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PROBABILISTIC REPRESENTATION OF VISCOSITY SOLUTIONS
TO QUASI-VARIATIONAL INEQUALITIES WITH NON-LOCAL
DRIVERS*

MaAGNUS PERNINGE™

Abstract. We consider quasi-variational inequalities (QVIs) with general non-local drivers and
related systems of reflected backward stochastic differential equations (BSDEs) in a Brownian filtration.
We show existence and uniqueness of viscosity solutions to the QVIs by first considering the standard
(local) setting and then applying a contraction argument. In addition, the contraction argument yields
existence and uniqueness of solutions to the related systems of reflected BSDEs and extends the theory
of probabilistic representations of PDEs in terms of BSDEs to our specific setting.
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1. INTRODUCTION

We consider existence and uniqueness of viscosity solutions to the quasi-variational inequality (QVT)

min{v(t,z) — Muo(t,z), —v(t,z) — Lo(t,x) — f(t,z,0(t,-), 0" (t,2)Vv(t,x))} =0,
Y(t,z) € [0,T) x R4 (1.1)
’U(T7 .’t) = 1/’(55),

where for each (t,z,z) € [0,T] x R® x R? the map g — f(t,x,9,2) : C(R® — R) — R is a functional,
Mo(t, x) = supyey{v(t,T'(t, z,b)) — £(t,x,b)} and

4 0 1< 0?
— ) - T o
L= jgzl a;(t, ) 7z, + 3 E (oo’ (t,2))i,; 9207, (1.2)

i,j=1
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is the infinitesimal generator related to the SDE
Xhe :er/ a(r,Xﬁ’x)dTJr/ o(r, X1*)dW,.
t t

We take a probabilistic approach and extend the Feynman-Kac framework by relating solutions to (1.1) to those
of the system of reflected BSDEs

Yi® > MY (s, X5%), Vs € [t,T] and ftT(Y,t’”” — MY (5, Xb*))dKE® =0,

S

{Y;vr — (X5 + [T, X Y (r, ), Z87)dr — [T Zb2dW, + KLT — Kbe, Vs € [t,T),

where Y is a continuous, deterministic function such that Y (¢, z) = Y;"*, P-a.s.

It is well known that, under suitable conditions on the involved parameters, value functions to impulse control
problems (that are treated in e.g. [2, 3, 20, 24]) are solutions (in viscosity sense) to standard QVIs when the
driving noise process is a Brownian motion (see the seminal work in [1]) and to so called quasi-integrovariational
inequalities when the driving noise is a general Lévy process [22].

Our primary motivation for studying the QVIs of the more general type in (1.1) and the corresponding
systems of reflected BSDEs (1.3) is this close connection to stochastic impulse control that we exploit in the
case of a local driver f:[0,7] x R® x R x R — R as a means to derive an intermediate result. The non-local
component of the driver allow us to model situations where the running revenue depends on the total reward
in other states, for example by letting f(¢,z,v,z) = f(t,z, Mo(t, ), z) for some f: [0,T] x R” x R x R — R.
Moreover, existence and uniqueness of solutions to (1.3) appears to be a cornerstone in attempts to prove
existence of solutions to systems of doubly reflected BSDEs through penalization (see [9, 10] for a complete
result in a less general setup). Since the unique solution to the system of doubly reflected BSDEs in [10] appear
as the value function to a switching game! in [15], it is natural to assume that our results can lead to an
extension of the theory of stochastic differential games of impulse control (see e.g. [7]). Given the generality
of our framework and in particulary the type of non-locality in our driver it is also plausible that our results
open up new perspectives for dealing with more general impulse control problems, for instance mean-field type
control problems involving impulses.

An alternative Feynman-Kac representation for solutions to standard QVIs was proposed in [20], where the
solution to a QVI is related to the minimal solution of a BSDE driven by a Brownian motion and a Poisson
random measure with a constraint on the jump component. It should be noted that a similar approach was taken
in [21] to derive a probabilistic representation for solutions to nonlinear integro-partial differential equations
(IPDEs) of Hamilton-Jacobi-Bellman type.

