let E;(t) be defined by (2.8) and P;(t) be defined by (2.8). A simple calculation shows that

am

. a
E — 2 1 _ ~2 1 _ _ 2
1(t) m—f—aaz (1,¢) m—&-aawt( ,t) — z(0)es(0,t) — dy7re; (0,1), 2.15)

Pi(t) = [22(1L,0) + @7 (1,0)] = [£2(0,8) + @7 (0,1)).

Y G2(1,1) — 2(0,8)er(0,8) — S17e2(0, ) + e[22(1, 8) + B2(1,1)]

m 4+ aa
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—e[22(0, 1) + @ (0, 1)]
T 21, -
m 4+ aa m 4+ aa

+e[22(1,t) + @2(1,1)] — [2%(0,t) + @2 (0, 1))

a 9 am 5
< _ _ _ —_
- (m—i—aa €>Z ) <m—|—aa €> @ (1,1)
1) 1
— (5 — 2) 22(0,75) — (517" — 25) ef(O,t) < O7

where ¢,0 and J; are those chosen in (2.9).

_ 5 1
A H2(1) + 5220.0) + 55e2(0,1) = 8¢} (0, 1)

IN

(2.16)

O

Lemma 2.3 really means that the system (1.12) is dissipative under the equivalent inner product (2.11). The
operator A defined by (1.15) is dissipative in H under the inner product (2.11). Since the boundedness of A~!
is a trivial fact, by the Lumer-Phillips theorem, A generates a Cy-semigroup on H. The well-posedness of (1.12)
and hence the differential algebraic system (2.2) is guaranteed. This simplifies significantly the argument by the

Riesz basis approach presented in [19].

Lemma 2.4. The function V(t) is equivalent to the auziliary function L(t) defined by (2.7), i.e., there exists

constant C > 0 such that
(t—C)L(t) <V(t) < (t+C)L(¢),vt >0,
where

N+251(m+1)+51Nemax{1,mT+1} c,

C3 = max ¢ 3, 5

Proof. According to the auxiliary function P(t) defined by (2.8), we have
1
P(t) = NE.(t) + 61(¢1(t) + Nepa(t)) + 3/ xz(z, t)w(z, t)de = I (t) + 12(),
0
where
1
Li(t) = NE(t) + 01 (1 () + Newp2(t)), LIa(t) = 3/ xz(z, )W (z, t)dx.
0

The functions 11 (t) and 13(t) defined by (2.8) satisfy

1
()] =2 / (& — (m+ Dlu(z, sz, t)da

<(m+1) Uol u?(z, t)de + /01 e%(x,t)d:p]

<2(m+1)E.(t),

(2.17)

(2.18)

(2.19)

(2.20)
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and

[¥a(t)] =

We then obtain

180 (61 (1) + Nt (2))] < &1 <Q(m+ 1)+ N, max{l,

and hence

|Il(t)| S (N + 251(m + 1) + 51Ne max{l,

B.-Z. GUO AND X. ZHAO

e 1
< f/ ef(z,t)dx + =e*(0,t) +
2/, 2

m

/1 e(0,t)es(x, t)dr + me(0,t)es (1, t)‘
0

m
56?(1,t> + 562(0,t)

1 [t m 1 m
= 5/0 e2(z,t)dx + Eef(l,t) + (2 + 2) e?(0,1)

m+1

< max< 1,
< .15

}@@.

Similarly, for I5(t) defined by (2.19), one has

112(1)] = ]3/

xz(x, )W (z, t)dx

By (2.23) and (2.24) with (2.18), we can easily obtain that

W@|:UﬁﬂJﬂﬂ<OWM&m+U+&me{L

< C3E4(t).

By Lemma 2.2, we have further that

The function V (¢) then satisfies

where

C3 = max{

m+1

B

(t—C)L(t) <V(t) < (t+ C)L(1),

N + 251(7’2@ + 1) + 01N, max{l,

m—+1

o1

1
< g/ 22(x,t) + @2 (z,t)dr < 3Eg(t).
0

}) E.(1) + 3E4(1)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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Lemma 2.5. Let V (t) be defined by (2.7). Then, there exists a constant T > 0 such that
V(t) <0, Vt>T. (2.28)
Proof. Finding the derivative of ¢ (t) defined by (2.8) with respect to t gives
. 1 1
1 (%) :2/0 [z — (m + 1)]ue(x, t)er(z, t)da + 2/0 [z — (m+ D]u(z, t)en(z, t)dz
=[x — (m + 1)]e; (z, )| + [z — (m + 1)]u?(z, t)|§ — /01 [u*(z,t) + €} (z,t)] dx
=—mel(1,t) + (m+1)e2(0,t) — mu?(1,t) + (m + 1)u*(0,t) — /01 [u*(z,t) + €} (z,t)] da
< - /01 [u?(z,t) + €ef(z,t)] dz — mef(1,t) + (m + 1)ef (0,t) + (m + 1)u?(0,t)

