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QUALITATIVE ANALYSIS OF SOLUTIONS TO MIXED-ORDER
POSITIVE LINEAR COUPLED SYSTEMS WITH BOUNDED OR
UNBOUNDED DELAYS

Hoang THE Tuan!2*® anND LA VAN THINH?

Abstract. This paper addresses the qualitative theory of mixed-order positive linear coupled systems
with bounded or unbounded delays. First, we introduce a general result on the existence and uniqueness
of solutions to mixed-order linear systems with time-varying delays. Next, we obtain necessary and
sufficient criteria which characterize the positivity of mixed-order delay linear coupled systems. Our
main contributions are in Section 5. More precisely, by using a smoothness property of solutions to
fractional differential equations and developing a new appropriated comparison principle for solutions
to mixed-order delay positive systems, we prove the attractivity of mixed-order non-homogeneous
linear positive coupled systems under the impact of bounded or unbounded delays. We also establish
a necessary and sufficient condition to ensure the stability of homogeneous systems. As a consequence
of these results, we show the smallest asymptotic bound of solutions to mixed-order delay positive
non-homogeneous linear coupled systems where disturbances are continuous and bounded. Finally, we
provide numerical simulations to illustrate the proposed theoretical results.
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1. INTRODUCTION

Positive Systems are dynamical systems possessing an important property that any nonnegative input and
nonnegative initial state generate a nonnegative state trajectory and output at all times. These systems appear
frequently in practical applications as lots of physical quantities (such as concentrations, population levels,
queue lengths, charge levels, and light intensity levels) and chemical reaction networks in which the state
variables represent reactant concentrations are naturally constrained to be positive. The unifying approach
of the system theory which is nowadays known as “Positive System Theory” was initiated in the 1980s by
David Luenberger in his fundamental book [27]. From that time on, an impressive number of theoretical and
applicative contributions to this field has appeared, e.g., medicine [6], [21], pharmacology [9], biology, ecology
and physiology [19], biomolecular [46], [30], traffic and congestion modelling [2], filtering and charge routing
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networks [1], econometrics [32]. For more details, interested readers see the tutorial paper by A. Rantzer and
M.E. Valcher [36] and the references therein.

In distributed systems with the exchange of information involved, delays are inevitable. They occur due
to finite velocities of signal propagation or processing delays leading to memory effects. Hence, up to now,
a considerable effort has been made to study the qualitative theory and performance of delay systems. A
systematic analysis of delay differential equations has been carried out by J.K. Hale and S.M. Verduyn Lunel
[20]. In this famous monograph, the authors have discussed the existence, uniqueness of solutions, and Lyapunov-
type methods for proving the stability of an equilibria of dynamic systems under different types of delay effects.
In addition, the existence of periodic solutions, the existence of stable manifolds, and the Hopf bifurcation of
systems are also investigated. The global research of nonlinear delay equations is emphasized in [24]. Specifically,
the author is interested in the possible influence of delays on the dynamics to the system, including topics such
as the stability switching for increasing delays, the long-time coexistence of populations, and oscillatory aspects
of the dynamics. Using a unitary methodology as the eigenvalue-based approach, in [29], W. Michiels and S.I.
Niculescu have presented an stability analysis and synthesis by delayed (state and output) feedback in the
linear case. Generally, they have mainly concentrated on the two aspects: sensitivity analysis concerning delays
and other systems’ parameters and pole placement strategies in stabilization and optimization of the spectral
abscissa function or robustness indicators.

The influence of delays on the dynamics of linear positive systems and some classes of nonlinear monotone
systems have been well studied by many authors. We only mention here some of the most significant of them.
Using linear Lyapunov—Krasovskii functionals, in [18], W.M. Haddad and V. Chellaboina have developed nec-
essary and sufficient conditions for the asymptotic stability of nonnegative linear systems with a constant delay.
With the help of the semigroup theory and an eigenvalue-based approach, P.H.A. Ngoc [33] has obtained an
explicit criterion for the positivity of the solution semigroup of linear Volterra integro-differential systems with
infinitely many delays. By applying co-positive linear Lyapunov functions along with the dissipativity theory, in
[4], C. Briat has analyzed the stability and control of uncertain linear positive systems. Exploiting a comparison
principle, in [39], J. Shen and J. Lam have proven that the {..-gain of positive linear systems with unbounded
delays is independent of the magnitude of delays.

Coupled differential—difference equations (systems composed of an ordinary differential equation coupled with
a continuous time difference equation) with delays have received extensive attention in engineering applications
like circuit and fluid system, see e.g., [31, 37, 38] and and the references therein. They cover several types of classic
dynamic systems, such as singular systems, systems with multiple commensurate delay, and dynamic systems
with internal constraints, see e.g., [16, 17, 28, 47] and the references therein. By combining the comparison
arguments and the entry-wise monotonicity of positive coupled differential-difference equations, in [40], J. Shen
and W. X. Zheng have investigated the asymptotic stability of internally positive coupled differential-difference
equations with time-varying delays. After that, the stability of positive coupled differential-difference systems
with unbounded delays is shown in P.N. Pathirana et al. [34] and Q. Xiao et al. [47] by developing new comparison
techniques for solutions. Finally, we introduce an outstanding contribution published by H.R. Feyzmahdavian
et al. [13]. In that paper, by constructing special Lyapunov candidate functions, ingenious solution comparison
techniques, and appropriated weighted norms, the authors have established the delay-independent stability of
a class of nonlinear positive systems, which includes positive linear systems as a special case, and allows delays
are possibly unbounded.

While, as reviewed above, the asymptotic behavior of solutions to delay positive systems is surveyed thor-
oughly, the theory for fractional-order positive systems is considerably less well-developed. In our opinion, in
this direction, one of the most interesting works is the paper by J. Shen and J. Lam [41] in which the authors
have shown the stability and performance analysis of mixed-order positive linear systems with bounded delays.
Then, in [43], H.T. Tuan, H. Trinh, and J. Lam obtained a criterion to classify the stability of mixed-order
linear systems where time-varying delays are bounded or unbounded. The approach in the two papers is the
comparison principle of positive systems with various time-varying delays. Based on delayed Mittag—Leffler type
matrix functions, in [22], I.T. Huseynov and N.I. Mahmudov have investigated the existence, uniqueness and the
Ulam—Hyers stability for fractional-order neutral differential equations with a constant delay. In light of vector
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Lyapunov type functions and comparison arguments, K.L. Bichitra, and N.B. Swaroop [3], J.A. Gallegos et al.
[14] have described the asymptotic behavior of solutions to some multi-order nonlinear systems under the influ-
ence of multiple time-varying delays, Jia et al. [23] have considered the global stabilization of fractional-order
memristor-based neural networks with incommensurate orders and multiple time-varying delays. Recently, based
on the the separation of solutions of scalar fractional differential equations, R.A.C. Ferreira [12] has shown the
positivity of solutions of scalar linear fractional differential equations and used this result to deduce necessary
optimality conditions for a fractional variational problem of Herglotz type.
In the present paper, we focus on mixed-order linear coupled systems with bounded or unbounded delays

“D§ x(t) = Ax(t)+ Ba(t — 1(t)) + Ey(t — 2(t)) + f(t), t € (0,00),
y(t) = Cux(t) + Dy(t — m3(t)) + g(t), t € [0,00), (1.1)
z(-) =9(), y(-) = ¢(-) on [-r,0],

here & = (ai,...,aq) € (0,1] x -+ x (0,1}, “Dg, z(t) = (CDg‘i:z:l(t),...,CDafxd(t))T (“Dgiai(t) is the

Caputo fractional derivative of the order a; which is defined later), A, B € R™¢ E ¢ R¥*" C e R"*¢ D ¢
R™>" £ :]0,00) = R g :[0,00) = R™, 74 : [0,00) = Rsq (k=1,2,3), ¢ : [-7,0] = R% and ¢ : [-r,0] = R"
are continuous. It is a continuation of our recent researches on the qualitative theory of fractional-order dynam-
ical systems, see, e.g., [8, 42, 43]. Our main contribution in this paper (Sect. 5) is to propose a criterion on
the asymptotic behavior of the system (1.1) in the case its positivity is satisfied. Due to the complexity of the
research topic (the system contains many different fractional order derivatives and non-locality of solutions),
we especially note that it is not clear how to directly apply the techniques used to analyze positive systems
(with or without delay) as eigenvalue-based methods, Lyapunov-type candidate function methods for the con-
sidered problem. To achieve the desired goal, we have developed a new approach based on a specific feature of
fractional-order differentiable functions and clever solution comparison techniques suitable for fractional-order
positive systems.

We organize the article as follows. In the Section 2, we list some preparation results needed for further analysis
in the subsequent sections. The Section 3 deals with the existence and uniqueness of solutions to mixed-order
coupled systems with time-varying delays. Positivity of the system (1.1) is discussed in the Section 4. Asymptotic
behavior of solutions to mixed-order positive linear coupled systems when delays are bounded or unbounded
is indicated in the Section 5. At the end of this section, we provide some numerical examples to illustrate the
effectiveness of the proposed main theoretical results.