Systems of reflected BSDEs related to non-Markovian optimal switching problems were independently consid-
ered in [18, 19]. Based on a contraction argument, the authors of [5] later extended the existence and uniqueness
results for such systems of reflected BSDESs, removing certain monotonicity assumptions on the drivers. In the
Markovian framework, the corresponding Feynman-Kac representation was derived in [17] under a monotonicity
assumption on the driver and extended to the general setting in [16].

Despite the surge of interest in switching problems and the related systems of reflected BSDEs, for a long
while no work appeared that connected impulse control problems to reflected BSDEs. However, recently [23]
considered a sequential system of reflected BSDEs related to non-Markovian impulse control. The intermediate
result in the present work extends that of [23] in the Markovian framework and bridges the gap left in terms of
a probabilistic representation of the corresponding QVIs.

1An optimal switching problem is a type of impulse control problem where the operator of a system seeks to maximize the
revenue by switching between a set of operation modes (see [4] for a complete definition).
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As noted above, our intermediate step assumes that f is a local operator and seeks a solution to the system
of reflected BSDEs

(1.4)

S

Yst’m:’l/J(Xtm +f fT,Xtac Ytac Ztac dr — f thdW +Kt$ K;&,w’ VSE[t,T],
YT 2 MY (s, X57), Vs € [1,T] and [, (V1" = MY (s, X07))dKL" = 0.

Existence is achieved through a Picard iteration approach and uniqueness is shown by a verification argument,
relating a solution to (1.4) to the value function of a stochastic impulse control problem. Moreover, we show
that if (Y, Z, K) solves (1.4), letting v : [0, 7] x R — R be such that v(t, ) := ¥;"*, P-a.s., then v is a viscosity
solution to the QVI

min{v(tv x) - M”U(t,’l}), 71),5(15,%) - E'U(t, x) - f(tax; U(t,x),JT(t,x)VIv(t,x))} = 0’
Y(t,xz) € [0,T) x R? (1.5)
o(T, x) = p(x),

and (in an Appendix) we show uniqueness of solutions to (1.5). To extend these results to the non-local setting
we consider a sequence of interconnected quasi-variational inequalities

min{v*(t, x) — MuF(t,z), —vF(t,2) — Lo*(t,x) — f(t, 2,051 (t, ), 0(t, 2)Verk(t, )} = 0,
v(t,z) €[0,T) XRd (1.6)
(T, z) = P(x),

with vg = 0 and find a norm under which the map ® mapping vy to vgy1 is a contraction. A challenge that we
leave for future research is to use our representation to obtain numerical solutions to (1.1) (see [6] for a result
in the setting related to switching problems). This appears not to be straightforward as we need to deal with
the non-locality in the driver in a suitable way.

The remainder of the article is organised as follows. In the next section we set all required notations and state
the assumptions that hold throughout. In addition, we give some preliminary results that are repeatedly referred
to in the article. Then, in Section 3 we turn to the local setting before we, in the following section, derive the
complete result. Uniqueness of solutions to (1.5) appears rudimentary and resembles the corresponding results
n [17]. However, since our setting is fundamentally different and for the sake of completeness, a uniqueness
proof through viscosity comparison is included as an appendix.

2. PRELIMINARIES
2.1. Notations

We let (2, F,P) be a complete probability space on which lives a d-dimensional Brownian motion W. We
denote by F := (F;)o<t<7 the augmented natural filtration of W and for ¢ € [0, T] we let F* := (F!);<s< denote
the augmented natural filtration generated by (Wy — Wi 1t < s < T).

Throughout, we will use the following notations, where n > 1 is the dimension of the state-space:

— We let I19 denote the set of all functions ¢ : [0,T] x R™ — R that are of polynomial growth in z, i.e. there
are constants C, p > 0 such that |o(¢,2)| < C(1+ |z|?) for all (¢,z) € [0,T] x R™, and let ITI¢ be the subset
of jointly continuous functions.