=_ /1 [uQ(x,t) + ef(w,t)] dz —meZ(1,t) + (m + 1)(1 + r?)eZ(0,t)
+ (731 +1)8%€2(0,t) + 2(m + 1)rBe(0,)e (0, t). (2.29)
Finding the derivative of 15(t) defined by (2.8) with respect to t gives
_ 1 1
Nepa(t) =Neey(0,) /0 et(x,t)dx + N.e(0,t) /0 ert(x,t)dax + Nome (0, t)er(1,t) + Nome(0,t)e(1,1)

1
:Ne/ et(oat)et(xat)dx + Nemet(oat)et(lat) - Nee(oat)u(oat)
0

1t N2 N2
gi/ (e, + 52 30,6) 4 T eR(1,1) + T2E(0,1) — Nee(0, )u0, )
0

1! N?
=5 / e2(z,t)dx + %e?(l,t) + 26 (1+m)e?(0,t) — Nere(0,t)es(0,1) — N.Be?(0,1). (2.30)
0

By (2.29), (2.30) and the second equation of (2.5), the derivative of I (¢) defined by (2.19) satisfies

Li(t) = NE.(t) + 01 (1 (t) + Newpa (1))

1
< — N7e?(0,t) 51/ (z,t)dx — 517/ e2(x,t)dx — §;[N.S — (m + 1)3%]e*(0,t) — 51%(3?(1,&
0 0

2

— 01 [Ner — 2(m + 1)rf] e(0,t)e:(0,t) + 64 {(m + 1)1+ + %(m + 1)] e2(0,1)

1 1
:-51/ u2(x,t)dx—511/ (o ) — B[N — (m + DFIE(0,1) — 612 eF (1,1
0 2 0

2
e

— 61 [Ner — 2(m + 1)rf3] e(0,t)e:(0,t) — [Nr —(m+1)(1+7%) =6 (m + 1)} e2(0,1)

< —61F,(t) — 6, [Neﬂ —(m+1)8% - g} e®(0,t) — [Nr — 61(m + 1)(1 +1?)

N2
_51 L2

(m + 1)] e2(0,t) — 81 [Nor — 2(m 4 1)75] e(0, t)es (0, 1),
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where N, and N > 0 satisfy (2.9). Therefore,

Li(t) < =61 E.(t).
Finding the derivative of I5(t) defined by (2.19) with respect to ¢ gives

. 3 3 3.
b(t) = S2(0) + S@3(1,1) - 5/0 [@2(2,1) + 22(z, )],

Combining (2.31), (2.32) and (2.18) leads to

3

Pl) = (1) + Ia(t) < —1 B (1) + S22(1,1) + S@RL) - g/o [@2(2,1) + 22(, )],

2
Now, differentiating (2.7), together with (2.8), (2.16) and (2.33), yields
V(t) = tL(t) + L(t) + P(t)

t( a 5)22(1,15)15( am 5)@3(1,t)tz(())et(o,t)talref(o,t)

m 4+ aa m 4+ aa

2

1t 1
B 9 9 1 ~2 2 _
te[z7(0,t) + w; (0,1)] + 2/0 (@ (@,8) + 2" (w, t)]dz + 2m+aa

+ 51 Ee (t)

+2¢ / 1 Wy (z, t)2(x, t)dx + P(t)
0

(2.31)

(2.32)

(2.33)

a am N ) 1
< —t <m+aa —5> 22(1,t) —t <m+aa —5) wi(1,t) +t§z2(0,t) —i—t%ef(o,t) — t517€2(0,t)
2 1 2 2 a’ 2 ° 2
—t £+ = [ [0X(x,t t))d 1,t 02(1,t) + 0, E.(t
2 (0,0) + 5 [ (@) + P Do + 1)+ S E B + B
1
+ / [@2(2, 1) + 22(x, £)]dz + P(1)
0
2 2
< — |t @« _ )@ 3 21,8 - ¢ 22 ) - T _3 2
m+ aa m+aa 2 m+ aa m+aa 2

—t <€ — g) 22(0,t) —t (51r - 215> e7(0,1)

Since €, d and §; are selected by (2.9), there exists a constant T > 0 such that

V(t) <0, Vvt >T.

(2.34)

(2.35)

O

Theorem 2.6. There exist strictly positive constants My and w1, independent of the initial value, such that the

energy E(t) of the continuous system (2.2) satisfies

E(t) < Mie "' E(0), V¥t > 0.

