
ESAIM: COCV 29 (2023) 25 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2023015 www.esaim-cocv.org

PROBABILISTIC REPRESENTATION OF VISCOSITY SOLUTIONS

TO QUASI-VARIATIONAL INEQUALITIES WITH NON-LOCAL

DRIVERS∗

Magnus Perninge**

Abstract. We consider quasi-variational inequalities (QVIs) with general non-local drivers and
related systems of reflected backward stochastic differential equations (BSDEs) in a Brownian filtration.
We show existence and uniqueness of viscosity solutions to the QVIs by first considering the standard
(local) setting and then applying a contraction argument. In addition, the contraction argument yields
existence and uniqueness of solutions to the related systems of reflected BSDEs and extends the theory
of probabilistic representations of PDEs in terms of BSDEs to our specific setting.
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1. Introduction

We consider existence and uniqueness of viscosity solutions to the quasi-variational inequality (QVI)


min{v(t, x)−Mv(t, x),−vt(t, x)− Lv(t, x)− f(t, x, v(t, ·), σ>(t, x)∇xv(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v(T, x) = ψ(x),

(1.1)

where for each (t, x, z) ∈ [0, T ] × Rn × Rd, the map g 7→ f(t, x, g, z) : C(Rn → R) → R is a functional,
Mv(t, x) := supb∈U{v(t,Γ(t, x, b))− `(t, x, b)} and

L :=

d∑
j=1

aj(t, x)
∂

∂xj
+

1

2

d∑
i,j=1

(σσ>(t, x))i,j
∂2

∂xi∂xj
(1.2)
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is the infinitesimal generator related to the SDE

Xt,x
s = x+

∫ s

t

a(r,Xt,x
r )dr +

∫ s

t

σ(r,Xt,x
r )dWr.

We take a probabilistic approach and extend the Feynman-Kac framework by relating solutions to (1.1) to those
of the system of reflected BSDEs

{
Y t,xs = ψ(Xt,x

T ) +
∫ T
s
f(r,Xt,x

r , Ȳ (r, ·), Zt,xr )dr −
∫ T
s
Zt,xr dWr +Kt,x

T −Kt,x
s , ∀s ∈ [t, T ],

Y t,xs ≥MȲ (s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,xs −MȲ (s,Xt,x
s ))dKt,x

s = 0,
(1.3)

where Ȳ is a continuous, deterministic function such that Ȳ (t, x) = Y t,xt , P-a.s.
It is well known that, under suitable conditions on the involved parameters, value functions to impulse control

problems (that are treated in e.g. [2, 3, 20, 24]) are solutions (in viscosity sense) to standard QVIs when the
driving noise process is a Brownian motion (see the seminal work in [1]) and to so called quasi-integrovariational
inequalities when the driving noise is a general Lévy process [22].

Our primary motivation for studying the QVIs of the more general type in (1.1) and the corresponding
systems of reflected BSDEs (1.3) is this close connection to stochastic impulse control that we exploit in the
case of a local driver f : [0, T ]× Rn × R× Rd → R as a means to derive an intermediate result. The non-local
component of the driver allow us to model situations where the running revenue depends on the total reward
in other states, for example by letting f(t, x, v, z) = f̃(t, x,Mv(t, x), z) for some f̃ : [0, T ]× Rn × R× Rd → R.
Moreover, existence and uniqueness of solutions to (1.3) appears to be a cornerstone in attempts to prove
existence of solutions to systems of doubly reflected BSDEs through penalization (see [9, 10] for a complete
result in a less general setup). Since the unique solution to the system of doubly reflected BSDEs in [10] appear
as the value function to a switching game1 in [15], it is natural to assume that our results can lead to an
extension of the theory of stochastic differential games of impulse control (see e.g. [7]). Given the generality
of our framework and in particulary the type of non-locality in our driver it is also plausible that our results
open up new perspectives for dealing with more general impulse control problems, for instance mean-field type
control problems involving impulses.

An alternative Feynman-Kac representation for solutions to standard QVIs was proposed in [20], where the
solution to a QVI is related to the minimal solution of a BSDE driven by a Brownian motion and a Poisson
random measure with a constraint on the jump component. It should be noted that a similar approach was taken
in [21] to derive a probabilistic representation for solutions to nonlinear integro-partial differential equations
(IPDEs) of Hamilton-Jacobi-Bellman type.

Systems of reflected BSDEs related to non-Markovian optimal switching problems were independently consid-
ered in [18, 19]. Based on a contraction argument, the authors of [5] later extended the existence and uniqueness
results for such systems of reflected BSDEs, removing certain monotonicity assumptions on the drivers. In the
Markovian framework, the corresponding Feynman-Kac representation was derived in [17] under a monotonicity
assumption on the driver and extended to the general setting in [16].

Despite the surge of interest in switching problems and the related systems of reflected BSDEs, for a long
while no work appeared that connected impulse control problems to reflected BSDEs. However, recently [23]
considered a sequential system of reflected BSDEs related to non-Markovian impulse control. The intermediate
result in the present work extends that of [23] in the Markovian framework and bridges the gap left in terms of
a probabilistic representation of the corresponding QVIs.

1An optimal switching problem is a type of impulse control problem where the operator of a system seeks to maximize the
revenue by switching between a set of operation modes (see [4] for a complete definition).
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As noted above, our intermediate step assumes that f is a local operator and seeks a solution to the system
of reflected BSDEs{

Y t,xs = ψ(Xt,x
T ) +

∫ T
s
f(r,Xt,x

r , Y t,xr , Zt,xr )dr −
∫ T
s
Zt,xr dWr +Kt,x

T −Kt,x
s , ∀s ∈ [t, T ],

Y t,xs ≥MȲ (s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,xs −MȲ (s,Xt,x
s ))dKt,x

s = 0.
(1.4)

Existence is achieved through a Picard iteration approach and uniqueness is shown by a verification argument,
relating a solution to (1.4) to the value function of a stochastic impulse control problem. Moreover, we show
that if (Y,Z,K) solves (1.4), letting v : [0, T ]×Rn → R be such that v(t, x) := Y t,xt , P-a.s., then v is a viscosity
solution to the QVI

min{v(t, x)−Mv(t, x),−vt(t, x)− Lv(t, x)− f(t, x, v(t, x), σ>(t, x)∇xv(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v(T, x) = ψ(x),

(1.5)

and (in an Appendix) we show uniqueness of solutions to (1.5). To extend these results to the non-local setting
we consider a sequence of interconnected quasi-variational inequalities

min{vk(t, x)−Mvk(t, x),−vkt (t, x)− Lvk(t, x)− f(t, x, vk−1(t, ·), σ(t, x)∇xvk(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd,
vk(T, x) = ψ(x),

(1.6)

with v0 ≡ 0 and find a norm under which the map Φ mapping vk to vk+1 is a contraction. A challenge that we
leave for future research is to use our representation to obtain numerical solutions to (1.1) (see [6] for a result
in the setting related to switching problems). This appears not to be straightforward as we need to deal with
the non-locality in the driver in a suitable way.

The remainder of the article is organised as follows. In the next section we set all required notations and state
the assumptions that hold throughout. In addition, we give some preliminary results that are repeatedly referred
to in the article. Then, in Section 3 we turn to the local setting before we, in the following section, derive the
complete result. Uniqueness of solutions to (1.5) appears rudimentary and resembles the corresponding results
in [17]. However, since our setting is fundamentally different and for the sake of completeness, a uniqueness
proof through viscosity comparison is included as an appendix.

2. Preliminaries

2.1. Notations

We let (Ω,F ,P) be a complete probability space on which lives a d-dimensional Brownian motion W . We
denote by F := (Ft)0≤t≤T the augmented natural filtration of W and for t ∈ [0, T ] we let Ft := (F ts)t≤s≤T denote
the augmented natural filtration generated by (Ws −Wt : t ≤ s ≤ T ).

Throughout, we will use the following notations, where n ≥ 1 is the dimension of the state-space:

– We let Πg denote the set of all functions ϕ : [0, T ]×Rn → R that are of polynomial growth in x, i.e. there
are constants C, ρ > 0 such that |ϕ(t, x)| ≤ C(1 + |x|ρ) for all (t, x) ∈ [0, T ]×Rn, and let Πg

c be the subset
of jointly continuous functions.

– For p ≥ 1 and t ∈ [0, T ], we let Spcag,t be the set of all R-valued, Ft-progressively measurable càglàd pro-

cesses (Zs : s ∈ [t, T ]) such that ‖Z‖Spt := E
[

sups∈[t,T ] |Zs|p
]
<∞. Moreover, we let Spt be the subset of

continuous processes and Spt,i be the subset of continuous and non-decreasing processes with Zt = 0.



4 M. PERNINGE

– We let Hpt denote the set of all Rd-valued Ft-progressively measurable processes (Zs : s ∈ [t, T ]) such that

‖Z‖Hpt := E
[( ∫ T

t
|Zs|2ds

)p/2]1/p
<∞.

– We let Sp be the set of all maps Z : ∪t∈[0,T ][t, T ] × Ω × {t} × Rn → R : (s, ω, t, x) 7→ Zt,xs (ω) such that

Zt,x ∈ Spt and there is a v ∈ Πg
c such that v(t, x) = Zt,xt , P-a.s., for all (t, x) ∈ [0, T ]×Rn. Moreover, given

Z ∈ Sp, we let Z̄ denote this deterministic function, so that Z̄(t, x) = v(t, x) for all (t, x) ∈ [0, T ]× Rn.
– We let Sp

i be the subset of Sp with all maps Z such that Zt,x ∈ Spt,i.
– We let Hp denote the set of all maps Z : ∪t∈[0,T ][t, T ] × Ω × {t} × Rn → R : (s, ω, t, x) 7→ Zt,xs (ω) such

that Zt,x ∈ Hpt .
– We let T be the set of all F-stopping times and for each η ∈ T we let Tη be the subset of stopping times
τ such that τ ≥ η, P-a.s.

– For t ∈ [0, T ], we let Ut be the set of all u = (τj , βj)1≤j≤NuT , where (τj)
∞
j=1 is a non-decreasing sequence

of Ft-stopping times in Tt, βj is a F tτj -measurable r.v. taking values in the compact set U and Nu
T :=

max{j : τj < T}, such that Ξt,x;u
T ∈ L2(Ω,F tT ,P), where Ξt,x;u

T is the total cost of impulses (see (3.5)).
– For u ∈ U , we let [u]j := (τi, βi)1≤i≤NuT∧j .

– For t ∈ [0, T ], we let At denote the set of all [−1, 1]d-valued, Ft-progressively measurable processes (αs :
t ≤ s ≤ T ) and set A := A0.