To conclude the introduction, we present some notations that will be used throughout the rest of the paper.
N is the set of natural numbers, R, R>, R} is the set of real numbers, nonnegative real numbers, and positive
real numbers, respectively. R? is the d-dimensional Euclidean space endowed with a norm || - ||, RS, := {x =

(r1,...,09)T €RY 2y >0, i =1,...,d}, R‘i ={r=(z1,...,29)T €R: 2; >0, i=1,...,d} and 14 € R?
is a vector with entries equal to 1. For m,n € N, R™*" is the set of m x n real matrices. Assume that X
is a Banach space equipped a norm || - ||x, set Bx(0;7) := {& € X : ||z||x < r}. For any [a,b] C R, denote
C([a,b]; X) the space of continuous functions ¢ : [a,b] — X with the sup norm || - || x, i.e.,

I€llx == sup [[E@)], V¢ € C(la,b]; X).
a<t<b

Let a matrix A = (a;j)1<i,j<a € R?*?. We denote the spectrum of A by o(A), that is o(A4) := {\ € C : det(A —
A g) = 0}, where I, is the d x d identity matrix. The matrix A is called Metzler if a;; > 0 for all 1 <i # j <d.
It is said to be Hurwitz if o(A) satisfies

o(A) c{A e C: R\ <0}



4 H. THE TUAN AND L.V. THINH

The inverse of A is A™! only when AA™! = A=1A = I;. Define p(A) := max{|\| : X € o(A)}. The matrix A
is Schur if p(A) < 1. Let n,m € N and A = (a;;)1 SIS, B = (b1 € R™™. We write A = B (A = B)
if ai; > bij (a;; > bi;, respectively) for all 1 <4 <n, 1 < j < m. The matrix A is nonnegative if a;; > 0
forall 1 <i<mn,1<j<m. For a € (0,1], we define the Riemann-Liouville fractional integral of a function
z:[0,7] = R as

1

Igix(t) == F(a)/o (t —s)* ta(s)ds, t € [0,T],

and its Caputo fractional derivative of the order a € (0, 1] as

d —a
DS a(t) = aISJr (z(t) — =(0)), t € (0,77,
where T'(-) is the Gamma function and <& is the usual derivative. Let & = (a1, ..., aq) € (0,1] x --+ x (0,1] be
a multi-index and = (z1,...,24)T with z; : [0,7] = R, i =1,...,d, is a vector valued function, then

. o T
“D§.x(t) = (°DSiai(t),....° Dytza(t)) .
On the Caputo fractional derivative, see e.g., [11], Chapter III and [45] for more details.

2. PRELIMINARY

We introduce some preparation results needed for further analysis in the next parts.

Lemma 2.1. Let A € R4 and suppose that it is Metzler. Then, the matriz A is Hurwitz if and only if one of
the following two conditions is verified.

(i) There exists a vector A = 0 such that A\ < 0.
(ii) The matriz A is invertible and —A~! = 0.

Proof. See, e.g., [36], Proposition 2. O

Lemma 2.2. Let M € R%*¢ be nonnegative. Then, the following statements are equivalent.

(i) M is a Schur matriz.
(i) There is a vector n = 0 such that (M — I4)n < 0.
(iii) The matriz Iy — M is invertible and (Iq — M)~! = 0.

Proof. See, e.g., [36], Proposition 1. O

Lemma 2.3. Let a € (0,1] and ¢ € R. Then, for all t > 0, we have

d
&Ea(cta) = ctaflE%a(cta),

where Eq g : R — R is the classical Mittag-Leffler function defined by Eq p(x) := Y oo F(#iﬁ) for all z € R,
and Ey(-) :== Eg1(+).

Proof. The proof is obvious, and thus we omit it. O
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Lemma 2.4. Let a € (0,1] and X\ € R. Suppose that z(-) € C([0,00);R) N CL((0,00);R) and the limit
limy_,o t?@(t) ewists for some B € [0,1). Then,

% ; (t— s)aflEa,a()\(t —5)Y)x(s)ds = to‘*lana()\ta)x(O) +/0 (t— s)aflEa,a()\(t —5))z(s)ds

for any t > 0.

Proof. By using Lemma 2.3 and the formula for integration by parts, for ¢ > 0, we obtain

vt = [ (=9 g M = 9)a(s)ds = =5 [ a(@alBL (= 9)°)

:—%[z(s)Ea(/\(t— )6 + i/ Eo(A(t — 5)")i(s)ds
~—ax(t) + z(0)Eq (At?)
_ ( / Ea(M(t — $)%)i(s)ds.

Based on the well-known rule for the differentiation of an integral depending on a parameter with the upper
limit depending on the same parameter (see, e.g., [35], Formula (2.210), p. 98), then

y(th—?w B (M%) /aE =57 5(s)ds

3 T B\ = )i

t
=t By o MY)2(0) + / (t—8)* T Eq 0\t — 8)*)2(s)ds, Vt > 0.
0
The proof is complete. O

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO MIXED-ORDER COUPLED
SYSTEMS WITH TIME-VARYING DELAYS

Let & = (g, ...,aq) € (0,1] x ... x (0,1] C R%, A, B €¢ R¥*4 E ¢ R&>*" O e R™¥4 D e R™ ", f:[0,T] — RY,
g :[0,T] = R™ are continuous functions and 73 : [0,7] — R>o (k = 1,2,3) is continuous and satisfies the
following condition

(T1) ¢t — 7(t) > —r, Vte][0,T],

where n,d € N and r,T > 0 are arbitrary but fixed. In this section, we consider the following system

{CDg;a;(t) = Ax(t) + Ba(t — 71(t)) + Ey(t — =2(t)) + f(t), t € (0,7 (3.1)

y() = Cux(t) + Dy(t — 73(t)) + 9(t), t € [0,T]

with the initial conditions

{m(-) = () (52)
¥



6 H. THE TUAN AND L.V. THINH
on [—r,0] in which 9 : [-7,0] — R% ¢ : [-7,0] — R" are continuous such that the compatibility condition is
subjected (K): C9(0) + Dp(—73(0)) + g(0) = ¢(0).

Definition 3.1. A continuous vector valued function ®(:;1,¢) = (x(:;9,¢0),y( ¥, 9)T & [-r, T] — R¥H™ is
called a solution to the system (3.1)—(3.2) if it statisfies the equation (3.1) and the initial condition (3.2) on
[_Ta 0]

Our first contribution in this paper is showing an existence and uniqueness theorem for the initial value
problem (3.1)—(3.2).

Theorem 3.2. Suppose that ||C||co, | Dllec < 1, that is,

d
D lewl <1, Vi=Tmn, (3.3)
k=1
> ldijl <1, Vi=Tn. (3.4)
j=1

Then, the system (3.1)—(3.2) has a unique solution ®(-;, ) on [—r,T], where

Il(tﬂ//#/?)

o (at) N zattie)
e(t:90) = ( ot 6.0) ) =| st o)
yn(t;'w,so)

Proof. First, it is easy to see that the initial value problem (3.1)—(3.2) is equivalent to the following delay
integral system

z;i(t) = :(0) +

! t ai—lf(5)ds
el RN AOT

1 t d d n
+ 7) /0 (t—s)>t Zaijxj(s) + Zbijzj(s —71(s)) + Zeikyk(s —T79(s)) | ds,

I‘(ai 1
d n
yi(t) =Y cipan(t) + Y diwyr(t — 73(t)) + g;(t), t € [0,7T],
k=1 k=1

fori=1,...d, j=1,..,n, and z(-) = (), y(-) = ¢(-) on [-r,0]. We define on C ([, T|; R*™) a weighted

norm as below

£ (t)
el = sup £9,
K tejo,r) €7
where £*(t) = max [|€(0)]], || - || is the max norm on R4+ and v is a large positive constant chosen later.

oe[—r,t]
Put ®g = (¢, )" on [-r,0] and X = C ([-r,T]; R*"™). We now establish a Lyapunov-Perron type operator
Ta, : X — X associated with the system (3.1)—(3.2) as follows.
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For any ¢ = (¢',62)" € R%™,

(T
Bof(t) A ( (7%06)(75) > 9
where
(T ):(t) = 03(0) + /t(t—S)‘”1(2(1:@--51-(8)+§d:b--£l-(s—ﬁ(8)))ds
o>t ) Jo L ST 2
+F(L) = 0 e = mae) + s,
¢ k=1
(T3,8); chksk )+ Y dind(t — Ts(8)) + g;(t)ds,
k=1
forte (0,7),1<i<d, 1<j<nand (T¢,E)() =v(), (TEE() = ¢(-) on [-r,0]. For any ¢ = (¢1,€*)7, £ =

<i
(€1,6)T € X, 1 <i<d, wesee on [0,T] that
(T8,9:(0) ~ (T3, :(0)|

L oy 1 1
B F(O‘z)/ t=2) Za” () + D _bij (€ (s —7i(s) —

1 75 a —1
) / X

d

1 t - ~ d )
<t [ -9 1(Z|aijllf}(8)—£}(8)+Z|bij||£gl-(8—ﬁ(8))—f}(s—ﬁ(S)H) ds

4/‘1'”
Jai

j(s = 7i(s))))ds

Zezk Ei(s —72(s)) — &i(s —72(s)))| ds

j=1 j=1

1 ! a —1 )
r(az)/o B Z|elk||€k s —T(s)) — (s — 72(s))|ds

k=1

d
I;lSX Z laij| + [biz]) exp (1)