(2.36)
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Proof. From Lemmas 2.4 and 2.5, it follows that

Ly < THC

< T L(0),vt > max{T,C}. (2.37)

Hence, there exist constants ¢y > 0,0 < 79 < 1, such that
L(to) < 70L(0). (2.38)

Since from Lemmas 2.2 and 2.1, L(t) , E1(t) and E(t) are mutually equivalent, (2.38) means that the Cjy-
semigroup e generated by operator A define by (1.15) is exponentially stable on H. This implies in turn that
E(t) decays uniformly exponentially: There exist positive constants M; and wy, independent of the initial value,
such that

E(t) < Mie “''E(0), Vt > 0. (2.39)
O

It is seen that the exponential decay for our Lyapunov functional L(t) uses an indirect argument (2.38) by
the semigroup property.

3. SEMI-DISCRETE FINITE DIFFERENCE SCHEMES

In this section, we first construct a semi-discrete finite difference scheme for the order reduced system (2.2).

Let N be a non-negative integer and the mesh size be h = ﬁ An equidistance partition of the spatial interval

[0,1] is given by
O=a0<...<z;=jh<...<2Ny41=1,757=0,1,...,N+1.

To simplify the notation, we introduce the following notation. Let the sequence {z;}5/ ™! be denoted by {z;};
and {u;}{"™ by {u;};. Introduce the average operators zj41 and u; 1, and the difference operators d,2;, 1,
53/,zj+% ; Oztjy 1, and éguj+% as follows:

B sk a) R S |

e I A= Sl

6:1:Zj+% - (5;52]7%  Zj41 — 2Zj + Zj—1

2 —
5xZJ+% = h - h2 )
w o= WU Uj+1 — Uy
j+i = 2 ) Oxllyjyl 2 P
52 _ (5wu7+1 (5wu7_; Ujr1 — 2uj + uj—1
ety = h - 02

Denote

w; = W(xj,t),z; = z(x;,t), e; = e(xj,t),u; =u(z;,t),j=0,1,--- ,N+1.
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Denote by the prime ’ the derivative with respect to time ¢. The first two equations of system (2.2) holds at
(.73]+%,t), i.e.,

@//(ijr%’t) = Zr(ijr%at)vz(ijr%at) = @$($j+%vt)7

where x; 1= (J+ %)h Replace the differential operator 0z with difference operator dz to get
@L%:@%%+Om%7zﬂé:&ﬁﬂé+0m% (3.1)
Similarly, for the fifth and sixth equations of system (2.2), we have
€ 1 =0ui 1 +O0?), ujy =dse;y +O(h?). (3.2)

It is noted in (3.1) and (3.2) that O(h?) is formal, which is for the functions with respect to = not for the
sequences. By omitting the infinitesimal terms in (3.1) and (3.2), and still denoting by @;, @;, e; and u; all
related sequences without the infinitesimal terms, we can get the following semi-discretized finite difference
scheme for (2.2):

ey .
wj+%:6:nzj+%a OSJSNv
Zj+i :(Smwj-l,-%a 0<j<N,
@0 = €o,

~! ~/ /
ZN41 T MWy = —QWx 1 — GZN 115 (3.3)
" . N
€jpy = 02ttt 0<j<N,
Uiyl = Os€jig, 0<j=<N,

ug = reg + Peo,

un+1 +meyn,; =0.
which is a second-order accuracy scheme at each 2 1. Since{z;}; and {u;}; in (3.3) are additionally introduced,
we can cancel the intermediate variables {z;}; and {u;}; to get the semi-discretized finite difference scheme for

the original system(1.9). For this purpose, we first eliminate the variable {z;}; related terms from (3.3). To this
end, multiplying the first equation of (3.3) by % and adding to the second equation of (3.3) yields

and hence

@' ., 1<j<N. (3.4)

1<j<N. (3.5)
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Adding up (3.4) and (3.5), for 1 < j < N, we derive

Then, setting j = N + 1 in (3.4), and combining with the fourth equation of (2.2), we obtain

i
6 ~ + ﬁ/\// ~ oY) . 6 ~ + ﬁ/\//
W N % QwN_,’_% My, = —QWxN4 a W N % QwN_F%

By the same procedure, we eliminate the variable {u;}; related terms from (3.3) to get

1/, 1 " _ 52 -
§(ej+%+ej_%)—5$e], 1<j<N
h 1 !

§e%+§we%:7“eo+ﬁeo,

h n

1 _
26N+ 1 +0zen 1 +mey, =0.