— For p > 1 and t € [0,T], we let Scag ; be the set of all R-valued, Ft-progressively measurable caglad pro-

cesses (Z, : s € [t,T]) such that || Z||sr := E[sup,c(, 1 |Zs|?] < co. Moreover, we let Sf’ be the subset of

continuous processes and S?, be the subset of continuous and non-decreasing processes with Z; = 0.
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— We let HY denote the set of all R%-valued F!-progressively measurable processes (Zs : s € [t, T]) such that

1Z )13 = E[( S, 12:[2ds)""*]V? < oc.

— We let &7 be the set of all maps Z : Uycjo,[t, T] x Q x {t} x R* = R : (s,w,t,z) — Z*(w) such that

Z%* € Sf and there is a v € 119 such that v(t,z) = z, P-a.s., for all (¢,x) € [0,T] x R". Moreover, given
Z € &P, we let Z denote this deterministic function, so that Z(¢,z) = v(t,z) for all (¢,z) € [0,T] x R™.

~ We let &} be the subset of &7 with all maps Z such that Z* € S7 ;.
~ We let $” denote the set of all maps Z : Usejo,[t, T] x Q@ x {t} x R" = R : (s,w,t,x) — ZL"(w) such

that Z%* € HY.

— We let T be the set of all F-stopping times and for each n € T we let 7, be the subset of stopping times

7 such that 7 > n, P-a.s.

— For t € [0,T], we let U, be the set of all u = (7, 8;j)1<j<nu, Where (7;)32; is a non-decreasing sequence

of F-stopping times in T;, §; is a fﬁj—measurable r.v. taking values in the compact set U and N% :=
max{j : 7; < T}, such that Z;"" € L?(Q, Ft,P), where 25" is the total cost of impulses (see (3.5)).

— For uw € U, we let [u]] = (Tiaﬁi)lgigN%/\jV
— For t € [0,T], we let A; denote the set of all [—1,1]%-valued, Ft-progressively measurable processes (o :

t <s<T)and set A:= Ay.

~ For t € [0,T], we define the composition &; of a' € A and o® € A; as (a' & ), := L (s)al +

]l[tj](s)az.

We also mention that, unless otherwise specified, all inequalities between random variables are to be
interpreted in the P-a.s. sense.

2.2. Assumptions

Throughout, we make the following assumptions on the parameters in the reward functional where p > 0 is
a fixed constant.

Assumption 2.1. i) We assume that f : [0,7] x R"® x C(R" — R) x R? — R is such that for v € IIJ, the

ii)

iii)

map (t,z) — f(t,z,v(t,-), z) is jointly continuous, uniformly in z, f is of polynomial growth in z, i.e. there
is a Cy > 0 such that

|f(t,2,0,0)] < Cp(1+ |2|”)

and that there are constants k¢, Kr > 0 such that for any ¢t € [0, 7],z € R", g,§ € C(R"” — R) and 2, 2 € R?
we have

|f(t,ﬂc,§,5) —f(t,x,g,z)| < kf( S}\lg ) |g(x/) —g(l‘)| + ‘2_Z|)7
z'eA(|x

where for each v € Ry, A(y) := {x € R" : ||z|| < vV Kr} is the closed ball of radius vV KT centered at

the origin.
The terminal reward v : R™ — R is continuous and satisfies the growth condition

[h(z)] < Cy(L 4+ |z|”)
for some Cy > 0.

The intervention cost £ : [0,7] x R™ x U — R is jointly continuous, of polynomial growth and bounded
from below, i.e.

L(t,z,b) > >0,
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iv) For each (x,b) € R™ x U we have
P(x) > P(T(T, z,b)) — L(t, x,b).
Moreover, we make the following assumptions on the coefficients of the forward SDE (and its impulsively
controlled counterpart in Sect. 3).

Assumption 2.2. For any t € [0,T], b € U and x,2’ € R™ we have:

i) The function I": [0, 7] x R™ x U — R™ is jointly continuous and satisfies the growth condition
D(t,x,0)| < Kp V |z]. (2.1)

ii) The coefficients a : [0,7] x R® — R™ and o : [0,7] x R® — R"*? are jointly continuous and satisfy the
growth conditions

la(t, 2)| + |o(t, 2)| < Ca,o (1 + |2]),

for some C, , > 0 and the Lipschitz continuity
|6L(t,l') - Cl(t,],‘/)| + |U(t,l‘) - O'(t,x’)‘ < ka70|x/ - x‘7
for some kg, > 0.