– For t ∈ [0, T ], we define the composition ⊕t of α1 ∈ A and α2 ∈ At as (α1 ⊕t α2)s := 1[0,t)(s)α
1
s +

1[t,T ](s)α
2
s.

We also mention that, unless otherwise specified, all inequalities between random variables are to be
interpreted in the P-a.s. sense.

2.2. Assumptions

Throughout, we make the following assumptions on the parameters in the reward functional where ρ > 0 is
a fixed constant.

Assumption 2.1. i) We assume that f : [0, T ] × Rn × C(Rn → R) × Rd → R is such that for v ∈ Πg
c , the

map (t, x) 7→ f(t, x, v(t, ·), z) is jointly continuous, uniformly in z, f is of polynomial growth in x, i.e. there
is a Cf > 0 such that

|f(t, x, 0, 0)| ≤ Cf (1 + |x|ρ)

and that there are constants kf ,KΓ > 0 such that for any t ∈ [0, T ], x ∈ Rn, g, g̃ ∈ C(Rn → R) and z, z̃ ∈ Rd
we have

|f(t, x, g̃, z̃)− f(t, x, g, z)| ≤ kf ( sup
x′∈Λ(|x|)

|g̃(x′)− g(x)|+ |z̃ − z|),

where for each γ ∈ R+, Λ(γ) := {x ∈ Rn : ‖x‖ ≤ γ ∨KΓ} is the closed ball of radius γ ∨KΓ centered at
the origin.

ii) The terminal reward ψ : Rn → R is continuous and satisfies the growth condition

|ψ(x)| ≤ Cψ(1 + |x|ρ)

for some Cψ > 0.
iii) The intervention cost ` : [0, T ] × Rn × U → R+ is jointly continuous, of polynomial growth and bounded

from below, i.e.

`(t, x, b) ≥ δ > 0,
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iv) For each (x, b) ∈ Rn × U we have

ψ(x) > ψ(Γ(T, x, b))− `(t, x, b).

Moreover, we make the following assumptions on the coefficients of the forward SDE (and its impulsively
controlled counterpart in Sect. 3).

Assumption 2.2. For any t ∈ [0, T ], b ∈ U and x, x′ ∈ Rn we have:

i) The function Γ : [0, T ]× Rn × U → Rn is jointly continuous and satisfies the growth condition

|Γ(t, x, b)| ≤ KΓ ∨ |x|. (2.1)

ii) The coefficients a : [0, T ] × Rn → Rn and σ : [0, T ] × Rn → Rn×d are jointly continuous and satisfy the
growth conditions

|a(t, x)|+ |σ(t, x)| ≤ Ca,σ(1 + |x|),

for some Ca,σ > 0 and the Lipschitz continuity

|a(t, x)− a(t, x′)|+ |σ(t, x)− σ(t, x′)| ≤ ka,σ|x′ − x|,

for some ka,σ > 0.

2.3. Viscosity solutions

We define the upper, v∗, and lower, v∗ semi-continuous envelope of a function v as

v∗(t, x) := lim sup
(t′,x′)→(t,x), t′<T

v(t′, x′) and v∗(t, x) := lim inf
(t′,x′)→(t,x), t′<T

v(t′, x′)

Next we introduce the notion of a viscosity solution using the limiting parabolic superjet J̄+v and subjet J̄−v
of a function v.

Definition 2.3. Subjets and superjets

i) For a lsc (resp. usc) function u : [0, T ] × Rn → R, the parabolic subjet, denote by J−u(t, x), (resp. the
parabolic superjet, J+u(t, x)) of u at (t, x) ∈ [0, T ] × Rn, is defined as the set of triples (p, q,M) ∈ R ×
Rn × Sn satisfying

u(t′, x′) ≥ (resp. ≤) u(t, x) + p(t′ − t)+ < q, x′ − x > + 1
2 < x′ − x,M(x′ − x) > +o(|t′ − t|+ |x′ − x|2)

for all (t′, x′) ∈ [0, T ]× Rn, where Sn is the set of symmetric real matrices of dimension n× n.
ii) For a lsc (resp. usc) function u : [0, T ] × Rn → R we denote by J̄−u(t, x) the parabolic limiting subjet

(resp. J̄+u(t, x) the parabolic limiting superjet) of u at (t, x) ∈ [0, T ] × Rn, defined as the set of triples
(p, q,M) ∈ R× Rn × Sn such that:

(p, q,M) = lim
n→∞

(pn, qn,Mn), (t, x) = lim
n→∞

(tn, xn)

for some sequence (tn, xn, pn, qn,Mn)n≥1 with (pn, qn,Mn) ∈ J−u(tn, xn) (resp. (pn, qn,Mn) ∈ J+u(tn, xn))
for all n ≥ 1 and u(t, x) = limn→∞ u(tn, xn).

We now give the definition of a viscosity solution for the QVI in (1.1). (see also pp. 9-10 of [8]).
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Definition 2.4. Let v be a locally bounded function from [0, T ]× Rn to R. Then,

a) It is referred to as a viscosity supersolution (resp. subsolution) to (1.1) if it is l.s.c. (resp u.s.c.) and satisfies:
i) v(T, x) ≥ ψ(x) (resp. v(T, x) ≤ ψ(x))

ii) For any (t, x) ∈ [0, T )× Rd and (p, q,X) ∈ J̄−v(t, x) (resp. J̄+v(t, x)) we have

min
{
v(t, x)−Mv(t, x),−p− f(t, x, v(t, ·), q,X, a)

}
≥ 0

(resp.

min
{
v(t, x)−Mv(t, x),−p− f(t, x, v(t, ·), q,X, a)

}
≤ 0).

b) It is called a viscosity solution to (1.1) if v∗ is a supersolution and v∗ is a subsolution.

We will sometimes use the following alternative definition of viscosity supersolutions (resp. subsolutions).

Definition 2.5. A l.s.c. (resp. u.s.c.) function v is a viscosity supersolution (subsolution) to (1.1) if v(T, x) ≤
ψ(x) (resp. ≥ ψ(x)) and whenever ϕ ∈ C1,2([0, T ]×Rd → R) is such that ϕ(t, x) = v(t, x) and ϕ− v has a local
maximum (resp. minimum) at (t, x), then

min
{
v(t, x)−Mv(t, x),−ϕt(t, x)− f(t, x, v(t, ·), Dϕ(t, x), D2ϕ(t, x), a)

}
≥ 0 (≤ 0).

2.4. Reflected BSDEs and obstacle problems

We will make extensive use of the following classical result.

Theorem 2.6. (El Karoui et al. [13]) Let h : [0, T ]× Rn → R and ψ : Rn → R be (jointly) continuous and of
polynomial growth with h(T, x) ≤ Ψ(x) for all x ∈ Rn and assume that f : [0, T ]×Rn×R×Rd → R ((t, x, y, z) 7→
f(t, x, y, z)) is jointly continuous in (t, x) uniformly in (y, z), Lipschitz continuous in (z, y) uniformly in (t, x)
and such that f(·, ·, 0, 0) ∈ Πg. Then, for each (t, x) ∈ [0, T ] × Rn, there is a unique triple (Y t,x, Zt,x,Kt,x) ∈
S2
t ×H2

t × S2
t,i such that{
Y t,xs = ψ(Xt,x

T ) +
∫ T
s
f(r,Xt,x

r , Y t,xr , Zt,xr )dr −
∫ T
s
Zt,xr dWr +Kt,x

T −Kt,x
s , ∀s ∈ [t, T ],

Y t,xs ≥ h(s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,xs − h(s,Xt,x
s ))dKt,x

s = 0.
(2.2)

Moreover, there is a v ∈ Πg
c such that Y t,xs = v(s,Xt,x

s ), P-a.s. for all s ∈ [t, T ], and v is the unique viscosity
solution in Πg to the following obstacle problem

min{v(t, x)− h(t, x),−vt(t, x)− Lv(t, x)− f(t, x, v(t, x), σ>(t, x)∇xv(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v(T, x) = ψ(x).

(2.3)

Furthermore, there is a constant2 C > 0 (that only depends on the Lipschitz constants of the coefficients) such
that

‖Y t,x‖2S2
t

+ ‖Zt,x‖2H2
t

+ ‖Kt,x‖2S2
t
≤ CE

[
|ψ(Xt,x

T )|2 +

∫ T

t

|f(s,Xt,x
s , 0, 0)|2ds+ sup

s∈[t,T ]

|(h(s,Xt,x
s )+|2

]
. (2.4)

2Throughout, C will denote a generic positive constant that may change value from line to line.
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In addition, Y can be interpreted as the Snell envelope in the following way

Y t,xs = ess sup
τ∈Ts

E
[ ∫ τ

s

f(r, Y t,xr , Zt,xr )dr + h(τ,Xt,x
τ )1[τ<T ] + ψ(Xt,x

T )1[τ=T ]

∣∣∣F ts]

and with Dt,x
s := inf{r ≥ s : Y t,xr = h(r,Xt,x

r )} ∧ T we have the representation

Ys = E
[ ∫ Dt,xs

s

f(r,Xt,x
r , Y t,xr , Zt,xr )dr + h(Dt,x

s , Xt,x

Dt,xs
)1[Dt,xs <T ] + ψ(Xt,x

T )1[Dt,xs =T ]

∣∣∣F ts]

and Kt,x

Dt,xs
−Kt,x

s = 0, P-a.s.

Finally, if (Ỹ , Z̃, K̃) is the solution to the reflected BSDE with parameters (ψ̃, f̃ , h̃), then

‖Ỹ t̃,x̃·∨t̃ − Y
t,x
·∨t ‖2S2 + ‖1[t̃,T ]Z̃

t̃,x̃ − 1[t,T ]Z
t,x‖2H2 + ‖K̃ t̃,x̃

·∨t̃ −K
t,x
·∨t‖2S2 ≤ C(‖h̃(· ∨ t̃, X t̃,x̃

·∨t̃)− h(· ∨ t,Xt,x

·∨t̃)‖S2Ψ
1/2
T

+ E
[
|ψ̃(X t̃,x̃

T )− ψ(Xt,x
T )|2 +

∫ T

0

|1[t̃,T ](s)f̃(s,X t̃,x̃
s , Ys, Zs)− 1[t,T ](s)f(s,Xt,x

s , Ys, Zs)|2ds
]
), (2.5)

where

ΨT := E
[
|ψ̃(X t̃,x̃

T )|2 + |ψ(Xt,x
T )|2 +

∫ T

t̃

|f̃(s,X t̃,x̃
s , 0, 0)|2ds+

∫ T

t

|f(s,Xt,x
s , 0, 0)|2ds

+ sup
s∈[t̃,T ]

|(h̃(s,Xt,x
s ))+|2 + sup

s∈[t,T ]

|(h(s,Xt,x
s ))+|2

]
.