Combining (3.6)—(3.8), we get the following semi-discrete scheme for the original system(1.9):

150 S _ 82 -
§(wj+%+w]_%)—6$wj, 1<j <N,
wo = €9,

-~ h 1 ~77 ~ ~1/ !
5£wN+%—|—§wN+% + My, = -y —a |0Wy 1+ 5Wy
1/ 1 " _ 52 )
§(€j+%+6j7%)—($$€j, 1<]§N7
%e'%’ + o€ = re(, + Pey,
h 1
2€N41 +ozeny1 +mey, ;=0

which is a semi-discrete scheme of system (1.12).

15

(3.10)

Remark 3.1. In (3.9), there is third order derivative with respect to time but by introducing n(¢), the third

order derivative with respect to time disappears in (3.10), which is consistent with (1.2).
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Set
G = (W1, ,WN41,7, €05 EN41) (3.11)
to be the variable of (3.10). System (3.10) can be reformulated into a vectorial form:
MoG" + MG’ + MG =0, (3.12)
where M;,i=0,1,2, are (2N +4) x (2N + 4) square matrices. The matrix My is given by
o= (0 42) (3.13)

where the matrices A;;,%,7 = 1,2, 3,4 are defined by

i1 1
1 4
i 1 1 0
Ap=1| - — l 5 P , App = 7
nooh :
1 1 0
ax—m 1 0
11 1 (3.14)
1ot
1 2 1
An = 111
1 2 1
h b
i 4 -
7 (Z +m)
The matrix M; can be expressed as
B 0
M]_ = < 011 322) ) (315)
where the matrices By, Boy € RVT2X(N+2) are
0 0
0 0
B = , Bay = : (3.16)
2 .
a 0 0

The matrix Ms can be expressed as

M, = (O“ 012) , (3.17)
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where the matrices Ci1, Cia, Co1, Cas € RVT2DX(N+2) gre defined by

2  _ 1 1
" #° 1 ~h?
“h? hZ N 0
Cn = ’ ‘ _% 2 , Crz = K )
CS TR '
h h Oa 0
1 2 1 (3.18)
h2 h21 5—,{2 1
T h? I N
o™ LA A
R A A
_1_ 1
(—%-8) & L
h o h
Let X, = (G, G). Combining (3.12), the system (3.9) is described by
X, = ApXn, (3.19)
where Aj, € RUNT8)X(AN+8) 5 defined by
0 I
Ay = <M0_1M2 MO_1M1> : (3.20)

Certainly, the matrices A, generate semigroups e#*. Our major task in this paper is to show that e+t is
uniformly exponentially stable with respect to the step size h — 0.

To illustrate why the semi-discretized finite difference scheme (3.9) can preserve uniformly the exponential
stability of the original couple system (1.9), we present a numerical experiment to compare our scheme with
the classical finite difference based semi-discrete scheme of the following
A/,/ —

w;j

2/\ .
@0 = €,
WN+1—UN i — it — N+ TN
ﬁ—i—mwl\,le =—QWpx,4 —Q 7 . (3 21)

e’-’*ézej, 1<j5<N,

J
e1—eq __ /
G = reg + Beo,

EN{1—EN
h

+mef, = 0.

For simplicity of numerical experiments, we set e; = 0 in both (3.9) and (3.21) because in this case, the
semi-discrete schemes are for the continuous system:

@tt(l‘7t) = @ww(x7t)a
@(0,t) =0, (3.22)
Wy (1,t) + mwy(1,t) = —aw(1,t) — awg (1,t),
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(a) Eigenvalue distribution of system (3.23) (b) Eigenvalue distribution of system (3.24)

FIGURE 1. The eigenvalue distributions of systems (3.23) and (3.24) with N = 100.

which is just the closed-loop system considered in [18]. Our order reduction semi-discrete scheme is from (3.9)
by setting all e; = 0:

1/~ /! 52 -
§(wj+%+wj,%)*5x VR 1§.7§Na
@o = 0, (3.23)
S + h oS + Py =) _ S + h o~

:va+% 2’U)N+% MWy = —QWN 4 a wwN+% 2’LUN+% s

while the classical semi-discrete scheme is from (3.21) by setting all e; = 0:

S §2.55 .

wj_ézrwj? 1§J§N7

W = 0, (3.24)
~ -~/ ~/

WN4+1—WN ~// L L WUN41 TN

T TMWyN ) = —QWyN ] — G .