=1 — 8 a;—1 exp (— — s w
< o [ = ten e — €S
max les| exp (vt) .,
. 1<z<dZ k| €Xp 7Y t(t — 5)%exp (—(t — 8))wds
I‘(al) 0 exp (vs)

d
128 . Z(|aw| + [bij]) exp (71)

g [ =9 exp ot = sl - €1,
1%1?3}(512 leix|exp ()

k=1 i =
S | = e (e - sl - €,
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d n
SX z_: laij| + [bij|) exp (1) i 1r£flgxd; leir| exp (vt) i
< - e =&+ —= e - &,

ma
1<i

where we have used the fact that
/ u® " exp (—u)du = T(y).
0

It implies that

max Z |laiz| + |bij] max leix|
(T, )i(t) — (Tg,&)i(t)] _ '="=45 1 A 199% 2
< I€ = &1+ —2— g - &,

exp (7t) - 7‘”

foralli=1,2,...,d, t € [0,T]. Thus,

max Z |ai;| + |bi;]

1<z<d

176,& = Ta,&ll, < max et — &4l

1<i<d o
n
max E lei]
1<i<d

k=1 2 &2
+f§?§d77 €5 =&l

Furthermore,

(72,85 () = (Ta,€); (1)]
d n
= Z e () — EL(D) + Y din(&R(t —73(t)) — E(t — Tg(t)))’

k=1

Zdj lesn k() — by + fj (€3t = m3(8)) = E3(t = (1))

k=1

max Zlcgklexp (v)lgt — €' ll + max Zldgklexp (0)l1€? = &1l

1<j<

for 1 <j <n, t €[0,T], which leads to that

d n
2 2 ¢ 1 el 2 £2
I75,€ = Tauéll < w3 leselll” = €1+ max 3 |dnle? = €21
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By combining (3.5) and (3.6), we have the following estimate

d
fgggxdzl |aij| + [bi;] .
7 j= 1_ 7
ITo0€ = Tauélls < puax s el | 16 €',
n
e, > lei . o
+ max, — e + gjagxn; |dj| | 167 — &7l
Choose v > 0 large enough such that
d
e, > los] + o] ;
J= -
max, oy + lgljagn; lejk] :==p1 < 1,
n
ax, > lead .
T k=t = 1.
max, oo + 1I%lja§><n’; |djk| == p2 <
Then,
1 T00€ = Taoélly < max{p1, p2} € = €]l
and thus the operator Ty, is contractive in X with respect to the norm || - ||,. Banach fixed point theorem
ensures that this operator has a unique fixed point which is also the unique solution to initial value problem
(3.1)—(3.2). The proof is complete. O

Remark 3.3. The arguments in the proof of Theorem 3.2 are independent of the length T of the existence
interval. So, the theorem is still valuable on the semi-real line [0, 00) instead of the finite interval [0, T].

Remark 3.4. It is worth noting that when the delays are strictly positive (e.g., 7(t), 73(t) > 0 for all ¢ > 0)
or constants, then it seems that no assumptions on D and C are required. Indeed, to prove the existence and
uniqueness of the solution to the system (3.1)—(3.2) in this case, the arguments as in the proof of Lemma 1 of
[10] can be applied. However, when the delays vary arbitrarily as in our current paper, that approach doesn’t
seem to work. To our knowledge, the most efficient strategy is to use Banach’s fixed point theorem as shown
above, and thus the assumption ||C|s, [|D|lco < 1 is essential.
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4. POSITIVITY OF MIXED-ORDER COUPLED SYSTEMS WITH TIME-VARYING
DELAYS

Consider the system (3.1)—(3.2):

“Dga(t) = Ax(t) + Ba(t —7u(t) + By(t — m(t)) + f(t), t € (0,T),
y(t) = Cx(t) + Dy(t — 73(t)) + 9(t), t € [0, T,
() =v(), y()=¢(), on[=r0].

Assume that the conditions as in the Section 3 hold.
Definition 4.1. The system (3.1) is positive if for any f,g > 0 on [0,7] and the initial conditions ¢, ¢ *= 0 on
[—r, 0] subjected the condition (K), its solution ®(-; 1, ¢) satisfies

(t;1h, ) = 0, Yt € [0,T].

Our task in this section is to find criteria to characterize the positivity of the system (3.1).

Theorem 4.2. Consider the system (3.1). Suppose that A is Metzler, B, E,C, D are nonnegative. Moreover,
C and D satisfy the conditions (3.3) and (3.4), respectively. Then, the system (3.1) is positive.

Proof. By Theorem 3.2, the system (3.1) with the initial condition z(-) = ¥(-), y(:) = ¢(-) on [—r,0] has a
unique solution on [0, 7]. Due to the assumption that A is Metzler, there is a positive constant p > 0 such that
A= —plg+ (A+ plg) where A+ ply is nonnegative. We rewrite the first equation in the system (3.1) in the
form

“Df,a(t) = —plax(t) + (A+ pla)z(t) + Ba(t — mi(t) + By(t — a(t)) + f(t), t € (0, T].

Hence, by using the variation-of-constants formula for fractional differential equations in Lemma 3.1 of [7], we
have

zilt) = Ba, (—pt™ )i (0)

o (= 8)" B, (—p(t = 5)) [ D enpn(s = 72(s)) + fi(s)|ds

k=1
d

o (= )% By, (—p(t = 5)) [ D (i + p0iy)a(s) + szm m1(s))] ds,

j=1
d n
=D ciimi(t) + Y dinyk(t — 73(t)) + g(t),
i=1 k=1

fori=1,...,d,j=1,...,n,and t € [0,T], where

1, if i = J,
0ij = e,
0, if i # 5.
We first show that if ¢ = 0, ¢ = 0 on [-r,0] and f > 0, g = 0 on [0,T7], then ®(¢;4, ) = 0, V¢ € [0,T]. By the

compatibility condition (K), then ®(0) > 0. Assume, for the sake of contradiction, that ®(¢; ¢, ¢) # 0, t € [0,T].
This implies that there is an index ¢+ =1,...,d,d+ 1,...,d+ n and ¢t > 0 such that

Di(t;0,0) =0, @i(t;9,0) >0, 1<j<d+n, j#i.
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Put
te =inf {t € (0,T]: ®;(t;,p) =0 for some 1 <i < d+n}.
Then, ¢, > 0 and there is an index ig = 1,...,d + n such that ®;,(t.; ¢, p) =0, D, (t;9,¢) > 0 for ¢ € [0,t.),
D,;(t; 0, 0) >0, Vi=1,2,...,d+mn, i#ipand t € (0,t.].

If ig € {1,...,d}, then by the fact that the Mittag-Leffler functions E,, (), Ea;,a., () arve positive on R, we
see

0= (t; 10, 0) = @iy (L0, )
t.
= Ea,, (—pt"0 )1, (0) +/0 (te — 8)*0 ' Ea, oy, (—p(ts — 5)70) fiy (s)ds

d

Ty
" / (b — )0 Bayy aug (—p(te — 8)%0) Y (ainj + p8igs)a; (5, 0)ds
j=1
ty d
- / (te = 8)%0 " Bay sy (—p(te = 8)%0) > bigjwj (s — 71(5); 9, @) ds
0 =
Ty n
+ / (t* - S)Qio_lEaimaio <_p(t* - S)Qio) Z eiokyk(s - 7-2(3); ¢a @)ds
0 k=1

> Eth‘,o (7pt*ai0 )wio (0) >0,

a contradiction.
If ig € {d+1,...,d+n}, then ®; (t:;9,¢) = y;, (t+;9, ) = 0 with iy = ig — d. Moreover, from the second
equation of the system (3.1), we see that

S

0=y (t; 0, 0) = > cj0;7;(tei1), ) +Zdzokyk « = T3(t); Y, ) + g5, () = g3, (82) > 0,
j=1 =

a contradiction. Thus, ®(t, ¥, ¢) > 0 on [0, T].
We now consider the general case where f,g > 0 on [0, 7] and the initial conditions ), ¢ > 0 on [—r, 0]. Based
on the assumption (3.4), we can find a unique vector m = (I, — D)~ *(C14 + 1,,) € R7. such that

Cly,+Dm+1, =

For each k € N, we put ¢¥* = ¢ + %ld, oF=p+ %m on [—r,0], g*(t) = g(t) + %ln on [0,7] and study the
system

(4.1)

“Df x(t) = Az(t) + Ba(t — 71(t) + Ey(t — m2(t)) + f(t)
y(t) = Cx(t) + Dy(t — 73(t)) + g*(t)

with the initial condition

{x(t) = R (t), t € [-r,0], (4.2)
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The system (4.1)—(4.2) has a unique solution ®*(-;9*, ). On the other hand, ®*(-;1*, p*) = 0 on [0, T].
Let k,l € N and k < [, put

HA(r) = ( "y ) 0ok, o) — Bt ), t e [ T,

yoi(t
Then,
DM (1) = AcHl () + Bet (b —mi() + ByP(t — ma(1)), t € [0.T] (4.3)
Y1) = Pl (t) + Dy*l(t = m3(1)) + (§ = 1)1n, t €0, |
and
ahlt) = (3 — 3)1a, t € [-7,0],
(ot st o

As shown above, the system (4.3) is positive and thus zF!(t) = 0, t € [-r,T], that is, ®F(; 9k, ¢*) =
dl(t; 9!, ¢!), t € [—r, T]. This shows that, for each t € [—r, T], the sequence {®*(-; ¥, ©*)}2° | is monotonically
decreasing and there exists

k—o0

O*(t) := ( v (@) > = lim ®F(t; 4%, o).