3. The case of a local driver and the corresponding impulse
control problem

In this section we consider a simplified setting in which f is a function f : [0, T ]×Rn×R×Rd → R satisfying
the requirements in the statement of Theorem 2.6. We show that in this case we can relate the solution to the
BSDE to an impulse control problem. We recall the system of reflected BSDEs from the introduction{

Y t,xs = ψ(Xt,x
T ) +

∫ T
s
f(r,Xt,x

r , Y t,xr , Zt,xr )dr −
∫ T
s
Zt,xr dWr +Kt,x

T −Kt,x
s , ∀s ∈ [t, T ],

Y t,xs ≥MȲ (s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,xs −MȲ (s,Xt,x
s ))dKt,x

s = 0,
(3.1)

where Ȳ (t, x) := Y t,xt for all (t, x) ∈ [0, T ]× Rn. For (t, x) ∈ [0, T ]× Rn and u ∈ Ut (recall that Ut is the set of
all Ft-adapted impulse controls u := (τj , βj)

∞
j=1 with τ1 ≥ t, P-a.s.) we let the càdlàg process Xt,x;u solve the

impulsively controlled SDE

Xt,x;u
s = x+

∫ s

t

a(r,Xt,x;u
r )dr +

∫ s

t

σ(r,Xt,x;u
r )dWr (3.2)

for s ∈ [t, τ1) and

Xt,x;u
s = Γ(τj , X

t,x;[u]j−1
τj , βj) +

∫ s

τj

a(r,Xt,x;u
r )dr +

∫ s

τj

σ(r,Xt,x;u
r )dWr, (3.3)



8 M. PERNINGE

whenever s ∈ [τj , τj+1) for j = 1, . . . , Nu
T − 1 and s ∈ [τNuT , T ] when j = Nu

T . Moreover, we let the pair

(P t,x;u, Qt,x;u) ∈ S2
cag,t ×H2

t be the unique solution to the non-standard BSDE

P t,x;u
s = ψ(Xt,x;u

T ) +

∫ T

s

f(r,Xt,x;u
r , P t,x;u

r , Qt,x;u
r )dr −

∫ T

s

Qt,x;u
r dWr − Ξt,x;u

T + Ξt,x;u
s , (3.4)

where the impulse cost process Ξ is defined as

Ξt,x;u
s :=

NuT∑
j=1

1[τj<s]`(τj , X
t,x;[u]j−1
τj , βj). (3.5)

Remark 3.1. Since we require that Ξt,x;u
T is square-integrable for all u ∈ U and ` ≥ δ > 0, it follows that Nu

T

is P-a.s. finite implying by standard arguments that the forward SDE (3.2)–(3.3) admits a unique solution for
each (t, x) ∈ [0, T ]× Rn and u ∈ Ut.

We then introduce the following impulse control problem:

Problem 1. For (t, x) ∈ [0, T ]× Rn, find u∗ ∈ Ut such that

P t,x;u∗

t = sup
u∈Ut

P t,x;u
t .

The main result of this section is the following:

Theorem 3.2. There exists a unique solution (Y,Z,K) ∈ S2 × H2 ×S2
i to (3.1). Moreover, there is a v ∈ Πg

c

such that v(t, x) = Y t,xt , P-a.s., and v is the unique viscosity solution in Πg to
min{v(t, x)−Mv(t, x),−vt(t, x)− Lv(t, x)− f(t, x, v(t, x), σ>(t, x)∇xv(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v(T, x) = ψ(x).

(3.6)

Finally, we have the representation

Y t,xt = ess sup
u∈Ut

P t,x;u
t = P t,x;u∗

t , (3.7)

where u∗ = (τ∗j , β
∗
j )
Nu
∗
T

j=1 ∈ Ut is defined as:

– τ∗j := inf
{
s ≥ τ∗j−1 : v(s,X

t,x;[u∗]j−1
s ) =Mv(s,X

t,x;[u∗]j−1
s )

}
∧ T ,

– β∗j ∈ arg maxb∈U{v(τ∗j ,Γ(τ∗j , X
t,x;[u∗]j−1

τ∗j
, b))− `(τ∗j , X

t,x;[u∗]j−1

τ∗j
, b)}

and Nu∗

T = sup{j : τ∗j < T}, with τ∗0 := t.

Since the uniqueness of solutions to (3.6) is rather standard we postpone the proof to the appendix. The
proof of the existence part is based on an approximating scheme given in the following subsection.
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3.1. An approximating scheme

The existence part of the proof of Theorem 3.2 is based on an approximation routine where we restrict the
number of allowed interventions. We introduce the following sequence of reflected BSDEs{

Y t,x,ks = ψ(Xt,x
T ) +

∫ T
s
f(r,Xt,x

r , Y t,x,kr , Zt,x,kr )dr −
∫ T
s
Zt,x,kr dWr +Kt,x,k

T −Kt,x,k
s , ∀s ∈ [t, T ],

Y t,x,ks ≥MȲ k−1(s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,x,ks −MȲ k−1(s,Xt,x
s ))dKt,x,k

s = 0
(3.8)

and

Y t,x,0s = ψ(Xt,x
T ) +

∫ T

s

f(r,Xt,x
r , Y t,x,0r , Zt,x,0r )dr −

∫ T

s

Zt,x,0r dWr, ∀s ∈ [t, T ]. (3.9)

We will relate the solution of these BSDEs to a sequence of impulse control problems, defined for k ≥ 1:

Problem 1.k For (t, x) ∈ [0, T ]× Rn, find u∗,k ∈ Ukt such that

P t,x;u∗,k

t = sup
u∈Uks

P t,x;u
t .

We also make use of the following lemma which is given without proof as it follows immediately from the
definitions:

Lemma 3.3. Let u, v : [0, T ]×Rn → R be locally bounded functions. M is monotone (if u ≤ v pointwise, then
Mu ≤Mv). Moreover, M(u∗) (resp. M(u∗)) is l.s.c. (resp. u.s.c.).

In particular, it follows that Mv is jointly continuous whenever v is.

Using Theorem 2.6 and the previous lemma we get the following intermediate result:

Proposition 3.4. The system (3.8)–(3.9) admits a unique solution and there is a vk ∈ Πg
c such that

vk(t, x) = Y t,x,kt = sup
u∈Ukt

P t,x;u
t , (3.10)

P-a.s., for each (t, x) ∈ [0, T ]× Rn and k ≥ 0. Moreover, an optimal control u∗,k ∈ Ukt for (3.10) exists.

Proof. First note that classically (3.9) admits a unique solution (Y t,x,0, Zt,x,0) and that there is a v0 ∈ Πg
c

such that Y t,x,0s = v0(s,Xt,x
s ), P-a.s. for all s ∈ [t, T ]. Then, since (t, x) 7→ Mg(t, x) ∈ Πg

c whenever g ∈ Πg
c by

Lemma 3.3 it follows that Mv0 ∈ Πg
c . On the other hand, by definition

MȲ 0(s,Xt,x
s ) =Mv0(s,Xt,x

s ), ∀s ∈ [t, T ], P-a.s.

and we conclude by Theorem 2.6 that (3.8) admits a unique solution for k = 1 with v1 := Ȳ 1 ∈ Πg
c . Repeating

this argument gives that (3.8) admits a unique solution for arbitrary k with vk := Ȳ k ∈ Πg
c .

For the representation, given (t, x) ∈ [0, T ) × Rn we will use an inductive procedure to construct a control

u∗,k such that Y t,x,kt = P t,x;u∗,k

t and then establish (3.10) by showing that u∗,k solves Problem 1.k. We thus

pick (t, x) ∈ [0, T )× Rn and define u∗,k = (τ∗j , β
∗
j )
Nu
∗,k
T

j=1 ∈ Ukt as:

– τ∗j := inf
{
s ≥ τ∗j−1 : vk+1−j(s,X

t,x;[u∗,k]j−1
s ) =Mvk−j(s,X

t,x;[u∗,k]j−1
s )

}
∧ T ,
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– β∗j ∈ arg maxb∈U{vk−j(τ∗j ,Γ(τ∗j , X
t,x;[u∗,k]j−1

τ∗j
, b))− `(τ∗j , X

t,x;[u∗,k]j−1

τ∗j
, b)}

for j = 1, . . . , k, and Nu∗,k

T := max{j ∈ {0, . . . , k} : τ∗j < T}, with τ∗0 := t. Then, Kt,x
τ∗1
−Kt,x

t = 0, P-a.s., and

we find that

Y t,x,ks = 1[τ∗1<T ]Mvk−1(τ∗1 , X
t,x
τ∗1

) + 1[τ∗1 =T ]ψ(Xt,x
T ) +

∫ τ∗1

s

f(r,Xt,x
r , Y t,x,kr , Zt,x,kr )dr −

∫ τ∗1

s

Zt,x,kr dWr

= 1[τ∗1<T ]{vk−1(τ∗1 , X
t,x;[u∗,k]1
τ∗1

)− `(τ∗1 , X
t,x
τ∗1
, β∗1)}+ 1[τ∗1 =T ]ψ(Xt,x

T )

+

∫ τ∗1

s

f(r,Xt,x
r , Y t,x,kr , Zt,x,kr )dr −

∫ τ∗1

s

Zt,x,kr dWr

for all s ∈ [t, τ∗1 ]. To simplify notation later we let (Y0,Z0) := (Y t,x, Zt,x). Similarly, for each j ∈ {1, . . . , k− 1},
Theorem 5.2 of [13] implies that there is a unique triple (Yj ,Zj ,Kj) ∈ S2

t ×H2
t × S2

t,i that solves the reflected
bsde {

Yjs = ψ(X
t,x;[u∗,k]j
T ) +

∫ T
s
f
(
r,X

t,x;[u∗,k]j
r ,Yj ,Zjr

)
dr −

∫ T
s
ZjrdWr +KjT −Kjs, ∀s ∈ [t, T ],

Yjs ≥Mvk−j−1(s,X
t,x;[u∗,k]j
s ), ∀s ∈ [t, T ] and

∫ T
t

(Yjs −Mvk−j−1(s,X
t,x;[u∗,k]j
s ))dKjs = 0

and continuity together with an approximation of Xt,x;[u∗,k]j and the stability result for reflected BSDEs in

Proposition 3.6 of [13] implies that Yjs = vk−j(s,X
t,x;[u∗,k]j
s ), P-a.s., for each s ∈ [τ∗j , T ]. Moreover, the proof of