We compute all eigenvalue of the semi-discrete schemes (3.23) and (3.24) for « = 2,m = 2,a = 1. Figure 1
shows the eigenvalue distribution of the semi-discretized system (3.23) and (3.24) with N = 100, respectively.
As shown in Figure 1, the high frequencies of semi-discretized system (3.23) tend to infinity (please note that
the low eigenvalue is not null real part yet small one), while the high frequencies of the semi-discretized system
(3.24) accumulate to imaginary axis. This explains why the semi-discretized system (3.9) preserves the uniform
exponential stability. Figure 2 shows the maximal real parts of the eigenvalues of the semi-discretized systems
(3.23) and (3.24) for N from 50 to 100, respectively. We find that the maximal real parts of system (3.24)
increase as N increases and gradually tends to zero, indicating that the decay rate is also gradually tending
to zero. The maximal real parts of the system (3.23) remain in a certain range, which ensure the uniformly
exponential stability.

Finally, since we cancel the intermediate variables {z;}; and {u;}; from (3.3) to get the semi-discretized
finite difference scheme (3.9), we can see that systems (3.3) and (3.9) are equivalent to each other. Same to [13],
in latter sections, we use (3.3) to prove the uniformly exponential stability, because the proof for the system
(3.3) is much easier than that for the system (3.9).
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FIGURE 2. The maximal reals of eigenvalues of systems (3.23) and (3.24).

4. UNIFORMLY EXPONENTIAL STABILITY

In this section, we establish the uniformly exponential stability of the semi-discretized system (3.3). First,
the energy of the system (3.3) is defined by

En(t) = EP(t) + E5 (1). (4.1)
where
W 71hN,\, 2 1hN2 1 n? B .
Eh(t)*i Z(vaL%) +§ sz+%+§m,n—azN+1+mwN+l,
7=0 j=0
N N (4.2)
e 1 ’ 2, 1 2 B, m,., 2
EL(t) = §h]z::0(€j+%) + §h;)uj+% + 560+ 5(€N+1) ,

which are discretizations of energy functions defined by (2.4). In order to prove the uniform exponential stability
of system (3.3), we need the following Lemmas 4.1-4.5.
The following Lemma 4.1 comes from [14].

Lemma 4.1. For any grid functions {U;};,{V;};, and{W;}; at any mesh grid {z;};, the following two formulas
of summation by parts:

N N
hY 6UiaVies +h Y Up16,Vies = Ui Vv — UoVa. (4.3)
j=0 j=0

N N N
WY 0aUp s Vig s Wiy +h Y Up 16V s Wi +hy Up Vi 6aWiy
=0 =0 =0

=Un+1VN+1Wnt1 — UgVo Wy —

e

N
> Ui = U (Vigr = Vi) (Wi = W), (4.4)
7=0



20 B.-Z. GUO AND X. ZHAO

Lemma 4.2. The derivative of the discrete energy Ep(t) of the system (3.3) satisfies

) - . 1 R
En(t) = Ey(t) + EL(t) = “m+taa (a2 41 + am(Wy,1)?] — z0eq — r(eg)?. (4.5)

Proof. By virtue of (4.3) in Lemma 4.1, finding the derivative of E(t) defined by (4.2) with respect to ¢ on
both sides yields

N N .
EP(t) =hY @ @' 1 +hY 2,12 !
RO =hD W @y +hD 2y + o
j=0 Jj=0
N N az + mw’,
_ -~/ ~ N+1 N+1 —~
_hg wj+%5mzj+%+h2zj+1éxw+1 [—2n41 — Q4]

m + aa

2 -~/ 1 i 2
—aZy 4 — 0OEN Wy — MEN Wy — (W)

~/ ~/
= ZNH1WN 41 — 20Wo +

m + aa
_ 1 2 ~/ 2 / 4.6
_—m[azN+1+o<m(wN+1) | — z0€g- (4.6)
Similarly,
Eji(t) = —r(ep). (4.7)
Combining (4.6) and (4.7) with (4.1) gives
. o . 1 R
Bn(t) = By (t) + Bj (1) = — ————laz} 1 + am(@11)°] — 20ef — r(ep)*. (4.8)

m 4+ aa

Next we construct the following Lyapunov functions Lj(t) and function Vj(t), which are the discrete
counterparts of (2.7)

Li(t) = Exn(t) + ePup(t), Va(t) = tLn(t) + Pa(t), (4.9)

where the auxiliary functions are given by

(4.10)

/
+ meoen1;

N
Py(t) = NEG(t) + 61(¥1n(t) + Netpan(t)) + 3h Z:()xj+§@;+%zj+%~
J:
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which are really the natural discretizations of the auxiliary functions defined in (2.8) for the continuous
counterpart with the same parameters ¢, 01, No, N > 0 defined by (2.9).
The following Lemma 4.3 is a trivial fact.

Lemma 4.3. The function E1,(t) defined by (4.10) is equivalent to the discrete energy En(t) of the system
(3.8), i.e., there exist two constants Cy and Ca, such that

C1E(t) < En(t) < CoEqp(t),Vt >0, (4.11)

where C1 = min{1, 1}, C2 = max{1,d1} and &1 is a positive constant selected in (2.9).