2.3. Viscosity solutions
We define the upper, v*, and lower, v, semi-continuous envelope of a function v as

v (t,x) = limsup  v(t,2') and w.(t,z):= lim inf v(t',x)
(¥ @)= (t,2), ' <T (#,a")=(tx), ¢'<T

Next we introduce the notion of a viscosity solution using the limiting parabolic superjet J*v and subjet J v
of a function v.
Definition 2.3. Subjets and superjets

i) For a lsc (resp. usc) function u : [0,7] x R™ — R, the parabolic subjet, denote by J~u(t,z), (resp. the
parabolic superjet, JTu(t,z)) of u at (t,x) € [0,T] x R™, is defined as the set of triples (p,q, M) € R x
R™ x S™ satisfying

u(t',z’) > (resp. <)ult,z) +plt —t)+<q2' —x>+3 <2’ —a, M@ —z) > +o(|t' —t|+|2' — z|?)

for all (#,2") € [0,T] x R™, where S™ is the set of symmetric real matrices of dimension n x n.

ii) For a lsc (resp. usc) function u : [0,7] x R® — R we denote by J u(t,z) the parabolic limiting subjet
(resp. Jtu(t,x) the parabolic limiting superjet) of u at (t,z) € [0,7] x R", defined as the set of triples
(p,q, M) € R x R™ x S™ such that:

(panM) = lim (pnaqnan)a (tax) = lim (tn»xn)
n—oo

n—oo

for some sequence (ty,, Tn, Dn, Gns Mp)n>1 With (D, gn, M) € I~ u(tn, 2,) (vesp. (Pns qn, My) € JTu(tn, )
for all n > 1 and u(t, ) = limy, 00 w(tn, Tn).

We now give the definition of a viscosity solution for the QVI in (1.1). (see also pp. 9-10 of [8]).
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Definition 2.4. Let v be a locally bounded function from [0,7] x R™ to R. Then,

a) It is referred to as a viscosity supersolution (resp. subsolution) to (1.1) if it is Ls.c. (resp u.s.c.) and satisfies:
i) v(T,z) > (x) (resp. v(T,x) < P(x)) B B
ii) For any (t,z) € [0,T) x R% and (p,q, X) € Jv(t,z) (resp. JTv(t,x)) we have

min {v(t,x) — Mo(t,z),—p— f(t,z,v(t, ), ¢, X, a)} >0
(resp.
min {o(t, 2) — Mo(t, ), —p — f(t,7,0(t,7),q, X, ) } <0).

b) It is called a viscosity solution to (1.1) if v, is a supersolution and v* is a subsolution.
We will sometimes use the following alternative definition of viscosity supersolutions (resp. subsolutions).

Definition 2.5. A ls.c. (resp. u.s.c.) function v is a viscosity supersolution (subsolution) to (1.1) if v(T,x) <
() (resp. > 9(z)) and whenever ¢ € C12([0,T] x R? — R) is such that ¢(¢,z) = v(¢,z) and ¢ — v has a local
maximum (resp. minimum) at (¢, ), then

min {U(tv x) - M’U(t, 1')7 _Qot(t, 1’) - f(tv T, U(tv ')7 D@(ta :U), DQQD(t’ :E), a)} >0 (§ 0)'

2.4. Reflected BSDEs and obstacle problems

We will make extensive use of the following classical result.