Proposition 2.3 in [13] gives that Kjτ∗j+1
−Kjτ∗j = 0, P-a.s. and we conclude that

Yjs = 1[τ∗j+1<T ]{vk−j−1(τ∗j+1, X
t,x;[u∗,k]j+1

τ∗j+1
)− `(τ∗j+1, X

t,x;[u∗,k]j
τ∗j+1

, β∗j+1)}+ 1[τ∗j+1=T ]ψ(Xt,x;u∗,k

T )

+

∫ τ∗j+1

s

f(r,Xt,x
r ,Yjr ,Zjr )dr −

∫ τ∗j+1

s

ZjrdWr

for all s ∈ [τ∗j , τ
∗
j+1]. Finally, letting (Yk,Zk) be the unique solution to the standard BSDE

Yks = ψ(Xt,x;u∗,k

T ) +

∫ T

s

f(r,Xt,x
r ,Ykr ,Zkr )dr −

∫ T

s

Zkr dWr

we get that Ykτ∗k = v0(τ∗k , X
t,x;u∗,k

τ∗k
), P-a.s. and we conclude that the pair (Y,Z) defined as Y := 1[t,τ∗1 ]Y0 +∑k

j=1 1(τ∗j ,τ
∗
j+1]Yj and Z :=

∑k
j=0 1(τ∗j ,τ

∗
j+1]Zj belongs to S2

t ×H2
t and satisfies

Ys = ψ(Xt,x;u∗,k

T ) +

∫ T

s

f
(
r,Xt,x;u∗,k

r ,Yr,Zr
)
dr −

∫ T

s

ZrdWr −
Nu
∗,k
T∑
j=1

1[s≤τ∗j ]`(τ
∗
j , X

t,x;[u∗,k]j−1

τ∗j
, β∗j ), ∀s ∈ [t, T ].

By uniqueness of solutions to (3.4) and since Y0
t = Y t,x,kt , we thus conclude that vk(t, x) = Y t,x,kt = P t,x;u∗,k

t .
Now, suppose that û ∈ Ukt is another impulse control, then

Y t,x,ks = 1[τ̂1<T ]{vk−1(τ̂1,Γ(τ̂1, X
t,x
τ̂1

))− `(τ̂1, Xt,x
τ̂1
, β̂1)}+ 1[τ̂1=T ]ψ(Xt,x

T )

+

∫ τ̂1

s

f(r,Xt,x
r , Y t,x,kr , Zt,x,kr )dr −

∫ τ̂1

s

Zt,x,kr dWr +Kt,x,k
τ̂1

−Kt,x,k
s
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for all s ∈ [t, τ̂1]. Arguing as above gives that there is a sequence (Ŷj , Ẑj , K̂j)kj=0 ⊂ S2 × H2 × S2
i such that

letting Ŷ := 1[t,τ̂1]Ŷ0 +
∑k
j=0 1(τ̂j ,τ̂j+1]Ŷj , Z :=

∑k
j=0 1(τ̂j ,τ̂j+1]Ẑj and K̂s :=

∑k
j=0 1[τ̂j<s]{K̂

j
s∧τ̂j+1

−K̂jτ̂j}, with

τ̂0 := t, implies that (Ŷ, Ẑ, K̂) ⊂ S2
cag,t ×H2

t × S2
i,t satisfies

Ŷs = ψ(Xt,x;û
T ) +

∫ T

s

f
(
r,Xt,x;û

r , Ŷr, Ẑr
)
dr −

∫ T

s

ẐrdWr −
N ûT∑
j=1

1[s≤τ̂j ]`(τ̂j , X
t,x;[û]j−1

τ̂j
, β̂j)

+ K̂T − K̂s, ∀s ∈ [t, T ]

and Ŷt = Y t,x,kt . Now, comparison gives that P t,x;û
t ≤ Ŷt and we conclude that P t,x;û

t ≤ Y t,x,kt .

Before we proceed to give the proof of Theorem 3.2 we need some preliminary estimates, which we give in
the following subsection.

3.2. Some preliminary estimates

Proposition 3.5. For each p ≥ 1, there is a C > 0 such that

E
[

sup
s∈[ζ,T ]

|Xt,x;u
s |p

∣∣∣F tζ] ≤ C(1 + |Xt,x;u
ζ |p), (3.11)

P-a.s. for all (t, x) ∈ [0, T ]× Rn and (ζ, u) ∈ [t, T ]× Ut.

Proof. We use the shorthand Xj := Xt,x;[u]j . By Assumption 2.2.(i) we get for s ∈ [τj , T ], using integration by
parts, that

|Xj
s |2 = |Xj

ζ∨τj |
2 + 2

∫ s

(ζ∨τj)+
Xj
rdXj

r +

∫ s

(ζ∨τj)+
d[Xj , Xj ]r

≤ K2
Γ ∨ |X

j−1
ζ∨τj |

2 + 2

∫ s

(ζ∨τj)+
Xj
rdXj

r +

∫ s

(ζ∨τj)+
d[Xj , Xj ]r.

Now, either |Xj−1
τj | ≤ KΓ in which case

|Xj
s |2 ≤ |X

j
ζ |

2 ∨K2
Γ + 2

∫ s

(ζ∨τj)+
Xj
rdXj

r +

∫ s

(ζ∨τj)+
d[Xj , Xj ]r.

or |Xj−1
τj | > KΓ implying that

|Xj
s |2 ≤ K2

Γ ∨ |X
j−2
ζ∨τj−1

|2 + 2

∫ τj

(ζ∨τj−1)+

Xj−1
r dXj−1

r +

∫ τj

(ζ∨τj−1)+

d[Xj−1, Xj−1]r

+ 2

∫ s

(ζ∨τj)+
Xj
rdXj

r +

∫ s

(ζ∨τj)+
d[Xj , Xj ]r.

In the latter case the same argument can be repeated and we conclude that

|Xj
s |2 ≤ |X

j
ζ |

2 ∨K2
Γ +

j∑
i=j0

{
2

∫ s∧τ̃i+1

(ζ∨τ̃i)+
Xi
rdX

i
r +

∫ s∧τ̃i+1

(ζ∨τ̃i)+
d[Xi, Xi]r

}
, (3.12)
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where τ̃0 = −1, τ̃i = τi for i = 1, . . . , j and τ̃j+1 =∞ and j0 := max{i ∈ {1, . . . , j} : |Xi−1
τi | ≤ KΓ} ∨ 0.

Now, since Xi and Xj coincide on [0, τi+1∧j+1) we have

j∑
i=j0

∫ s∧τ̃i+1

(ζ∨τ̃i)+
Xi
rdX

i
r =

∫ s

ζ∨τj0
Xj
ra(r,Xj

r )dr +

∫ s

ζ∨τj0
Xj
rσ(r,Xj

r )dWr,

and

j∑
i=j0

∫ s∧τ̃i+1

(ζ∨τ̃i)+
d[Xi, Xi]r =

∫ s

ζ∨τj0
σ2(r,Xj

r )dr.

Inserted in (3.12) this that

|Xj
s |2 ≤ |X

j
ζ |

2 ∨K2
Γ +

∫ s

τj0

(2Xj
sa(r,Xj

r ) + σ2(r,Xj
r ))dr + 2

∫ s

τj0

Xj
rσ(r,Xj

r )dWr

≤ |Xj
ζ |

2 + C
(

1 +

∫ s

ζ

|Xj
r |2dr + sup

η∈[ζ,s]

∣∣∣ ∫ η

ζ

Xj
rσ(r,Xj

r )dWr

∣∣∣) (3.13)

for all s ∈ [ζ, T ]. The Burkholder-Davis-Gundy inequality combined with Grönwall’s lemma gives that for p ≥ 4,

E
[

sup
s∈[ζ,T ]

|Xj
s |p
∣∣∣F tζ] ≤ C(1 + |Xj

ζ |
p),

P-a.s., where the constant C = C(T, p) does not depend on u or j and (3.11) follows by letting j →∞ on both
sides and using Fatou’s lemma. The result for general p ≥ 1 follows by Jensen’s inequality.

For (t, x) ∈ [0, T ] × Rn and u ∈ Ut we let (P̌ t,x;u, Q̌t,x;u) be the unique solution to the following standard
BSDE

P̌ t,x;u
s = ψ(Xt,x;u

T ) +

∫ T

s

f(r,Xt,x;u
r , P̌ t,x;u

r , Q̌t,x;u
r )dr −

∫ T

s

Q̌t,x;u
r dWr. (3.14)

Combining classical results (see e.g. [14]) with Proposition 3.5, we have

E
[

sup
s∈[t,T ]

|P̌ t,x;u
s |2 +

∫ T

t

|Q̌t,x;u
s |2ds

]
≤ CE

[
|ψ(Xt,x;u

T )|2 +

∫ T

t

|f(r,Xt,x;u
r , 0, 0)|2dr

]
≤ C(1 + |x|2ρ), (3.15)

for all u ∈ Ut.
Using the comparison principle we easily deduce the following moment estimates:

Proposition 3.6. We have,

| sup
u∈Ut

P t,x;u
t | ≤ C(1 + |x|ρ) (3.16)
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and for each k ≥ 0, there is a C > 0 such that

E
[

sup
s∈[t,T ]

|P t,x;u
s |2 +

∫ T

t

|Qt,x;u
s |2ds

]
≤ C(1 + |x|2ρ), (3.17)

P-a.s. for all (t, x) ∈ [0, T ]× Rn and u ∈ Ukt .

Proof. The first statement follows by repeated application of the comparison principle which gives that P̌ t,x;∅
t ≤

supu∈Ut P
t,x;u
t ≤ supu∈Ut P̌

t,x;u
t and using (3.15).

The second statement follows by noting that for fixed k ≥ 0, there is a C > 0 such that

E[|Ξt,x;u
T |2] ≤ C(1 + E[ sup

s∈[t,T ]

|Xt,x;u
s |2ρ]) ≤ C(1 + |x|2ρ)

for all u ∈ Ukt .

In the following lemma we use the above estimates to derive a bound on the expected number of interventions
in an optimal control for Problem 1.k. This bound plays an important role in the convergence analysis employed
later on.

Lemma 3.7. There is a C > 0 such that whenever u∗,k is an optimal control to Problem 1.k for some k ≥ 0,

then E[Nu∗,k

T ] ≤ C(1 + |x|ρ).

Proof. To simplify notation we let (X,P,Q) := (Xt,x;u∗,k , P t,x;u∗,k , Qt,x;u∗,k) and Xj = Xt,x;[u∗,k]j and get that

Ps = ψ(XT ) +

∫ T

s

f(r,Xr, Pr, Qr)dr −
∫ T

s

QrdWr −
∑
τj≥s

`(τ∗j , X
j−1
τ∗j

, β∗j ).