Lemma 4.4. The function Ly (t) defined by (4.9) is equivalent to E1x(t) defined by (2.8), i.e, for any 0 < e < %,
it has

(1 —2e)E1p(t) < Lp(t) < (14 2)B1n(t). (4.12)
Proof. For the auxiliary function Pjj(t) defined by (4.10), we have straightforwardly that

N N

§ : -~/ 2 § : 2
j+2 ] Sh (w]*‘rl) +h ZJ+%S2E1h(t)
j=0 j=0 =0

Mz

| Py (t)

According to the third identity of (4.10), we further obtain the required inequalities:
(1 =2e)E1n(t) < La(t) < (14 2e)Ewn(t).
forany0<5<%. O

The following Lemma 4.5 is the discrete counterpart of Lemma 2.3.

Lemma 4.5. For the parameters €, and 61 selected by (2.9), the derivative of the Ly(t) defined by (4.10)
satisfies

Lin(t) <0. (4.13)
Proof. Combining (4.6) and (4.7), the derivative of the auxiliary function Ey(t) defined by (4.10) satisfies

. 1 )
E(t) = —m[az?w_l + am(w§v+1)2] — zpep — 017(ep)?. (4.14)

By virtue of (4.4) in Lemma 4.1, the derivative of the auxiliary function Pjx(t) defined by (4.10) along the
solution of (3.3) satisfies

=0 §=0

N N N N (4.15)
= 2hZ§zzj+1z]+1 +2thJ+%6zwj+%

=0 §=0
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Therefore, the derivative of Ly, (t) defined by (4.10) satisfies
Lh(t) = Elh(t) + EPlh(t)

1 N .
= —————[az} 11 + am(Bly1)?] = 20ef — O1r(ep)® +elzh 1 + (W 41)?]

m + aa
—elzg + (@)?]
__ o 2 __am oy 2§2 LI I\2
- om+ aaZN"H m + aa (wN+1) + 220 + 25(60) oir(en) (4.16)
+eleh + (Wy41)?] = elzg + (@h)?]
_ a _ 2 oam iy 2
<= (s =) o = (2 - @)
1) 1
- (5 - 2) 22— (610 — %)(66)2.
Since
) { a am }
0 <& <min , ,
m+aa m—+ aa (4.17)
0<6<2e 6 > 5.
which are selected by (2.9), we arrive at
Liu(t) <0. (4.18)
O

Lemma 4.6. The functions V3, (t) defined by (4.9) and the Lyapunov functions Ly (t) defined by (4.10) have the
relations: There exist constant C' > 0 such that

(t — C)Lu(t) < Va(t) < (£ + O)Ln(t). ¥t > C, (4.19)
where
Cs N+251(m+1)—|—51N6max{1,mT+1}
C=—"— (C5=max< 3,
1—2¢ 01

Proof. By the Py, (t) defined by (4.10), we write

1
2

N
Po(t) = NE§(t) + 61 (1a(t) + Nethon () + 30wy 1@, 1 2500
= 2 (4.20)

= I (t) + Lon(t),
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where
Ilh(t) = NEi(t) + 51(¢1h(t) + Ne’(ﬂgh(t)), Igh(t) = Sthj+1@;+%zj+;.

The 15, (t) and 1gp,(t) defined by (4.10) satisfy

N
[1n(t)] = 2h Z[quL% —(m+ e}, u;py

7=0
N N
S mA1) | D (g + D 0y
j=0 7=0
< 2(m+ 1)E;(t),
and
N
[an(t)] = 60h2)6;+% + mepely 4
j=
1 N 1
< th(eg+%)2 + 563 + E(GG\'H)Q T3 e
=0
1 al m 1 m
- §h (e;‘+%)2 + §(e§v+1)2 + (5 + 5)63
=0
m—+1
< max {1, } E;(t)
B
Therefore
m+1 .
31600 (0) + N 0)] < 00 (20 + 1)+ Noma {1, "2 L) B,
and hence

L (t)] < (N + 26, (m + 1) + 6 Nomaz {1, m;”}) EE(t).

By the same argument, the Iop () defined by (4.21) satisfies

N N
~ 3 2, 3 2
[In(t)] = [3h E xj+%w;+%zj+% < ih E (w;Jr%) Jrih E Zi1

23

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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By (4.25) and (4.26), we can easily obtain that

|Ph(t)] = [Lin(t) + Lon(t)]
< (N + 26, (m + 1) + §; N, max {1 ;1}) E; (t) + 3E(t)

< C3Eqp(1).