On the other hand, it is easy to see that the sequence {®*(-; 9%, ©*)}2° | is uniformly bounded on [0, 7] which
together the similar arguments as in the proof of Lemma 2.3.2, p. 26 in [26] implies that this sequence is
equicontinuous on [0, 7). Hence, the its limit ®*(-) is continuous on [0, T]. By Dini’s theorem, {®*(-; ¢*, ‘Pk)}:;
converges uniformly to ®*(-) and ®*(-) is nonnegative on [—r, T]. Noting that on [—r, 0]

\ Y(t) )
(1) = .
®) ( o(t)
Furthermore, from (4.1), foreach i =1,...,d, j=1,...,n and ¢t € [0,T], we have
(k) '
o = Ba, () 0) 4 [ (¢ = 9)" B (it = 57 fi(s)ds
0

+ d
4 / (t = 5 B (=t — 5)) S @i + poig)o D (s)ds

Jj=1



QUALITATIVE ANALYSIS OF SOLUTIONS TO MIXED-ORDER POSITIVE LINEAR COUPLED SYSTEMS

Let k — oo, then
t
z; (t) = Eo, (—pt*" )i (0) + /0 (t = 8)% " Eaya, (—p(t = 5)) fi(5)ds

t d
+ /0 (t = 8)* By a, (—p(t = 5)*) > (aij + pdyj)a}(s)ds
j=1

bijz;(s — T1(s))ds

VR

T / (= )% Ey o (—p(t — 5)*)

<
Il
—

eijy; (s — 72(s))ds,

-

- /0 (t - S)Qj_lEOti,Oéi(_p(t — S)m)

<
Il
—

d

yi() = S epan(t) + 3 dii(t — (1)) + g5 (1)
k=1

k=1

13

for1<i<d,1<j<mnandt € [0,T]. Due to uniqueness of the solution to the initial value problem (3.1)-(3.2),

the function ®* is also its solution, so the positivity of this system is verified.

The following theorem gives a necessary criterion to ensure the positivity of the system.

O

Theorem 4.3. Consider the system (3.1) with the conditions (3.3)—(3.4) are satisfied. Suppose that the system

(3.1) is positive for some delays 7y : [0,T] = R>o (1 < k < 3) satisfying (T1) and
(T2) 13,(0) >0 for k=1,2,3.

Then, A is Metzler, B,C, D, E are nonnegative. As a consequence, the system (3.1) is also positive for arbitrary

delays 7, : [0,T] = R (1 <k < 3) provided that (T1) is satisfied.

Proof. According to Theorem 3.2, for any ¢, p € C([—r,0]; R) provided that the compatibility condition (K) is

verified, the initial value problem (3.1)—(3.2) has a unique solution

x1(t)

ey | e
2t 0,0) = ( y(t) ) =| wo |-

yn.(t)

where

d d
2i(t) = wi0) + i it = 927 [ agas(s) + 3 byas(s — m(s)) | ds
j=1 j=1

i Jo (£ — sy ;m — a(s)) + fis) | ds,

d n
yi(t) = Z cimi(t) + Y dirye(t — 73(t)) + g5 ()

k=1

withi=1,...,d,j=1,...,nand ¢t € [0,T].
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71(0) 72(0) 73(0)

Let the system (3.1)—(3.2) be positive and put 7 := min > 0. We first show that C is

27 27 2
a nonnegative matrix. On the contrary, suppose that C has an entry c;,n, < 0. Let ¢(0) = ey, ¢(s) =0, Vs €
[—7, —7], here e, = (0,...,1,...,0)T denotes the unit vector in R? with the ho-coordinate equals to 1.

Because the continuity of ;(-), i =1,...,d, y;(:), 7 =1,...,n and 73(-), we can find ¢y > 0 (small enough)
so that on [0, tg]:

o t—T13(t) < —7,
d
CinH
o Y cpunl) < el
i=1,i#ho
o x5, () > 3.

Choose a function g € C ([0, +00),R%) satisfies the condition (K) and g(s) =0, Vs > to, then we have

d n
Yio(to) = cipizi(to) + D djory(to — T3(to)) + gjo (to)
=1 k=1
d
= CiongTho(to) + D Cioimi(t)
i=1,i%ho
1

< 5Cjohe T

5 ‘Cjoho| =0,

2

a contradiction.

Next, we assume that D is not a nonnegative matrix, that is, there exists an entry d;,p, < 0. Take 1) = 0 on
[—7,0], ©(s) = en,, Vs € [-r, —7]. Because the continuity of z;(-), i =1,...,d, y;(-), s =1,...,n and 13(-), we
can find ¢y > 0 (small enough) so that on [0, £o]:

o t— TB(t) S =T,
- ool
joh
° ;ij'xi(t) < %
For a function g € C ([0, —&-oo),R’ZLO) verifying the condition (K) and g(s) =0, Vs > tg, then

d n
Yio(to) = > cipizi(to) + D djory(to — T3(t0)) + gjo (to)
=1 k=1
‘dj0h0|

<75 + djoho

1
= édjoho < 07

a contradiction.
We now prove that A = (a;j)1<i,j<q is Metzler. On the contrary, suppose that A has an entry a;,;, <0,
where i # jo. Let f =0 on [0,T], ¢ =0 on [—r, —7] and

e; ift=0
t — Jo>o )
V(o) {0, ift e [-r,—7],
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where ej, = (0,...,1,...,0)T is the unit vector in R? with the jo-coordinate equals to 1. Since the continuity
of z;(+), i=1,2,...,d, and 71 (-), 72(-), we can find ¢, > 0 (small enough) so that on [0, ¢o]:

t—m(t) < -1, k=1,2, (4.5)
and
- 0|
° Z aiojxj(t) < %,
Jj=1,3#3j0 .
oz (t) > 3.
Then,
1 [t d
iy (to) = / (to = 9)*0 ™" |aigjomjo(s) + D> aigai(s)| ds <0,
F(aw) Jo J=1,%o

a contradiction.
If B = (b;j)1<i,j<d is not a nonnegative matrix, there is an entry b;,;, < 0. Take f =0 on [0,7], ¢ =0 on
[-r, —7] and

i
W):{o, ift =0,

ej,, ifte[—r, —T].

d
By the same arguments as above, there is an to > 0 such that the estimate (4.5) is true and Z @io; 5 (t) < [bigjo]
j=1
on [0,t0]. It implies

1 to o d
Ry o (o= 9707 [ asms(e) + buy s <0
70 =

Tig (to) =

which contradicts the positivity of the system. Thus, B is nonnegative.
Finally, if £ = (eij)lgigd,lgjgn is not nonnegative, we suppose that there exists an entry e;,;, < 0. Choose
f=0on[0,T], ¢ =0 on [-r,—7] and

0, ift=0,
o(t) :{

ej,, ifte[—r —7].
- ool
There exists tg > 0 (small enough) such that (4.5) is verified and Z aioj25(t) < % for all ¢ € [0, %]. Thus,

Jj=1

1 to o d
zi, (to) = m /0 (to — s)%io 1 |:ei0j0 + Zaiojxj(s)} ds <0,

a contradiction. Hence, E is nonnegative.
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Thus, if the initial value problem (3.1)—(3.2) is positive, then A is Metzler, B, C, D, E are nonnegative. Then,
by Theorem 4.2, the system (3.1)-(3.2) is still positive for every delays 74 : [0,T] — R>¢ (1 < k < 3) provided
that the condition (T1) holds. The proof is complete. O

5. ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO MIXED-ORDER POSITIVE
LINEAR COUPLED SYSTEMS WITH UNBOUNDED DELAYS

Let & = (a1,...,aq) € (0,1] x ... x (0,1] C RY A, B € R4 E ¢ R™>*" C € R4 D e R f ¢
C([0,00);RY), g € C([0,00); R™) and 7 : [0,00) = Rxq (k = 1,2,3) is continuous and that

(T?’) t— Tk(t) Z -, vt € [Oa OO))
(T4) Jim (t = (1)) = oo.

Consider the following system

“D§ x(t) = Ax(t)+ Ba(t — 11(t)) + Ey(t — =2(t)) + f(t), t € (0,00) (5.1)
y(t) = Cxz(t) + Dy(t — 73(t)) + g(t), t € [0,00)
with the initial condition
z() =¥()
{y<-> — () 52)

on [—r,0], where 9 : [-r,0] — R% ¢ : [-r,0] — R"™ are continuous and verify the condition (K). C(0) +
Dp(=73(0)) + g(0) = #(0).