Letting

ζ1(s) :=
f(s,Xs, Ps, Qs)− f(s,Xs, 0, Qs)

Ps
1[Ps 6=0]

and

ζ2(s) :=
f(s,Xs, 0, Qs)− f(s,Xs, 0, 0)

|Qs|2
(Qs)

>

we have by the Lipschitz continuity of f that |ζ1(s)| ∨ |ζ2(s)| ≤ kf . Using Ito’s formula we find that

Ps = Rs,Tψ(XT ) +

∫ T

s

Rs,rf(r,Xr, 0, 0)dr −
∫ T

s

Rs,rQrdWr −
Nu
∗,k
T∑
j=1

Rs,τ∗j 1[τ∗j ≥s]`(τ
∗
j , X

j−1
τ∗j

, β∗j )

with Rs,r := e
∫ r
s

(ζ1(v)− 1
2 |ζ2(v)|2)dv+ 1

2

∫ r
s
ζ2(v)dWv . Since the intervention costs are positive, taking the conditional

expectation on both sides and using Proposition 3.5 gives

Ps ≤ E
[
Rs,Tψ(XT ) +

∫ T

s

Rs,rf(r,Xr, 0, 0)dr
∣∣∣F ts]
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≤ C
(

1 + E
[
R2
s,T

∣∣F ts]1/2E[ sup
r∈[s,T ]

|Xr|2ρ
∣∣∣F ts]1/2)

≤ C(1 + |Xs|ρ)

On the other hand, since u∗,k is an optimal control,

Ps ≥ v0(s,Xs) ≥ −C(1 + |Xs|ρ),

P-a.s., for some C > 0 (independent of (t, s, x) and k). Proposition 3.5 then gives

E
[

sup
s∈[t,T ]

|Ps|2
]
≤ C(1 + |x|2ρ),

where C > 0 does not depend on k. Next, we derive a bound on the H2
t -norm of Q. Applying Ito’s formula to

|Ps|2 we get

|Pt|2 +

∫ T

t

|Qs|2ds = ψ2(XT ) + 2

∫ T

t

Psf(s,Xs, Ps, Qs)ds− 2

∫ T

t

PsQsdWs

−
Nu
∗,k
T∑
j=1

(2P j−1
τ∗j

`(τ∗j , X
j−1
τ∗j

, β∗j ) + `2(τ∗j , X
j−1
τ∗j

, β∗j )), (3.18)

where P j−1 is P without the j − 1 first intervention costs. Since the intervention costs are nonnegative, we have

−
Nu
∗,k
T∑
j=1

(2P j−1
τ∗j

`(τ∗j , X
j−1
τ∗j

, β∗j ) + `2(τ∗j , X
j−1
τ∗j

, β∗j )) ≤ 2 sup
s∈[t,T ]

|Ps|
Nu
∗,k
T∑
j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )

≤ κ sup
s∈[t,T ]

|Ps|2 +
1

κ

(Nu∗,kT∑
j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2

for any κ > 0. Inserted in (3.18) and using the Lipschitz property of f this gives

|Pt|2 +

∫ T

t

|Qs|2ds ≤ ψ2(XT ) + (C + κ) sup
s∈[t,T ]

|Ps|2 +

∫ T

t

(|f(s,Xs, 0, 0)|2 +
1

2
|Qs|2)ds

− 2

∫ T

t

PsQsdWs +
1

κ

(Nu∗,kT∑
j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2

. (3.19)

Now, as u∗,k ∈ Uk, it follows that the stochastic integral is uniformly integrable and thus a martingale. To see
this, note that the Burkholder-Davis-Gundy inequality gives

E
[

sup
s∈[t,T ]

∣∣∣ ∫ s

t

PrQrdWr

∣∣∣] ≤ CE[( ∫ T

t

|PsQs|2ds
)1/2]

≤ CE
[

sup
s∈[t,T ]

|Ps|2 +

∫ T

t

|Qs|2ds
]
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where the right-hand side is finite by (3.17). Taking expectations on both sides of (3.19) thus gives

E
[ ∫ T

t

|Qs|2ds
]
≤ C(1 + κ)(1 + |x|2ρ) +

2

κ
E
[(Nu∗,kT∑

j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2]

.

Finally,

E[Nu∗,k

T ] ≤ 1

δ
E
[(Nu∗,kT∑

j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2]1/2

and

E
[(Nu∗,kT∑

j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2]
≤ CE

[
|Pt|2 + |ψ(XT )|2 +

∫ T

t

|f(r,Xr, Pr, Qr)|2dr +

∫ T

t

|Qr|2dr
]

≤ CE
[
|ψ(XT )|2 + sup

s∈[t,T ]

|Ps|2 +

∫ T

t

(|f(s,Xs, 0, 0)|2 + |Qs|2)ds
]

≤ C(1 + κ)(1 + |x|2ρ) +
C

κ
E
[(Nu∗,kT∑

j=1

`(τ∗j , X
j−1
τ∗j

, β∗j )
)2]

and the lemma follows by choosing κ sufficiently large.

Lemma 3.8. There is a C > 0 such that

|vk(t, x)− vk−1(t, x)| ≤ C√
k

(1 + |x|2ρ) (3.20)

for all (t, x) ∈ [0, T ]× Rn and k ≥ 1.

Proof. We let u∗,k ∈ Ukt be an optimal control for Problem 1.k. To simplify notation we let (P,Q) =

(P t,x;u∗,k , Qt,x;u∗,k) and set

(P̂ , Q̂) = (P t,x;[u∗,k]k−1 , Qt,x;[u∗,k]k−1). Then, with X := Xt,x;u∗,k and X̂ := Xt,x;[u∗,k]k−1 , we have X̂s = Xs for
all s ∈ [0, τ∗k ) ∩ [0, T ]. This gives

Pt − P̂t = ψ(XT )− ψ(X̂T ) +

∫ T

t

(f(s,Xs, Ps, Qs)− f(s, X̂s, P̂s, Q̂s))ds

−
∫ T

t

(Qs − Q̂s)dWs + Ξ
t,x;[u∗,k]k−1

T − Ξt,x;u∗,k

T

≤ 1
[Nu
∗,k
T =k]

(
Rt,T (ψ(XT )− ψ(X̂T )) +

∫ T

t

Rt,s(f(s,Xs, Ps, Qs)− f(s, X̂s, Ps, Qs))ds
)

−
∫ T

t

Rt,s(Qs − Q̂s)dWs
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for some Rt,s := e
∫ s
t

(ζ1− 1
2 |ζ2(r)|2)dr+ 1

2

∫ s
t
ζ2(r)dWr , with |ζ1(r)| ∨ |ζ2(r)| ≤ kf . Taking expectation on both sides

and using the Cauchy-Schwartz inequality gives

E[Pt − P̂t] ≤ E
[
1

[Nu
∗,k
T =k]

(
Rt,T (ψ(XT )− ψ(X̂T )) +

∫ T

t

Rt,s(f(s,Xs, Ps, Qs)− f(s, X̂s, Ps, Qs))ds
)]

≤ C(1 + |x|ρ)E
[
1

[Nu
∗,k
T =k]

]1/2
.

Now, Lemma 3.7 implies that

E
[
1

[Nu
∗,k
T =k]

]
≤ C(1 + |x|ρ)

k

from which (3.20) follows.

3.3. Proof of Theorem 3.2

Proof of Theorem 3.2 Since the sequence (vk)k≥0 is non-decreasing and uniformly bounded by a polynomial,
there is a v ∈ Πg such that vk ↗ v as k →∞. Moreover, by Lemma 3.8 the convergence is uniform on compacts
which implies that the limit is jointly continuous, thus v ∈ Πg

c .
Now, by Theorem 2.6 there is, for each (t, x) ∈ [0, T ]×Rn, a unique triple (Y t,x, Zt,x,Kt,x) ∈ S2

t ×H2
t ×S2

i,t

such that{
Y t,xs = ψ(Xt,x

T ) +
∫ T
s
f(r,Xt,x

r , Y t,xr , Zt,xr )dr −
∫ T
s
Zt,xr dWr +Kt,x

T −Kt,x
s , ∀s ∈ [t, T ],

Y t,xs ≥Mv(Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
t

(Y t,xs −Mv(Xt,x
s ))dKt,x

s = 0.
(3.21)

On the other hand, by once more invoking Lemma 3.8 we get P-a.s. convergence of the barrier in (3.8) and
we easily deduce by (2.5) that Y t,x = limk→∞ Y t,x,k pointwisely, and we conclude that Y t,xt = v(t, x), P-a.s. In
particular, this implies that (Y,Z,K) ∈ S2 × H2 ×S2

i solves (3.1).
To prove the representation we use ideas similar to those in the proof of Theorem 1 of [11]. We get by

repeating the proof of Proposition 3.4 that, whenever (Y,Z,K) ∈ S2 ×H2 ×S2
i satisfies (3.1), there is a unique

pair (Y,Z) ∈ S2
cag,t ×H2

t such that Yt = Y t,xt , P-a.s., and

Ys =

∫ τ∗k

s

f
(
r,Xt,x;u∗

r ,Yr,Z
)
dr −

∫ τ∗k

s

ZrdWr −
k∧N∗∑
j=1

1[s≤τ∗j ]`(τ
∗
j , X

t,x;[u∗]j−1

τ∗j
, β∗j )

+ 1[τ∗k=T ]ψ(Xt,x;u∗

T ) + 1[τ∗k<T ]v(τ∗k , X
t,x;[u∗]k
τ∗k

),

where u∗ is now the impulse control in the statement of the theorem. The sequence v(τ∗k , X
t,x;[u∗]k
τ∗k

) is uniformly

bounded in L2(P) and we conclude that u∗ ∈ Ut. In particular, this implies that Nu∗

T is P-a.s. finite. Taking the

limit as k →∞ and using that (3.4) admits a unique solution, we conclude that Y t,xt = P t,x;u∗

t . Repeating the
comparison part in the proof of Proposition 3.4 then gives that u∗ is an optimal control for Problem 1. Since
this holds for any (Y, Z,K) ∈ S2

c × H2 ×S2
i that solves (3.1), uniqueness of solutions to (3.1) follows.

Moreover, from Theorem 2.6 it immediately follows that v solves (3.6) and by the comparison result for
viscosity solutions to (3.6) in Proposition A.4 the solution is unique.