From Lemma 4.4, it follows that

C
[PL(D)] < CsBun() < 7L ().

The functions V;,(¢) defined by (4.9) satisfy
(t = C)Ln(t) < Va(t) < (t+ C)La(t),
where

Cs N+251(m+1)+51Nemax{l,mT+1}

O:ﬁ, ngmax 3, 61

Lemma 4.7. There exists a constant T > 0 such that the derivative of V3, (t) satisfies
Vi(t) <0, t>T.
Proof. Finding the derivative of 415, (t) defined by (4.10) with respect to t gives

N

Y1n(t) —Zthh (m+1)] J+1uj+1 +2hZ]h m+1)]e;+%u;.+%.

7=0

The first term on the right-hand side of (4.31) can be expressed as

N N
21 [jh — (m+ Dlefy 1wy =2h > lih = (m+ D))opuy,su
=0 j=0
N
= [enrr — (m+ D)udy = oo — (m+ D]ug —h Yy ul,,
§=0

= —mufv+1+(m+l)u%—h2u5+l.

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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The second term on the right-hand side of (4.31) can be expressed as

N
2y [jh — (m+ el
§=0

=0
N
= [ons1 — (m+1)](ey41)® = 2o — (m+1)](ep)® — h Z(@}%)Q (4.33)
=0
N
= —m(ely1)? + (m+1)(ep)* —h Y (€], 1)
=0
Plug (4.32) and (4.33) into (4.31) to get
) N N
din(t) = —muFrpy + (m+ g —m(ey 1) + (m+1)(e)* —h Y (¢f,1)° —hY ul,
=0 =0
N N
S —hY (€)= hyul y —mlely )+ (m+1)(eg) + (m + Lup
= = (4.34)

N
= h 3 )P h Y udy — m(e )+ (m o+ DL+ ) (eh)
j=0

§=0
+(m +1)8%e2 + 2(m + 1)rBegey.
Finding the derivative of 12, (t) defined by (4.10) with respect to t gives

N

Nethon (t) = NeOhZeH_l +NeOhZej+1 + Nemegjely 41 + Nemeoen
7=0

! !/ /N 12
= Neegh E €ip1t Neeg(un+1 — uo) + Nemegey 1 + Nemegey

= Neeghz e;+% + Nemegely 41 — Neeoug (4.35)
§=0
N
1 N? m m
< NS ) )+ el 1)? + Nl — Mooy
§=0
1, « o N2 /N2 / 2
= ihz 6N+1) + 28 (1+m)(ep)” — Neregey — Nefej.

<.
[}

Differentiating (4.21) and using (4.7), (4.34) and (4.35) gives
Li(t) = NE;(8) + 01(41n(t) + Nevan(t)

N
< —Nr(ep)? = 61h Z(e;.+ 51h2u L1 = dum(ely 1)+ 0 (m + 1)(1+12) (ep)?
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+81(m + 1)8%e5 + 012(m + 1)rBeoe
N
1 , m Nf
51§h Z(ej+%)2 + 515(63\74-1) + o1

(1+m)(ep)? — 01 Neregey — 61N fBed

N

< —51%hz §1h2u 1[Nef — (m +1)5%)eg — 51%(€§V+1)2

2
e

81 [Ner — 2(m + 1)rBlegey, — [Nr — 81 (m + 1) (1 +r2) — &, (1 +m)](eh)?

B

< =81 Ef(t) — 81[NeB — (m +1)% — E}eg — 01[Ner — 2(m + 1)rB]epeg,

—[Nr =6 (m+1)(1+r?) — 51%(1 +m)](ep)?.

Since
Ne > max {(m+1)8+1,2(m+1)8},
(4.36)
N > 61 (m + 1) 203N,
which are defined in (2.9), we can get
fun(t) < 61 B (1), (4.37)
Finding the derivative of Io;(t) defined by (4.21) with respect to t gives
. N N
Lon(t) = 3Ry ;@) 1 zips +3h) @ @ 12y (4.38)
j=0 7=0
The first term on the right-hand side of (4.38) can be expressed as
N N 3 N
BhY @y @24y =3h Y @jybeziyziy = 52k —3h Y2y (4.39)
j=0 3=0 =0
The second term on the right-hand side of (4.38) can be expressed as
N N 3
By w1 @ 121 =3hY) @ W 6, = 5 (@i1) —ShZ : (4.40)
§=0 3=0
Plug (4.39) and (4.40) into (4.38) to get
. 3 3 N N
Ion(t) = 5 (@ 1)* o+ 5eRan =30 D (@, 4)" =303 27, (4.41)

Jj=0
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From (4.20), we arrive at