Definition 5.1. The system (5.1)—(5.2) is globally attractive if for any the initial condition ¢ €
C([-r,0);R%), p € C([~7,0]; R™) which satisfy the compatibility condition (K), then lim; . ||®(t; 1, ¢)|| = 0.
In the case the system (5.1) is positive, it is globally attractive if for any the initial condition 1 € C([—r,0];R<,),
¢ € C([-r,0];RZ,) subjected the compatibility condition (K), we have lim;_, [|®(¢; 1, )| = 0. -

Our main contribution in this paper is to propose a criterion on the global attractivity of mixed-order positive
linear coupled systems with unbounded delays as below.

Theorem 5.2. Suppose that A is Metzler, B,C, D, E are nonnegative and the conditions (3.3)—(3.4) are sat-
isfied. Moreover, we assume that f € C([0,00);RL,), g € C([0,00); R2,) such that tlim ft)=0, tlim g(t) =0.
= = — 00 — 00

Then, the system (5.1)—(5.2) is globally attractive if A+ B + E(I,, — D)~*C is Hurwitz.

The essential idea in the proof of Theorem 5.2 is applying a specific characteristic of fractional order differ-
entiable functions obtained in the works of G. Vainikko [45], and A. Kubica and K. Ryszewska [25] together
with skillful use of arguments comparing the solutions to fractional-order positive systems. Before going into
the detailed proof of the theorem, we need the following preparatory results.

Consider the following system

“D§ x(t) = Ax(t)+ Ba(t — 1(t)) + Ey(t — 2(t)) + f(t), t € (0,00),
y(t) = Cz(t) + Dy(t — 13(t)), t € [0, 00), (5.3)
x(t) =0, y(t) =0, t € [-r0].

Proposition 5.3. Suppose that A is Metzler, B,C,D,E are nonnegative and the conditions (3.3)—(3.4) are
satisfied. Moreover, we assume that f € C([0,00);RL,) and tlim f(t)=0. Then, if A+ B+ E(I, — D)~1C is
= —00
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Hurwitz, the solution ®1(-;0,0) = (z'(+;0,0),y*(-;0,0)T of (5.3) converges to 0 as t — oo, that is,
lim z'(t;0,0) = 0, lim y'(¢;0,0) = 0.
A (50,00 =0, lig v (0,00 =0

Proof. Case 1: The matrix C' satisfies the condition

D e >0, Vi=Tn

Due to the fact that f € C([0,00); R%,) and Jim f(t) =0, we can find a function f() e C([0,00); RLy) such
that

e f(-) is decreasing,

(t) = f(¢) for all t > 0,
n f(t) =0.

Consider the system

f
o f (+) is a piecewise continuous function,
f
1

ODgya(t) = Aw(t) + Ba(t — m1(1) + Ey(t — m2(t) + f(t), ¢ € (0,00),
y(t) = Cxz(t) + Dy(t — m3(t)), t € [0,00), (5.4)
x(t) =0, y(t) =0, te [*Ta 0]

0),9*(-,0,0))™. Then, by the comparison principle as in Proposition 2 of [14],

and denote its solution by (@1(-;0,
:0,0) < 9'(-;0,0) on [0,00). The proof of the proposition is completed by showing

21(50,0) 2 #1(-50,0), y'(-

lim 2*(t;0,0) = 0, Jim 7% (t;0,0) = 0.

t—o00

We do this by using the following observations.
Step 1: Choose \! € Réo large enough such that

(A+ B+ E(I, — D)"*C)\* + E(I,, — D)~ tel,, + f(0) < 0

and define ¢! := (I,, — D)~Y(CA! +€1,,) for some positive constant ¢. In this step, we will prove that & ( ;0,0) <
Al and §1(+50,0) < & on [0,00). To do this, we set z(t) = A! — 21(¢;0,0), y(t) = & — §1(£;0,0), t € [-r,0).
Then, x(t) = AL, y(t) = £ on [-r, 0], and
“D§, x(t) = -“D§, ' (t;0,0)
— (A2 (t:0,0) + B (¢ = 71(1):0,0) + Eg(t — m2(8);0,0) + f(1))

= Ax(t) + Ba(t — 11(t)) + By(t — m2(t)) — ((A + BN + Be + f(t))  t>0,

=& — (C2'(t) + Dy (t — 73(1); 0,0))

= Cxz(t) + Dy(t — m3(t)) + (& — CA' — D¢?)

= Cz(t) + Dy(t — 13(t)) + €l,, t > 0.
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Notice that (A + B)A! + E€' + f(t) < 0, the system above is positive and thus z(¢) = 0, y(t) = 0 for all £ > 0.
This implies that #1(¢;0,0) < AL, §*(¢;0,0) < &% on [0, 00).
Step 2: We will show that there are t; > 0 and ¢ € (0,1) so that
#1(t0,0) < g\, §1(60,0) < g€, VE = . (5:5)

Denote by Z'(-), 7" (-) the unique solution to the following system

CDg. a(t) = Ax(t)+ BA' + EE + f(t), V>0 (5:6)
y(t) = Cx(t)+ D& +¢el,, VE>0 )
with the initial condition x(0) = A, y(0) = £!. By the comparison principle, it is easy to see that
0=<2'(#0,0) 7' (t) =AY, 0=9'(40,0) =27 () <€t >0. (5.7)

Since A is Metzler, there exists p > 0 so that pI; + A > 0. Then,
°D5E (1) = —pLaT' () + (pla + AT (t) + BA' + ES" + f(t), t > 0,

and this solution thus has the following representation

t
TL(t) = Ea, (—pt> )AL + / (t = )% B (—plt — 5)° (Zezkmﬁ( >>
0
t d d
+ / (t = ) By (—plt = %) | S sy + poi )T () + 3 b} | ds

Jj=1 Jj=1

with all ¢ > 0, 1 < i < d. According to Lemma 2.3 and Lemma 2.4, for ¢t > 0,1 < i < d, we have

-1 oi— @ o — o -
Z; (t) = _pt ' 1)\’}Eai,ai(_pt L)—’_t ‘ 1Eaz‘,ai(_pt 1)26“95%

k=1
d
+ tai_lEai,ai(_Ptai) Z(aw + pdij) >\1 + szg ;1 fz( )
j=1 j=1
t d .
+ /0 (t=8)* " Egpa, (—pt = )) | Y (aij + P%‘)f;(S) + fi(s) | ds
j=1

=t By, o, (—pt™) Z Qij )‘J + Z bij )\J + Z e + fi(0

t d
+ / (t—8)* By, o, (—p(t — 5) Z (aij + pdi;)T.(s)ds
0 .
j=1

b [ =9 B (e = ™)), (5.8)
0
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Furthermore, based on the arguments as in Lemma 11 of [25] (see also [5], Thm. 2.1.2), for 1 < ¢ < d, it is worth
to point out that 7, € C*(0,T] and the limit tlir(r]1+ tl_o"ﬁ;(t) exists which together (5.8) and the fact
—

t .
/ (t— )% By o (—plt — £)%) fi(s)ds < 0, ¢ >0,
0
implies that

. -1
t£%1+ T, (t) = —o0. (5.9)

We now assume that there exists ¢ > 0 and ¢ € {1,---,d} such that Ei (t) = 0. Set tg =inf{t > 0: fll(t) =
0 for some 1 < i < d}. Then, typ > 0 and there is i € {1,---,d} so that i;o(t) < 0 on (0,tg), i;}(to) =0 and
f;(t) < 0on (0,tg] for all 1 < j < d, j # ig. However, in this case, we have

d
-1 ain—1 az
Lio (to) =10 Eai07azo °) Zaloj j + Z bloj jt+ Z elokgk + fm( )

-1

to d
+ / (to — 8)*0 " B, oy, (—p(to — 8)0) Y (aiy; + pdiy; )T, (s)ds
0 .
j=1

to X
*/ (ty — )0 Ba, s (—p(to — 5)™0) fio (s)ds < 0,
0

a contradiction. Thus, i (t) < 0 for all t > 0 which leads to that Z' is strictly decreasing on [0, 00). Noting that
0 < 7(t) < AL, Vt > 0. Hence, the following limit tlim Z'(t) = 2* exists. Let £ be the Laplace transform. By
—00

the final value theorem (see, e.g., [15], The Final Value Theorem, p. 20), we obtain

lim sC{“D§, 7' (")} = tg%ocD8‘+x (t) = lim (AZ'(t) + BA' + E¢) = Az* + BA' + B¢t

s—+0 t— o0

Moreover, based the arguments as in the proof of [7], Lemma 3.1, then

L{CDE, TH()}(s) = s L{TL()Hs) — s AL, i =1, d.