Remark 3.9. Letting U ts be the subset of Ut with τ1 ≥ s, P-a.s., we may extend the representation to Y t,xs =
ess supu∈Uts P

t,x;u
s for all s ∈ [t, T ].
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4. The general setting

We now turn to the general setting of a non-local driver. Existence will again follow by an approximation
routine and we introduce the following sequence of systems of BSDEs{

Y t,x,ks = ψ(Xt,x
T ) +

∫ T
s
f(r,Xt,x

r , Ȳ k−1(r, ·), Zt,x,kr )dr −
∫ T
s
Zt,x,kr dWr +Kt,x,k

T −Kt,x,k
s , ∀s ∈ [t, T ]

Y t,x,ks ≥MȲ k(s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
0

(Y t,x,ks −MȲ k(s,Xt,x
s ))dKt,x,k

s = 0.
(4.1)

for k ≥ 1, with Ȳ 0 ≡ 0.

Proposition 4.1. There is a sequence ((Y k, Zk,Kk) ∈ S2 ×H2 ×S2
i )k≥0 that satisfies the recursion in (4.1).

Proof. We need to show that for each k ≥ 1, there is a vk−1 ∈ Πg
c such that Y t,x,k−1

t = vk−1(t, x) for all
(t, x) ∈ [0, T ] × Rn. However, for k = 1 this is immediate by the definition. Now, the result follows by using
Theorem 3.2 and induction.

For (t, γ) ∈ [0, T ] × R+ and α ∈ At, we let (Ψt,γ;α,Θt,γ;α) ∈ S2
t × S2

i,t (with Θt,γ;α
t = 0) solve the one-

dimensional reflected SDE{
Ψt,γ;α
s = γ2 ∨K2

Γ + (4Ca,σ + 2C2
a,σ)

∫ s
t

(1 + Ψt,γ;α
r )dr + 4Ca,σ

∫ s
t

(1 + Ψt,γ;α
r )αrdWr + Θt,γ;α

s , ∀s ∈ [t, T ]

Ψt,γ;α
s ≥ γ2 ∨K2

Γ and
∫ T
t

(Ψt,γ;α
s − (γ2 ∨K2

Γ))dΘt,γ;α
s = 0,

(4.2)

and set Ψt,γ;α
s := γ2 ∨K2

Γ for s ∈ [0, t]. For existence and uniqueness of solutions to reflected SDEs the interested

reader is directed to [12]. For (t, γ) ∈ [0, T ] × R+, we then set Rt,γ;α
s :=

√
Ψt,γ;α
s and note that classically, we

have

E
[

sup
s∈[t,T ]

|Rt,γ;α
s |p

]
≤ C(1 + |γ ∨KΓ|p),

for all p ≥ 2.

Lemma 4.2. For each (t, x) ∈ [0, T ] × Rd and u ∈ Ut, there is an α ∈ At such that |Xt,x,u
s | ≤ R

t,|x|;α
s for all

s ∈ [t, T ], P-a.s.

Proof. Since

|2xa(r, x) + σ2(r, x)| ≤ (4Ca,σ + 2C2
a,σ)(1 + |x|2),

it follows from (3.13) that we can always choose α ∈ At such that

2Ca,σ(1 + Ψt,γ,ξ;α
r )αr = Xj

rσ(r,Xj
r )

and the statement holds by (3.13).

For ϕ ∈ Πg
c we let (Y ϕ, Zϕ,Kϕ) ∈ S2

c × H2 ×S2
i be the unique solution to{

Y t,x,ϕs = ψ(Xt,x
T ) +

∫ T
s
f(r,Xt,x

r , ϕ(r, ·), Zt,x,ϕr )dr −
∫ T
s
Zt,x,ϕr dWr +Kt,x,ϕ

T −Kt,x,ϕ
s , ∀s ∈ [t, T ],

Y t,x,ϕs ≥MȲ ϕ(s,Xt,x
s ), ∀s ∈ [t, T ] and

∫ T
0

(Y t,x,ϕs −MȲ ϕ(s,Xt,x
s ))dKt,x,ϕ

s = 0,
(4.3)
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where Ȳ ϕ(t, x) := Y t,x,ϕt for all (t, x) ∈ [0, T ]×Rn, and note that letting (P t,x,ϕ;u, Qt,x,ϕ;u) ∈ S2
cag,t ×H2

t solve

P t,x,ϕ;u
s = ψ(Xt,x;u

T ) +

∫ T

s

f(r,Xt,x;u
r , ϕ(r, ·), Qt,x,ϕ;u

r )dr −
∫ T

s

Qt,x,ϕ;u
r dWr − Ξt,x;u

T + Ξt,x;u
s , (4.4)

Theorem 3.2 gives that

Y t,x,ϕt = sup
u∈Ut

P t,x,ϕ;u
t .

Proposition 4.3. There is a κ > 0 such that for all ϕ, ϕ̃ ∈ Πg
c and γ > 0, we have

sup
α∈A

E
[ ∫ T

0

eκt sup
x∈Λ(R0,γ;α

t )

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2dt
]
≤ 1

2
sup
α∈A

E
[ ∫ T

0

eκt sup
x∈Λ(R0,γ;α

t )

|ϕ̃(t, x)− ϕ(t, x)|2dt
]
. (4.5)

Furthermore, there is a C > 0 such that

sup
t∈[0,T ]

sup
x∈Λ(γ)

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2 ≤ C sup
α∈A

E
[ ∫ T

0

sup
x∈Λ(R0,γ;α

t )

|ϕ̃(t, x)− ϕ(t, x)|2dt
]

(4.6)

for each γ > 0.

Proof. Let u∗, ũ∗ ∈ Ut be optimal strategies for P t,x,ϕ;u and P t,x,ϕ̃;u, respectively, so that

Y t,x,ϕt = P t,x,ϕ;u∗

t and Y t,x,ϕ̃t = P t,x,ϕ̃;ũ∗

t .

Then

Y t,x,ϕt − Y t,x,ϕ̃t = P t,x,ϕ;u∗

t − P t,x,ϕ̃;ũ∗

t

≤ P t,x,ϕ;u∗

t − P t,x,ϕ̃;u∗

t .

Since a similar inequality holds in the opposite direction, we find that

|Y t,x,ϕt − Y t,x,ϕ̃t | ≤ sup
u∈Ut

|P t,x,ϕ;u
t − P t,x,ϕ̃;u

t |. (4.7)

For u ∈ Ut, let (P,Q) := (P t,x,ϕ;u, Qt,x,ϕ;u) and (P̃ , Q̃) := (P t,x,ϕ̃;u, Qt,x,ϕ̃;u) and note that for κ > 0, Itô’s
formula applied to eκ·|P̃ − P |2 gives

eκt|P̃t − Pt|2 +

∫ T

t

eκs|Q̃s −Qs|2ds = −2

∫ T

t

eκs(P̃s − Ps)(Q̃s −Qs)dWs − κ
∫ T

t

eκs|P̃s − Ps|2ds

+ 2

∫ T

t

eκs(P̃s − Ps)(f(s,Xt,x;u
s , ϕ̃(s, ·), Q̃s)− f(s,Xt,x;u

s , ϕ(s, ·), Qs))ds.

By assumption

|f(s,Xt,x;u
s , ϕ(s, ·), Qs)− f(s,Xt,x;u

s , ϕ̃(s, ·), Q̃s)| ≤ kf ( sup
x′∈Λ(|Xt,x;us |)

|ϕ̃(s, x′)− ϕ(s, x′)|+ |Q̃s −Qs|).
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Hence, taking the expectation and using inequalities 2Cxy ≤ (Cx)2 + y2 and 2xy ≤ x2/
√
κ+
√
κy2 gives

eκt|P̃t − Pt|2 ≤ (C2 + C
√
κ− κ)E

[ ∫ T

t

eκs|P̃s − Ps|2ds
]

+
C√
κ
E
[ ∫ T

t

eκs sup
x′∈Λ(|Xt,x;us |)

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]
.

Now, pick κ0 > 0 such that κ0 ≥ C2 + C
√
κ0 and note that for each κ ≥ κ0, we have

eκt|Pt − P̃t|2 ≤
C√
κ
E
[ ∫ T

t

eκs sup
x′∈Λ(|Xt,x;us |)

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]

≤ C√
κ

sup
α∈At

E
[ ∫ T

t

eκs sup
x′∈Λ(|Rt,|x|;αs |)

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]
,

where the last inequality follows from Lemma 4.2. Since the right-hand side is non-decreasing in |x| and
independent of u, (4.7) now gives that

eκt sup
x∈Λ(γ)

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2 ≤ C√
κ

sup
α∈At

E
[ ∫ T

t

eκs sup
x′∈Λ(Rt,γ;αs )

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]
, (4.8)

for any γ ≥ 0. In particular, as both sides are continuous in γ a standard dynamic programming argument gives
that for any α1 ∈ A, we have

E
[
eκt sup

x∈Λ(R
0,γ;α1
t )

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2
]
≤ C√

κ
sup
α∈A

E
[ ∫ T

t

eκs sup
x′∈Λ(R

0,γ;α1⊕tα
s )

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]
.

Taking the supremum with respect to α1 on the right hand side and once again relying on a standard dynamic
programming argument gives that

E
[
eκt sup

x∈Λ(R
0,γ;α1
t )

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2
]
≤ C√

κ
sup
α∈A

E
[ ∫ T

0

eκs sup
x′∈Λ(R0,γ;α

s )

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]
.

Integrating with respect to time and using Fubini’s theorem, we find that

E
[ ∫ T

0

eκt sup
x∈Λ(R

0,γ;α1
t )

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2dt
]
≤ CT√

κ
sup
α∈A

E
[ ∫ T

0

eκs sup
x′∈Λ(R0,γ;α

s )

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]

after which taking the supremum with respect to α1 ∈ A and choosing κ ≥ 2(CT )2∨κ0 gives the first inequality.
To get (4.6) we note that comparison gives that R0,γ;α

s ≥ Rt,γ;α
s for all s ∈ [t, T ] and α ∈ A. From (4.8) we thus

get that

sup
x∈Λ(γ)

|Ȳ ϕ̃(t, x)− Ȳ ϕ(t, x)|2 ≤ C sup
α∈A

E
[ ∫ T

0

sup
x′∈Λ(R0,γ;α

s )

|ϕ̃(s, x′)− ϕ(s, x′)|2ds
]

from which (4.6) is immediate since the right hand side is independent of t.
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We now introduce the norm ‖ · ‖γ on the space of jointly continuous functions of polynomial growth, Πg
c ,

defined as

‖ϕ‖2γ := sup
α∈A

E
[ ∫ T

0

eκt sup
x∈Λ(R0,γ;α

t )

|ϕ(t, x)|2dt
]
,

with κ > 0 as in Proposition 4.3 and note that under ‖ · ‖γ , the map Φ : Πg
c → Πg

c that maps ϕ to Ȳ ϕ is a
contraction.