N
. . . 3, .. 3 ~
Py(t) = Lip(t) + Ion(t) < =01 E5(t) + = (Wy41)? + =231 — 3h Z(w;+%)2 - 3hsz2.+1. (4.42)

2 2 ; ,
Jj=0 Jj=0
Finally, combining (4.10), (4.16) and (4.42), we obtain

Vi(t) =tLy(t) + Ly(t) + Pr(t)

a am ~
—t (ot =) B =t (e ¢ (@) — ta0ch — (e

N N
_ 1 _ 1 1
—telaf + (@)% + 3h D (@}, + 5h Y 2y + TS EL()
j=0 7=0

§m+aa

N
+2hez@;+%zj+% + Pn(t)
=0

a 2 am ~ 2 d 5 1 2 2
<t (ran =) et (2 ) @) 155 g0~ el

N N
1 1 a2 m2
2 ~/ 2 2 2 ~/ 2 e
_tEZO + §h§)(wj+%) + ih.§z]+% + mZNJrl + m(wlv+1) + 51Eh(t)
N N
+hYy (@ 1) +hY 22+ Pult)
7=0 j=0
a a? 3| 5 oam m? 3
< — |t — _ _ = — |t _ _ 92 2
- [ (m+0‘a €> m + aa 2] R [ <m+aa 5) m+ aa 2] )
1) 1
—t <€ — 2) 22—t (517“ — 25) (ep)?. (4.43)

Since €, d, 61 are chosen from (2.9), there exists a constant 7 > 0 such that

Vi(t) <0, t >T. (4.44)

Now we are in a position to state the main result of this paper.

Theorem 4.8. There exist strictly positive constants M and w which are independent of the initial value such
that the energy Fy(t) of the semi-discretized finite difference scheme (3.9) decays uniformly exponentially:

Fy(t) < Me “'Fy,(0), Vt >0, (4.45)
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where Fy(t) = F{°(t) + Ff(t) with

N
1 n? N N
FP(t ihz 2 hZ(S wj+1+2m+aa,nzaéwaH—meﬁVH,
=0 (4.46)
N
1 B o, m,, 2
=3 hY (€ 1)+ hz56+1+§€o+5(61\1+1) :
7=0 7=0
Proof. For T > C, by (4.19), (4.13) and (4.30),
(t — C)Lh(t) < Vh(t) < Vh(T) < (T+ C)Lh(T) < (T+ C)Lh(O),Vt >T.
Hence,
T+C
Li(t) < :Lc Li(0),Vt > T. (4.47)
This, together with Lemmas 4.3 and 4.4, gives
Co TH+C
E < CyFE < L L
n(t) < CaEyp(t) < 2 nt) < 57— Lnl0)
Cy T+C Cy T+C
1+ 2¢)E1,(0 1+ 2¢)C1ER(0).
ST ae oo M B0 s 5T a (L4 2B 0)
Hence, there exists T* and 0 < v < 1 which are independent of & such that
Eh(t) < ’}/Eh(O),Vt >T>T.
Since Fj(t) = Ep(t), we have
Fp(t) < vFn(0),vt >T" > T. (4.48)
By the semigroup theory, there are M,w > 0 independent of h such that
Fy(t) < Me “'F,(0), Wt > 0. (4.49)
O

It should be pointed out that the argument (4.48) to uniform exponential stability is an indirect Lyapunov
argument by the property of the Cy-semigroups, which is very different to the direct Lyapunov functional
approach used in [21].

5. CONCLUDING REMARKS

In this paper, the uniformly exponential approximation for a vibration cable with tip mass under non-
collocated boundary control is investigated. With only one pointwise non-collocated measurement, an observer-
based stabilizing feedback control that makes the closed-loop a coupled PDE system is considered. By order
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reduction approach, we transform the closed-loop system into a low order differential algebraic system with
introduced intermediate variables. It is found that a global Lyapunov functional can be constructed for this
differential algebraic system. As a result, the exponential stability of the closed-loop system is then proved,
which simplifies significantly the proof of a recent paper [19] and pave the way for the study of the semi-
discretized models. We then discretize this differential algebraic system by finite-difference method. Having
cancelled the intermediate variables, we obtain finally a semi-discrete scheme for the original closed-loop system.
As a consequence, two semi-discrete finite difference schemes are equivalent and the semi-discrete scheme for
differential algebraic system is much easy to be handled by the Lyapunov approach than the semi-discrete
scheme for the original system, which has been demonstrated in previous studies. The uniform exponential
stability of the semi-discrete schemes is finally established by an indirect Lyapunov functional method through
a Cy-semigroup property, which is parallel to the proof of the continuous differential algebraic counterpart.

Funding. This work was supported by the National Natural Science Foundation of China under grand no. 12131008.
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