Hence,
Jim, sL{“D§, T ()} = Jlim s]s LT () }(s) = 8N TN s L{TG()} (5) — 5T
= Tim s (SL{TH()Hs) = AL o 57 (SL{TA)Hs) — AD)
=0
thanks to

lim sﬁ{x ()}(s) = lim E}(t) =r;, 1<j<d

s—0+ t—o0
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This leads to

Jlim () = —ATH(BA + BEY) = AL <AL
—00
lim 7'(t) = CA! + D€' 4 ¢1,, < €.

t—o0
Fix ¢ € (0,1) be the constant with A <Al CA + DEY + 21, < g€ which together the fact that () is

strictly deéreasing on [0, 00) shows that there is ¢; > 0 so that
#'(t0,0) 2T () = g\, §(4:0,0) 2 T(E) < g€, VE> ¢y

Step 3: In this step, we will establish a increasing sequence {7}, }5°_; with "}E)HOOT = oo which satisfies

Yt € [T, Tnt1]- (5.10)

#1(t;0,0) < gAY, 9(£0,0) < g€,

Since tlim (t —1(t)) = 0o,k = 1,2,3, there is £; > t; such that t — 73,(t) > t; for all t > #;. Let Ty = t; > 4,
— oo

then
g (t;0,0) < &', vt e[0,T],

#(£;0,0) 2 A,
§'(t;0,0) < g&*, Vt>Ty.

#1(£;0,0) < g\,
gl (t + T1;0,0), t > 0. Due to the fact that

Set #'(t) = &' (t + T1;0,0), 5 (t) =

#(t+T1;0,0) < g\, g (t 4+ T1;0,0) < g€t

for all t > 0, for each i = 1,...,d, we see that

CDgLE}(t) = CDEal (- +T150,0)(t) = ﬁ/o (t = 8)7*2i(s + T1;0,0)ds

042 (
1 t+T1

1 t+T17
)/ (t+T1 —u) "%z} (u;0,0)du
0

_F(l—ai
1 I
B S T — )~ %4
F(l_ai)/o (t+T) = w) 3! (u: 0, 0)du
1 —
1 . 141
Y i Ty —u)”~ " a (w30,
+I‘(1—ai)/0 a;(t+Th —u) Z; (u;0,0)du

24t +T1;0,0) +me FH(t+ Ty — m(t+T1);0,0)

HM&

+ fl(t + Tl) + Zelkﬁi(t +T1 — TQ(t + Tl),0,0)
k=1
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1 #}(T1;0,0)  2}(0;0,0) /Tl @i} (u0,0)
Il — o) (T Sy (T — )it

d
aijsi} (t) + Z b”q)\jl + Z eikqgli + fl(t + Tl)

j=1 k=1

VR

<
Il
—_

+

1 /Tl (1:0,0)
T(1—a;) o (4T —u)t

d n

j=1 k=1

<
Il
—

-

_|_

1 /Tl M} du
P(l — Ctz) 0 (t + T1 — U)al-‘rl

-

j=1 j=1 k=1
b (- Ty — )T
(1 —a) 0
d d n )\1
~1 1 1 £ %
< Zaijxj(t) + Zbijq)\j + Zeikqfk + fz(t +T1) + m
j=1 j=1 k=1
Put
0 iftef0,1], - .
a;(t) = Al . and fi(t) = fi(t +T1), t > 0
W lf t> 17

with each ¢ = 1,...,d, which implies that

CDgiEL(1) <Zam 73 +Zb”q)\ +Zequ§k+fz()+az‘(t),

Jj=1

here i =1,...,d for all £ > 1. Thus, we have
ODg 3t (t) < AZN(t) + ¢BA' + qEE + f(t) +a(t), V> 1,

~ T
where a(t) = (a1(t), ..., aa®)”, f(t) = ( i), fd(t)) , ¢ > 0. On the other hand,
gH(t) = CZY(t) + ¢DE* + gel,,, Yt > 0.
Let #'(-),7'(-) be the solution to the following system

CD§, x(t) = Az(t) + ¢BA' + qEE + f(t) +a(t), Vt>0,
y(t) = Ca(t) + gDE" +gel,,, Yt >0,

21

(5.11)
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1
- t
with 21 (0) = A! > max _ ) i=1,...,d, such that
te[0,1] Eq, (—pt®)’

AN + BA' + E€' 4+ £(0) <0

where A' = (Al,..., AT, and §'(0) = CZ(0) + ¢DE" + gel,,.
For ¢ € [0,1] and for each i = 1,...,d, we have

]

t d
i(t) = Eo, (—pt™)z; (0) +/O (t = )% Eaya, (—p(t = )) Y _(aij + pdi)j(s)ds
J=1

t n
—l—/ (t—8)* " By, 0, (—p(t — 5)* Zb” J —l—quikg,i + fi(s) + a;(s))ds
0 k=1

> By (—pt®)7H0) > 7 (t).

Suppose, ad absurdum, there is ¢ > 1 and i € {1,...,d} such that &}(t) = Z}(t). Taking t, = inf{t > 0: #}(t) =
Z1(t) for some 1 < i < d}. Then, t, > 1 and there exists i* € {1,...,d} such that &% (t) < Z.(t) on [0,t*),
IL(t*) =L (t*) and Z}(t) < Z}(t) on [0,¢%] for j € {1,...,d}, j #i*.

On the other hand, it is worth noting that a;; < 0 for all 1 <4 < d (thanks to the fact that A is Metzler and
Hurwitz) and

d
ODGTEL () < @i (b)) + Y ai i +sz iy +Ze, RaEL
=L
. e
+ fis () + T = ap )i
d
S ai*i*ig* (t*) + Z Qg+ j ] +Zbl ;q)\ +Zez kqgk
=L
. -
o)t s e
_C D i* ~1 ( *)

Thus, by using the comparison principle (see, e.g. [8], Prop. 26), we obtain that L (t*) < 2L (t*), a contradiction.
Hence ' (t) < x(t), t > 0.
We now turn to the system (5.11). As shown above, in the same manner, we obtain the following representation

of the solution to this system

(aw + péz]) ( )ds

M&

B (1) = Fa,(—pt™)E1(0) + / (t = )% By (—p(t — 5)*)
0 =

t n
+/ (t —8)* " By, 0 (—p(t — 5)™%) ZbUA —i—qumgk—l—fl )+ a;(s))ds
0
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which implies that

. d

Z(t) = —pt* T B, (—pt®)E}(0) + t* 7 Eo, (—pt™) > (aij + pdi;) %} (0)
j=1

t d
+ / (t —8)* By, 0,(—p(t —5) Z a;; + pém (s)ds
0
7j=1

+ 1 By, 0, (—pt ™) wa ! —‘,—qulkﬁk—l—fl( ) + a;(0))
k=1

+ / (t = )% By, (—plt — )7 (fi(s) + ai(s)) ds
0

— (%1 B, o (ds — pt— ) Zaw& +qzbw Aj+a)endi + fi(0)
k=1

t d
+ / (t —8)* " By, 0 (—p(t — 5)* Z a;; + péw (s)ds
0 -
j=1

b [ =9 B (e = ) () + ().
0

Since

sH

Zalj)\j +qzbm ]"_qzezkfk"_fz Z Zj J+Zb” j+zeik£]i+fi(0)<07
j=1 = k=1

it follows by the same arguments as in the step 2 that, for 1 <4 < d, the function 2} () is also strictly decreasing
on [0,00). Thus, the limit tlim #'(t) exists and it is easy to check that
bde el

lim 7'(t) = —gA~ (BA' + E¢') = gA! < 2\,

t—oo
which leads to
lim §'(t) = —qCA Y (BA' + EEY) + qDE* + qel, = q(CA 4+ DE' + £1,,) < ¢3¢l

t—o0

Thus, there is t5 > 0 so that
Vit > to.

Bt 2T < AL T 29t < 67
Let o = T} + t5. Due to tlim (t — (1)) k=1,2,3, we can find T, > 5 which satisfying
— o0

t—1(t) >ta, Vt>Th,1<k<3.

Thus
Vit € [Ty, To],

31 (t;0,0) < g€,
Vit > Ty.

£'(;0,0) < g\,
7t (t;0,0) < ¢%€,

#1(t;0,0) < ¢*A\1,
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That is, the statement (5.10) is true for m = 1. By applying the same procedure, it is not difficult to check that
(5.10) is true for m is arbitrary, and thus this completes the proof of this step.
Step 4: From (5.10), we have tlim #'(t;0,0) = 0, hm 1(#;0,0) = 0, which completes the proof of this
— 00

proposition.

Case 2: There exists an index ko € {1,...,n} such that cx,1 = -+ = cg,q = 0. Then, we choose a matrix
d
C = C such that 0 < Zékj <1l,k=1,....,n,and A+ B+ E(I, — D)_lé is Hurwitz.
j=1

Denote by u(-), v(-) the unique solution to the following system

CDg a(t) = Ax(t)+ Bt — ni(t) + Ey(t — ma(t)) + £(2), t € (0,00),
y(t) Ca(t) + Dy(t — 73(t)), t € [0,00), (5.12)
x(t) 0, y(t) =0, t € [-r,0].