Corollary 4.4. There are constants C > 0 and p ≥ 0 such that |Ȳ k(t, x)| ≤ C(1+ |x|p) for all (t, x) ∈ [0, T ]×Rd
and all k ≥ 0.

Proof. First, we note that (4.5) and the triangle inequality implies that

‖Ȳ k‖γ ≤ ‖Ȳ k − Ȳ k−1‖γ + ‖Ȳ k−1‖γ ≤
1

2
‖Ȳ k−1 − Ȳ k−2‖γ + ‖Ȳ k−1‖γ ≤

1

2k−1
‖Ȳ 1 − Ȳ 0‖γ + ‖Ȳ k−1‖γ .

However, as a similar scheme holds for ‖Ȳ k−1‖γ and since Ȳ 0 ≡ 0 we conclude that

‖Ȳ k‖γ ≤
k∑
j=1

1

2j−1
‖Ȳ 1‖γ ≤ 2‖Ȳ 1‖γ .

On the other hand, as Ȳ 1 ∈ Πg
c there are constants C > 0 and p ≥ 2 such that |Ȳ 1(t, x)| ≤ C(1 + |x|p) and we

conclude that

‖Ȳ 1‖2γ = sup
α∈A

E
[ ∫ T

0

eκt sup
x∈Λ(R0,γ;α

t )

|Ȳ 1(t, x)|2dt
]

≤ C
(

1 + sup
α∈A

E
[

sup
t∈[0,T ]

|R0,γ;α
t |2p

])
≤ C(1 + |γ|2p)

implying the existence of a C > 0 such that ‖Ȳ k‖γ ≤ C(1 + |γ|p) for all k ≥ 0. Now, (4.6) gives that

sup
t∈[0,T ]

sup
x∈Λ(γ)

|Ȳ k(t, x)− Ȳ 1(t, x)|2 ≤ C sup
α∈A

E
[ ∫ T

0

sup
x∈Λ(R0,γ;α

t )

|Ȳ k−1(t, x)|2dt
]

≤ C(1 + |γ|2p)

where the constants C > 0 and p ≥ 2 do not depend on k and the desired bound follows.

Letting vk(t, x) := Ȳ k(t, x), Proposition 4.3 and Corollary 4.4 implies that there is a v ∈ Πg such that for
each γ > 0 we have ‖vk − v‖γ → 0 as k →∞.

Theorem 4.5. v is the unique viscosity solution in Πg
c to (1.1).

Proof. First, (4.6) implies that the convergence is uniform on compact subsets of [0, T ] × Rn and since vk is
jointly continuous for each k ≥ 0 we conclude that v is also jointly continuous. This in turn gives that Φ(v) is
well defined and we conclude that Φ(v) = v establishing existence of a solution to (1.3). Moreover, if (Ỹ , Z̃, K̃) is
another solution, then ṽ(t, x) := Ỹ t,xt must also satisfy Φ(ṽ) = ṽ. However, then repeated use of the contraction
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property in (4.5) gives that ‖ṽ − v‖γ,κ = 0 and by continuity we conclude that ṽ = v implying by uniqueness of
solutions to (3.1) as obtained in Theorem 3.2 that (1.3) admits a unique solution.

Utilizing, once more, the connection between reflected BSDEs and obstacle problems we conclude that v
solves (1.1). Suppose now that there exists another function ṽ ∈ Πg

c that solves (1.1) and let v̄ = Φ(ṽ), then by
Theorem 3.2 we conclude that v̄ ∈ Πg

c is the unique solution to
min{v̄(t, x)−Mv̄(t, x),−v̄t(t, x)− Lv̄(t, x)− f(t, x, ṽ(t, ·), σ>(t, x)∇xv̄(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v̄(T, x) = ψ(x),

But then v̄ = ṽ implying that ṽ is a fixed point of Φ and since v is the only fixed point of Φ in the set of jointly
continuous functions of polynomial growth we conclude that ṽ = v.

Corollary 4.6. (Y v, Zv,Kv) is the unique solution in S2 × H2 ×S2
i to (1.3).

Appendix A. Uniqueness of viscosity solutions in the local
framework

By Theorem 3.2, there is v ∈ Πg
c that solves (in viscosity sense) the quasi-variational inequality

min{v(t, x)−Mv(t, x),−vt(t, x)− Lv(t, x)− f(t, x, v(t, x), σ>(t, x)∇xv(t, x))} = 0,

∀(t, x) ∈ [0, T )× Rd

v(T, x) = ψ(x).

(A.1)

In this section we show that v is the only viscosity solution in Πg to (A.1). We need the following lemma:

Lemma A.1. Let v be a supersolution to (1.1) satisfying

∀(t, x) ∈ [0, T ]× Rd, |v(t, x)| ≤ C(1 + |x|2%)

for some % > 0. Then there is a γ0 > 0 such that for any γ > γ0 and θ > 0, the function v + θe−γt(1 + ((|x| −
KΓ)+)2%+2) is also a supersolution to (1.1).

Proof. With w := v+ θe−γt(1 + ((|x|−KΓ)+)2%+2) we note that, since v is a supersolution and θe−γT (1 + ((|x|−
KΓ)+)2%+2) ≥ 0, we have w(T, x) ≥ v(T, x) ≥ ψ(x) so that the terminal condition holds. Moreover, we have

w(t, x)− sup
b∈U
{w(t,Γ(t, x, b))− `(t, x, b)}

= v(t, x) + θe−γt(1 + ((|x| −KΓ)+)2%+2)

− sup
b∈U
{v(t,Γ(t, x, b)) + θe−γt(1 + ((|Γ(t, x, b)| −KΓ)+)2%+2)− `(t, x, b)}

≥ v(t, x)− sup
b∈U
{v(t,Γ(t, x, b))− `(t, x, b)}

+ θe−γt{1 + ((|x| −KΓ)+)2%+2 − sup
b∈U

(1 + ((|Γ(t, x, b)| −KΓ)+)2%+2)}.

Since v is a supersolution, we have

v(t, x)− sup
b∈U
{v(t,Γ(t, x, b))− `(t, x, b)} ≥ 0
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Now, either |x| ≤ KΓ in which case it follows by (2.1) that |Γ(t, x, b)| ≤ KΓ or |x| > KΓ and (2.1) gives that
|Γ(t, x, b)| ≤ |x|. We conclude that

w(t, x)− sup
b∈U
{w(t,Γ(t, x, b))− `(t, x, b)} ≥ 0.

Next, let ϕ ∈ C1,2([0, T ]×Rd → R) be such that ϕ−w has a local maximum of 0 at (t0, x0) with t0 < T . Then
ϕ̃(t, x) := ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2) ∈ C1,2([0, T ]× Rd → R) and ϕ̃− v has a local maximum of 0
at (t0, x0). Since v is a viscosity supersolution, we have

− ∂t(ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2))− L(ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2))

− f(t, x, ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2), σ>(t, x)∇x(ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2))) ≥ 0.

Consequently,

− ∂tϕ(t, x)− Lϕ(t, x)− f(t, x, ϕ(t, x), σ>(t, x)∇xϕ(t, x))

≥ θγe−γt(1 + ((|x| −KΓ)+)2%+2)− θLe−γt(1 + ((|x| −KΓ)+)2%+2)

f(t, x, ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2), σ>(t, x)∇x(ϕ(t, x)− θe−γt(1 + ((|x| −KΓ)+)2%+2)))

− f(t, x, ϕ(t, x), σ>(t, x)∇xϕ(t, x))

≥ θγe−γt(1 + ((|x| −KΓ)+)2%+2)− θC(1 + %)e−γt(1 + ((|x| −KΓ)+)2%+2)

− kf (1 + %)θe−γt(1 + ((|x| −KΓ)+)2%+2),

where the right hand side is non-negative for all θ > 0 and all γ > γ0 for some γ0 > 0.

We have the following result, the proof of which we omit since it is classical:

Lemma A.2. For any λ ∈ R, a locally bounded function v : [0, T ]× Rd → R is a viscosity supersolution (resp.
subsolution) to (1.1) if and only if ṽ(t, x) := eλtv(t, x) is a viscosity supersolution (resp. subsolution) to

min{ṽ(t, x)− supb∈U{ṽ(t,Γ(t, x, b))− eλt`(t, x, b)},−ṽt(t, x) + λṽ(t, x)− Lṽ(t, x)

−eλtf(t, x, e−λtṽ(t, x), e−λtσ>(t, x)∇xṽ(t, x))} = 0, ∀(t, x) ∈ [0, T )× Rd

ṽ(T, x) = eλTψ(x).

(A.2)

Remark A.3. Here, it is important to note that ˜̀(t, x) := eλt`(t, x), f̃(t, x, y, z) := −λy +
eλtf(t, x, e−λty, e−λtz) and ψ̃(x) := eλTψ(x) satisfy Assumption 2.1. In particular, this implies that Lemma A.1
holds for supersolutions to (A.2) as well.

We have the following comparison result for viscosity solutions in Πg:

Proposition A.4. Let v (resp. u) be a supersolution (resp. subsolution) to (1.1). If u, v ∈ Πg, then u ≤ v.

Proof. First, we note that it is sufficient to show that the statement holds for solutions to (A.2) for some λ ∈ R.
We thus assume that v (resp. u) is a viscosity supersolution (resp. subsolution) to (A.2) for λ ∈ R specified
below. Furthermore, we may without loss of generality assume that v is l.s.c. and u is u.s.c.

By assumption, u, v ∈ Πg, which implies that there are C > 0 and % > 0 such that

|v(t, x)|+ |u(t, x)| ≤ C(1 + |x|2%). (A.3)
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Now, for any γ > 0 we only need to show that

w(t, x) = wθ,γ(t, x) := v(t, x) + θe−γt(1 + ((|x| −KΓ)+)2%+2)

≥ u(t, x)

for all (t, x) ∈ [0, T ] × Rd and any θ > 0. Then the result follows by taking the limit θ → 0. We know from
Lemma A.1 that there is a γ0 > 0 such that w is a supersolution to (A.2) for each γ ≥ γ0 and θ > 0. We thus
assume that γ ≥ γ0.

We search for a contradiction and assume that there is a (t0, x0) ∈ [0, T ]×Rd such that u(t0, x0) > w(t0, x0).
By (A.3), there is for each θ > 0 a R ≥ KΓ such that

w(t, x) > u(t, x), ∀(t, x) ∈ [0, T ]× Rd, |x| > R.

Our assumption thus implies that there is a point (t̄, x̄) ∈ [0, T )×BR (the open unit ball of radius R centered
at 0) such that

max
(t,x)∈[0,T ]×Rd

(u(t, x)− w(t, x)) = max
(t,x)∈[0,T )×BR

(u(t, x)− w(t, x))

= u(t̄, x̄)− w(t̄, x̄) = η > 0.

We first show that there is at least one point (t∗, x∗) ∈ [0, T )×BR such that

a) u(t∗, x∗)− w(t∗, x∗) = η and
b) u(t∗, x∗) > supb∈U{u(t∗,Γ(t∗, x∗, b))− `(t∗, b)}.

We again argue by contradiction and assume that u(t, x) = supb∈U{u(t,Γ(t, x, b))− `(t, b)} for all (t, x) ∈ A :=
{(s, y) ∈ [0, T ]× Rd : u(s, y)− w(s, y) = η}. Indeed, as u is u.s.c. and Γ is continuous, there is a b1 such that

u(t̄, x̄) = sup
b∈U
{u(t̄,Γ(t̄, x̄, b))− `(t̄, b)} = u(t̄,Γ(t̄, x̄, b1))− `(t̄, b1). (A.4)

Now, set x1 = Γ(t̄, x̄, b1) and note that since

|Γ(t, x, b)| ≤ R, ∀(t, x, b) ∈ [0, T ]× B̄R × U

it follows that x1 ∈ B̄R. Moreover, as w is a supersolution it satisfies

w(t̄, x̄)− (w(t̄,Γ(t̄, x̄, b1))− `(t̄, x̄, b1)) ≥ 0

or

−w(t̄, x1)) ≥ −w(t̄, x̄)− `(t, x̄, b1)

and we conclude from (A.4) that

u(t̄, x1)− w(t̄, x1) ≥ u(t̄, x̄) + `(t̄, x̄, b1)− (w(t̄, x̄) + `(t, x̄, b1))

= u(t̄, x̄)− w(t̄, x̄) = η.

Hence, (t̄, x1) ∈ A and by our assumption it follows that there is a b2 ∈ U such that

u(t̄, x1) = u(t̄,Γ(t̄, x1, b2))− `(t̄, b2)
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and a corresponding x2 := Γ(t̄, x1, b2) ∈ BR. Now, this process can be repeated indefinitely to find a sequence
(xj , bj)j≥1 in BR × U such that for any l ≥ 0 we have

u(t̄, x̄) = u(t̄, xl)−
l∑

j=1

`(t̄, xj−1, bj),

with x0 := x̄. However, as ` ≥ δ > 0 we get a contradiction by letting l → ∞ while noting that |u(t, x)| is
bounded on [0, T ]× B̄R. We can thus find a (t∗, x∗) ∈ [0, T )×BR such that a) and b) above holds.

Since f is Lipschitz in y and z for (t, x) ∈ [0, T ]× B̄R, the remainder of the proof follows along the lines of
the proof of Proposition 4.1 in [17] and is included only for the sake of completeness.

Next, we assume without loss of generality that % ≥ 2 and define

Φn(t, x, y) := u(t, x)− w(t, x)− ϕn(t, x, y),

where

ϕn(t, x, y) :=
n

2
|x− y|2% + |x− x∗|2 + |y − ȳ|2 + (t− t∗)2.

Since u is u.s.c. and w is l.s.c. there is a triple (tn, xn, yn) ∈ [0, T ]× B̄R × B̄R (with B̄R the closure of BR) such
that

Φn(tn, xn, yn) = max
(t,x,y)∈[0,T ]×B̄R×B̄R

Φn(t, x, y).

Now, the inequality 2Φn(tn, xn, yn) ≥ Φn(tn, xn, xn) + Φn(tn, yn, yn) gives

n|xn − yn|2% ≤ u(tn, xn)− u(tn, yn) + w(tn, xn)− w(tn, yn).

Consequently, n|xn − yn|2% is bounded (since u and w are bounded on [0, T ]× B̄R × B̄R) and |xn − yn| → 0 as
n→∞. We can, thus, extract subsequences nl such that (tnl , xnl , ynl)→ (t̃, x̃, x̃) as l→∞. Since

u(t∗, x∗)− w(t∗, x∗) ≤ Φn(tn, xn, yn) ≤ u(tn, xn)− w(tn, yn),

it follows that

u(t∗, x∗)− w(t∗, x∗) ≤ lim sup
l→∞

{u(tnl , xnl)− w(tnl , ynl)}

≤ u(t̃, x̃)− w(t̃, x̃)

and as the righthand side is dominated by u(t∗, x∗)− w(t∗, x∗) we conclude that

u(t̃, x̃)− w(t̃, x̃) = u(t∗, x∗)− w(t∗, x∗).

In particular, this gives that liml→∞ Φn(tnl , xnl , ynl) = u(t̃, x̃)− w(t̃, x̃) which implies that

lim sup
l→∞

nl|xnl − ynl |2% = 0
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and

(tnl , xnl , ynl)→ (t∗, x∗, x∗).

We can thus extract a subsequence (ñl)l≥0 of (nl)l≥0 such that tñl < T , |xñl | < R and

u(tñl , xñl)− w(tñl , xñl) ≥
η

2
.

Moreover, since supb∈U{u(t,Γ(t, x, b)) − ˜̀(t, b)} is u.s.c. (see Lem. 3.3) and u(tñl , xñl) → u(t∗, x∗) there is an
l0 ≥ 0 such that

u(tñl , xñl)− sup
b∈U
{u(tñl ,Γ(tñl , xñl , b))− ˜̀(tñl , b)} > 0,

for all l ≥ l0. To simplify notation we will, from now on, denote (ñl)l≥l0 simply by n.
By Theorem 8.3 of [8] there are (pun, q

u
n,M

u
n ) ∈ J̄2,+u(tn, xn) and (pwn , q

w
n ,M

w
n ) ∈ J̄2,+w(tn, yn), where J̄2,+

is the limiting superjet, such that
pun − pwn = ∂tϕn(tn, xn, yn) = 2(tn − t∗)
qun = Dxϕn(tn, xn, yn) = n%(x− y)|x− y|2%−2 + 2(x− x∗)
qwn = −Dyϕn(tn, xn, yn) = n%(x− y)|x− y|2%−2 + 2(x− x∗)

and for every ε > 0, [
Mn
x 0

0 −Mn
y

]
≤ B(tn, xn, yn) + εB2(tn, xn, yn),

where B(tn, xn, yn) := D2
(x,y)ϕn(tn, xn, yn). Now, we have

D2
(x,y)ϕn(t, x, y) =

[
D2
xϕn(t, x, y) D2

yxϕn(t, x, y)
D2
xyϕn(t, x, y) D2

yϕn(t, x, y)

]
=

[
nξ(x, y) + 2I −nξ(x, y)
−nξ(x, y) nξ(x, y) + 2I

]
where I is the identity-matrix of suitable dimension and

ξ(x, y) := %|x− y|2%−4{|x− y|2I + 2(%− 1)(x− y)(x− y)>}.

In particular, since xn and yn are bounded, choosing ε := 1
n gives that

B̃n := B(tn, xn, yn) + εB2(tn, xn, yn) ≤ Cn|xn − yn|2%−2

[
I −I
−I I

]
+ CI. (A.5)

By the definition of viscosity supersolutions and subsolutions we have that

− pun + λu(tn, xn)− a>(tn, xn)qun −
1

2
Tr[σ>(tn, xn)Mu

nσ(tn, xn)]

− eλtnf(tn, xn, e
−λtnu(tn, xn), e−λtnσ>(tn, xn)qun) ≤ 0



26 M. PERNINGE

and

− pwn + λw(tn, yn)− a>(tn, yn)qwn −
1

2
Tr[σ>(tn, yn)Mw

n σ(tn, yn)]

− eλtnf(tn, yn, e
−λtnw(tn, yn), e−λtnσ>(tn, xn)qwn ) ≥ 0.

Combined, this gives that

λ(u(tn, xn)− w(tn, yn)) ≤ pun + a>(tn, xn)qun +
1

2
Tr[σ>(tn, xn)Mu

nσ(tn, xn)]

+ eλtnf(tn, xn, e
−λtnu(tn, xn), e−λtnσ>(tn, xn)qun)

− pwn − a>(tn, yn)qwn −
1

2
Tr[σ>(tn, yn)Mw

n σ(tn, yn)]

− eλtnf(tn, yn, e
−λtnw(tn, yn), e−λtnσ>(tn, xn)qwn )

Collecting terms we have that

pun − pwn = 2(tn − t∗)

and since a is Lipschitz continuous in x and bounded on B̄R, we have

a>(tn, xn)qun − a>(tn, yn)qwn ≤ (a>(tn, xn)− a>(tn, yn))n%(xn − yn)|xn − yn|2%−2

+ C(|xn − x∗|+ |yn − x∗|)
≤ C(n|xn − yn|2% + |xn − x∗|+ |yn − x∗|),

where the right-hand side tends to 0 as n→∞. Let sx denote the ith column of σ(tn, xn) and let sy denote the
ith column of σ(tn, yn) then by the Lipschitz continuity of σ and (A.5), we have

s>xM
u
nsx − s>yMw

n sy =
[
s>x s>y

] [ Mu
n 0

0 −Mw
n

] [
sx
sy

]
≤
[
s>x s>y

]
B̃n

[
sx
sy

]
≤ C(n|xn − yn|2% + |xn − yn|)

and we conclude that

lim sup
n→∞

1

2
Tr[σ>(tn, xn)Mu

nσ(tn, xn)− σ>(tn, yn)Mw
n σ(tn, yn)] ≤ 0.

Finally, we have that

eλtnf(tn, xn, e
−λtnu(tn, xn), e−λtnσ>(tn, xn)qun)− eλtnf(tn, yn, e

−λtnw(tn, yn), e−λtnσ>(tn, xn)qwn )

≤ kf (u(tn, xn)− w(tn, yn) + |σ>(tn, xn)qun − σ>(tn, xn)qwn |)
+ eλtn |f(tn, xn, e

−λtnu(tn, xn), e−λtnσ>(tn, xn)qun)− f(tn, yn, e
−λtnu(tn, xn), e−λtnσ>(tn, xn)qun)|

Repeating the above argument and using that f is jointly continuous in (t, x) uniformly in (y, z) we get that
the upper limit of the right-hand side when n→∞ is bounded by kf (u(tn, xn)−w(tn, yn)). Put together, this
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gives that

(λ− kf ) lim sup
n→∞

(u(tn, xn)− w(tn, yn)) ≤ 0

and choosing λ > kf gives a contradition.
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