As shown above, we have tlim u(t;0,0) =0, tlim v(t;0,0) = 0. By using the positivity of the system, we see
—00 —»00

0 < &(£,0,0) < u(t;0,0), 0 < §(£0,0) < v(t;0,0), V¢ > 0,

which leads to that lim #'(¢;0,0) =0, lim §*(t;0,0) = 0. O
t—o0 t—o0
Let the following system

“Dgya(t) = Ax(t) + Bx(t — (1)) + Ey(t — 72(t)), t € (0,00),
y(t) = Cx(t) + Dy(t — 13(t)) + g(t), t € [0,00), (5.13)
z(t) =Y(t), y(t) = (1), t € [, 0]

where g € C([0,00); R™) and the initial condition satisfies the compatibility condition (K).

Proposition 5.4. Suppose that A is Metzler, B,C,D,E are nonnegative and the conditions (3.3)—(3.4) are
satisfied. Moreover, we assume that g € C([0,00); R%,) and tli}rn g(t) =0. Then, if A+ B+ E(I, — D)"'C is

Hurwitz, the solution ®2(:;1,0) = (2%(;%,¢), ¥? (510, 0))T of (5.13) converges to 0 as t — oo, that is,

. 2/, _ : 204, —
tlirgoac (t; 9, @) =0, tli)rgloy (t;, ) = 0.

Proof. The proof is done through the following four steps.
Step 1: Put G := max{(l,, — D) Sup gp(t),supg(t) +1,} and choose A\?> € R% large enough such that
>0

(A+B)\>+ E(I, — D)~ (C’/\2 + Q) < 0 )\2 sup (t). Choose €2 := (I, — D)~1(CA% + G). It is obvious
—r<t<0

to see that x2(:; w @) =2 A% and y2(-;9,¢) < €2 on [0,00). Indeed, by setting x(t) = A2 — 22(t;9, ), y(t) =

& -2 (v, 9), t €[, ), then z(t) = A* = (t) = 0, y(t) = £ — ¢(t) = 0 on [-7,0], and

CD(?—f-w(t) = _CD3+$2(t§wa ©)
— (A2?(t;9,0) + Ba*(t — 11(t); ¥, ) + By* (t — 2(t); 0, )
= Az(t) + Bz(t — m1(t)) + Ey(t — 12(t)) — (A+ B)X\* + E€?) , t > 0, (5.14)
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y(t) = 5 =y (t—T3(t); 0, )
— (C2*(t;9, ) + Dy (t — 73(1); 9, ) + 9(1))
+ Dy(t — 73(t)) + (62 — CA* = D& — g(t))
+ Dy(t — 73(t)) + (G — g(t)), t = 0. (5.15)

= Cx(t

)
= Cuz(t)

By the fact that (A + B)A\? + E€2 <0 and G — g(t) = 0, the system (5.14)—(5.15) above is positive and thus

x(t) = 0, y(¢) = 0 for all ¢ > 0. This implies that

2 (th, 0) 2 A2, YR, ) < €2, Vit € [0,00).

Step 2: In this step, we will prove that there is t; > 0 and ¢ € (0, 1) so that

(G, 0) < g\, YA, e) < g€, V>t (5.16)

Denote by 7%(-),%?(-) the unique solution to the following system

“D§ x(t) = Ax(t)+ BN+ E, Vt>0,

y(t) =Cz(t)+ D&+ G, Vt>0, (5.17)
(0) =A%, y(0) =&
Since
0= 2t ) 2T2(1) X N3, 0= y2 () 2 T2(t) 2 €%, t>0. (5.18)

Furthermore, using the same arguments as above, we see that Z2(-) is strictly decreasing on [0, 00). Thus,
Jim T2(t) = —A Y (BN + E¢?) = A2 <\
tlg&y?(t) =2 =CN\N+ D +G <&

Let g € (0,1) be the constant with A2 < g)\?, 52 =< q€2. Then, we can find a time ¢; > 0 so that

2 (t1h, 0) X THE) < gN%, YE(Ev, ) 2 TR(E) < €%, V>t

Step 3: In this step, we will point out a decreasing sequence {T;,}°_; with lim 7, = oo which justifies
m—o0

the estimates
(0, 9) < q"N, YR (L,0) < 4", VEE [T, Tigal. (5.19)
From the assumption that tlim (t—7(t)) =00,k =1,2,3 and tlim g(t) = 0, there exists #; > t; so that
—00 — 00
t—1(t) > t1, g(t) < qG, Vt > 1.
Set Ty = t; > t1, then

(L, 0) A2, YR, ) 2 €2, Ve [0,Th],
2t 0) < g\, YRt p) < g€, V> T,
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Define 22(t) = 22 (t + T1;v, ), 52 (t) = y*(t + T1; 1, ), t > 0. Then,
CDYLEA(t) < AT*(t) + qBA? + qBE +a(t), V> 1,
here a(t) is defined as above. On the other hand,
72 (t) = CF(t) + ¢DE* 4+ ¢G, Yt > 0.

Let 22(-),%%(-) be the solution to the following system

CD§. x(t) = Ax(t) +qBN +qEE% +a(t), Vt>0 (5.20)
y(t) = Cux(t) + qDE% +qG, Vt>0 '
= 72 (¢
with 27(0) = A} > ) i=1,...,d such that

AN 4 BN + E€? <0,

where 5\2 = (i%, cee j\ﬁ)T, and 72(0) = CZ2(0) + ¢D&? 4 ¢G. Then, by using the comparison arguments as above,

we see that 7%(+) is strictly decreasing on [0, 00). Thus,

lim 22(t) = —qA™(BA? + E€?) = g\ < ¢®)\2,

t—o00
which leads to
Jlim (1) = —qCA™H (BN + E€?) +¢DE* + 4G = ¢€* < ¢*¢%.
L— 00
Thus, there is t > 0 and the following inequalities are true

(1) 2 T(t) < N2 PP < 7P() 2 P, V>t

Let £y = Ty + t5. Due to tlim (t — 1(t)) = 00,k = 1,2,3, we can find Ty > i, satisfying
— 00

t—Tp(t) >y, VE>Tp,1<k<3.
Thus

xQ(t7¢7 410) < qA27 yQ(ta ¢a 90) = Q§2’ Vt € [T13T2]a
(,0) < PN P, 0) < P8 V> T,
which implies that (5.19) is true for m = 1. By applying the same procedure as in Proposition 5.3, it is not
difficult to check that (5.19) is true for m is arbitrary which completes the proof of this step.
Step 4: From (5.19), we have tlim 22 (t; 1), ) = 0, tlim y2(t; 1, ¢) = 0. The proof is finished. O
— 00 — 00

Proof of Theorem 5.2. The proof is straightforward by applying Proposition 5.3 and Proposition 5.4. O
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We now focus on the system (5.1) in the homogeneous case, that is, let f =0, g = 0 on [0, 00) and study the
following system:

OD§ x(t) = Az(t)+ Ba(t — n(t)) + BEy(t — (1)), t € (0,00),
y(t) = Cux(t) + Dy(t — 73(t)), t € [0, 00), (5.21)
z(t) =P(t), y(t) = p(t), t € [-r,0],

the initial conditions are continuous and satisfy the compatibility condition

(K1) C(0) + Dyp(—73(0)) = ¢(0).
We obtain a necessary and sufficient criterion on the global attractivity of its solutions as follows.

Theorem 5.5. Suppose that A is Metzler, B,C,D,E are nonnegative and the conditions (3.3)—(3.4) are
satisfied. Then, the system (5.21) is globally attractive if and only if A+ B + E(I, — D)~ 'C is Hurwitz.

Proof. Necessity: Suppose that the system (5.21) is globally attractive, that is, for any ¢ € C([—r,0];RZ,),
¢ € C([-r,0];R%) such that the condition (K1) is subjected, we have -

Jim [|2(t; 4, ¢)| = 0 (5.22)

with

is the unique solution to the initial value problem (5.21). We will show that A+ B + E(I,, — D)~1C is Hurwitz.

Indeed, assume the assertion is false. Due to i |dij| <1, 1 <i<n,by Lemma 2.2, we see that (I, — D)~ =0
and thus E(I,, — D)~*C = 0. It, together Wiilzllthe assumption that A is Metzler, implies that A+ B + E(I,, —
D)~!C is also a Metzler matrix. According to Lemma 2.1, then
(A+ B+ E(I, —D)"'C) A= 0,VA = 0.
Choose and fix a positive vector \ € R’i and put & := (I, — D)"*C\. We define
I(t) =zt X,8) — A yt) ==yt A, 8) —¢

for all t > —r, where
. _ (=t A6)
25,0 = ( y(t:\,€) >

is the unique solution to the system (5.21) with the initial condition z(¢t; A\,§) = A and y(¢; A, &) = & on [—r,0].
Then, it is easy to see that Z(-),y(-) is the unique solution to the following system

CD§ x(t) = Az(t)+ Bz(t —71(t)) + Ey(t — m2(t)) + (A+ B+ E(I, —D)"'C) A\, t > 0
y(t) = CZ(t) + Dy(t — m3(t)), t > 0, (5.23)
Z(t) =0, y(t)=0, t e[-r0]
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On the other hand, since the system (5.23) is positive, we observe that
Z(t) = 0,y(t) = 0, Vt>0.
This implies that z(t; \,€) = X and y(¢; A, &) = £ for all ¢ > 0, which contradicts (5.22). Hence A + B + E(I,, —

D)~1C is Hurwitz.
Sufficiency: The proof is straightforward by applying Theorem 5.2. O

Corollary 5.6. Consider the system (5.21)

OD§ x(t) = Azx(t) + Bx(t — 11(t) + Ey(t — 72(t)), t € (0,00)
y(t) = Cx(t) + Dy(t — 73(t)), t € [0,00)

with the initial condition
) =)eR?
{x( ) e (5.24)

on [—r,0]. Suppose that the assumptions in Theorem 5.5 are true. Then,
Jim ®(#; A, &) =0,

where ®(-; A, &) is the unique solution to the system (5.21)—(5.24).

Proof. For each A € R, we can find AT, A~ such that A = A* + A7, where A*, =\~ € R% . Then, we see that
D3N, E) =P(5 AT ET) + (5 A7,67) on [—r,00), here T = (I, — D)"'CAT = 0 and & = (I, — D)"*CA~
0. Notice that ®(;A7,&7) = —®(;—A",—¢ ). Furthermore, by Theorem 5.5, lim; o, ®(t;AT,ET)
limy_ oo @(t; =A™, —&7) = 0. This leads to that lim; ., ®(¢; A, €) = 0.

[HRIPN

As an application of Corollary 5.6, we obtain a result on the smallest asymptotic bound of solutions to
mixed-order positive non-homogeneous linear delay coupled systems below.
Let the system (5.1)

“D§, x(t) = Ax(t) + Ba(t — 71(t)) + By(t — m(t)) + f(t), t € (0,00)
y(t) = Cxz(t) + Dy(t — 73(t)) + g(t), t € [0,00)

with the initial condition (5.2)
z(-) =v()
y() =)
on [—r,0], where ¢ : [-r,0] — Rim ¢ 1 [-7,0] = RL, are continuous and

CP(0) + Dep(—=73(0)) + 9(0) = ¢(0).

Theorem 5.7. Suppose that A is Metzler, B,C, D, E are nonnegative, A+ B + E(I,, — D)~'C is Hurwitz and
the following statements hold.

(i) The conditions (3.3)—(3.4) are satisfied.
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(ii) The matriz H = (hij)1<i<ni<j<d := (In — D)~1C satisfies that for each i = 1,n, there exists j = 1,d with

hij > 0.
Moreover, we assume that f € C([0,00);R,), g € C([0,00); RZ,), here supf(t) =: F < oo, supg(t) =: G < .
= = t>0 >0
Then,
sup limsup ®(t; ¢, @) = (¢*,y")"
feBC’([o,oo);R‘iO)(O;F) t—o0
IEBC([0,00)R1 ) (%)
in which * := —[A+ B+ E(I,, — D)"'C]7'[F + E(I, — D)~'G], y* = (I, — D)~ }(Cx* + G).

Proof. Let ®(;1,¢) = (z(

(z(51, ), y(-;9,¢))T be the solution to the system (5.1)~(5.2). Choose A € RZ such
that ¥(-) < X and () 2 & :=

(I, — D)"Y(CX + G). Put

——

s =
Il
>

('; )‘75) -
=958 —y*

on [—r,00). Here, (&(-; X, €),9(-; A, €))T is the unique solution to the following system

°D§ x(t) = Ax(t)+ Ba(t —n(t)) + By(t — m2(t)) + F, t € (0,00),
y(t) = Cxz(t)+ Dy(t — 3(t)) + G, t € [0, 00), (5.25)
x(t) =\ yt)=¢& te[-r0].

It is obvious that (z(+),#%(:))T is the unique solution to the system

OD§ x(t) = Ax(t) + Ba(t — 11(t)) + Ey(t — m2(t)), t € (0,00),
y(t) = Ca(t) + Dy(t — 73(1)), t € [0,00), (5.26)
ﬂf(t) :)‘71.*3 y(t):é.*y*a tE[*T,O].
Hence, by Corollary 5.6, we have
tlggoj(t) =0, tlggo y(t) =0.

It implies that
Jim @(t:0,6) =27, lim §(t;\,€) =y

On the other hand, by the comparison principle (see [14], Prop. 2), then on [—r, c0),

Thus,

sup limsup (9, ¢) = (z*,y*)".

feBC([O,oo);lR‘éO)(O;F)’ t—o0

9EBO([0,00)i81 ) ()

The proof is complete. O
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Remark 5.8. It is worth noting that if the condition (ii) in Theorem 5.7 does not occur, then we only have
the following weaker estimate

sup limsup ®(t; 9, ¢) < (z*,y*)".

[O,N);R‘io)(O:F)’ t—o0

9EBO([0,00)1k1 ) (D)

fEBC(

Remark 5.9. Our main contributions in this section are an improved version of those already in the literature.
In particular, they are generalized, strengthened, and corrected results for [41], Theorem 2, [43], Theorem 1 and
[44], Theorem 2.2. In addition, these results can also be considered as an extension of [40], Theorem 1 and [34],
Theorem 4 for the case of fractional-order derivatives.

Finally, we provide numerical examples to clarify the validity of the proposed theoretical results.

Example 5.10. Consider the delay coupled system

{0D3+x(t) = Az(t) + Ba(t — 11(t)) + Ey(t — (1)), t € (0, 0), (5.27)

y(t) :Cx(t)+Dy(t_T3(t))v te [0,00),

where & = (0.45,0.65,0.2),

—22 02 0.1 0.2 0.1 03 0.2 0.1
A=(03 -24 02 ]|,B=]02 02 01|, E=1{02 03],
05 02 -23 0.1 03 05 0.3 0.4

0.1 0.2 0.1 0.1 0.2
¢= (0.1 0.3 0.1) » D= (0.2 O.l) ’
and delays

1, 11 11,
= — = — — G = — — > .
m(t) =1+ 2tsm t, T2(t) 3 + 2t, T3(1) 5 + 2tcos t,t>0

It is clear that A is Metzler, B, C, D, E are nonnegative and A+ B+ E(I — D)~'C is Hurwitz. From Theorem 5.5,
this implies that the system (5.27) is globally attractive. In Figure 1, we depict the trajectory of a solution to
this system with the initial conditions ¢ = (0.3,0.2,0.8)%, ¢ = (I — D)~*C% =~ (0.2195,0.2377)” on the interval
[-1,0].

Example 5.11. Consider the system

y(t) = Cua(t) + Dy(t — m3(t)) + 9(¢), t € [0, (5.28)

“Dg a(t) = Ax(t) + Ba(t — (1) + Ey(t — 72(t)) + f(t), t € (0,00),
00),
where & = (0.5,0.7,0.3), A, B,C, D, E, 1 (t), 2(t), 73(t) are chosen as in Example 5.10, and

t 1
14127 ¢t

2 t sin?t.r T
f(t):(maej,m) ,g(t) = ( ), t>0.
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FIGURE 1. Trajectory of the solution to the system (5.27) with the initial conditions ¢ =
(0.3,0.2,0.8)T, ¢ ~ (0.2195,0.2377) on the interval [—1,0].
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FIGURE 2. Trajectories of the solution to the system (5.28) with the initial conditions ¢ =
(0.5,0.1,1.2)T ¢ ~ (0.2740,0.2831)T on [-1,0].

By Theorem 5.2, the system (5.28) is globally attractive. In Figure 2 below, a numerical simulation for the trajec-
tories of the solution with initial conditions ¢ = (0.5,0.1,1.2)T, ¢ = (I — D)~[Cy + ¢(0)] = (0.2740,0.2831)T
on [—1,0].

Example 5.12. Consider the system

CD§ x(t) = Ax(t)+ Ba(t —n(t)) + Ey(t — ==(t)) + f(t), t € (0,00), (5.20)
y(t) = Cux(t) + Dy(t — m3(t)) + g(t), t € [0,00) '

b

where & = (0.55,0.25),
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FIGURE 3. Orbits of various solutions to the system (5.29) and its smallest asymptotic bound.
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—22 0.2 0.2 0.1 0.2 05
A= (0.1 —1.4)’ b= (o.z 0.3)’ E= (0.2 0.3)’
04 0.2 0.2 0.5
¢= (o.z 0.3>’ b= (0.3 o.1>’

0.02 +0.01sint 0.1+ 0.1cost
t) = t) = t
f(t) < 0.1t ) 9(t) <0.1+0.25.2t+1)’

and delays

1, 13, 11,
= — = — e = — — > 0.
T(t) =1+ 2tsm t, T2(t) 5 + 10 ©°8 t, m3(t) 3 + 2tcos tt>0

It is clear that F' := sup,sq f(t) = (0.03,0.1)", G := sup,>,9(t) = (0.2,0.6)”. According to Theorem 5.7, of
solutions to the system (5.29) is

t*=—[A+B+E(I-D)'C]"Y(F+ E(I - D)"'G) ~ (4.0214, 3.6315)",
y* = (I — D) }(Cx* +G) ~ (6.1899, 4.8341)7.

In Figure 3, we give a numerical description of the orbits of solutions corresponding to various initial conditions
and the smallest asymptotic bound of solutions to this system.
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