Theorem 2.6. (El Karoui et al. [13]) Let h: [0,T] x R™ - R and ¢ : R* — R be (jointly) continuous and of
polynomial growth with h(T,z) < W(z) for allz € R™ and assume that f : [0,T] x R* x RxR? — R ((¢,z,y,2) —
f(t,z,y, 2)) is jointly continuous in (t,x) uniformly in (y,z), Lipschitz continuous in (z,y) uniformly in (t,x)
and such that f(-,-,0,0) € I19. Then, for each (t,x) € [0,T] x R™, there is a unique triple (Y4 Zt% Kb*)
S? x M} x 8, such that
V=0 + [ X Y 2 [ 2w, K- K vseT)
YPT > h(s, X07), Vs € [t,T] and [ (V" — h(s, X0®))dKb® = 0. '

Moreover, there is a v € 119 such that Y1* = v(s, X17), P-a.s. for all s € [t,T], and v is the unique viscosity
solution in 119 to the following obstacle problem

min{v(t, z) — h(t,x), —vi(t, ) — Lo(t,z) — f(t,z,v(t,x),0 " (t,2)Vv(t,z))} =0,
V(t,z) € [0,T) x R? (2.3)
o(T,z) = P().

Furthermore, there is a constant> C' > 0 (that only depends on the Lipschitz constants of the coefficients) such
that

T
Y0 + 120 s + K% < CE[ROXDE + [ 1f(5, X2, 0,0)Pds + sup. [(hlo X)) (2
¢ ¢ ¢ t selt,T]

2Throughout, C will denote a generic positive constant that may change value from line to line.
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In addition, Y can be interpreted as the Snell envelope in the following way

Yhr = esssupE[/ Fr, Y, Z85)dr + h(r, X)L o) + 9(X5T)
TETs

and with D% ;= inf{r > s : Y,"* = h(r, X1*)} AT we have the representation

pLe
Y, = JE[ [ R 2+ DY XL ey + X ey \fﬁ}

and K;fx — Kt =0, P-a.s.

Finally, if (Y, Z,K) is the solution to the reflected BSDE with parameters (1;, 1, i~z), then

1757 = YUl + 105y 27 = Lo 27 e + IR = KGR < CUIRC VE XTE) = AV, X550
+E[|¢<X%”””)—¢<X%I>|2+ /0 Lz ()7 (5, X572, 20) = Loy (3) (s, X207, Vs, Z,) s, (2.5)
where

T

-~ T .
U = E[[0(XE) P + [e(XF)I + / £ (5. X07,0,0)*ds + / |£(5, X57,0,0)2ds
t t

+ sup |(A(s, X072+ sup |(h(s, X0
s€[t,T] s€(t,T]

3. THE CASE OF A LOCAL DRIVER AND THE CORRESPONDING IMPULSE
CONTROL PROBLEM
In this section we consider a simplified setting in which f is a function f : [0, 7] x R" x R x R — R satisfying

the requirements in the statement of Theorem 2.6. We show that in this case we can relate the solution to the
BSDE to an impulse control problem. We recall the system of reflected BSDEs from the introduction

(3.1)

YE© = p(XET) + [T flr, XEo, V0w 700 dr — [T Z62dW, + K5T — Kbe, Vs € [t,T),
Yi® > MY (s, X5%), Vs € [t,T] and ft (Yi® — MY (s, X1®))dKE® = 0,

where Y (t,z) := Y,"* for all (t,z) € [0,T] x R"™. For (t,z) € [0,T] x R™ and u € U; (recall that U; is the set of
all Ft-adapted 1mpulbe controls u := (Tj,ﬁj);’il with 7 > ¢, P-a.s.) we let the cadlag process X% solve the
impulsively controlled SDE

s S
s <k Mo xtears [ ot xiaw, 32
t t
for s € [t, 1) and

Xt :r(rj,Xiﬁ[“bfl,ﬁj)qL/ a(r,Xﬁ’m;“)dr—F/ o(r, XL5) AW, (3.3)

J J
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whenever s € [7j,7j41) for j = 1,..., N — 1 and s € [ry»,T] when j = N%. Moreover, we let the pair
(Phov, QB) € 82, ¢ X HF be the unique solution to the non-standard BSDE
T T
P = g 4 [ gl e Qe [ Queraw, - g g, ()
S S

where the impulse cost process = is defined as

Ny
B = Y g callry, Xy ) (35)
j=1

—t,z;u
=

Remark 3.1. Since we require that =" is square-integrable for all u € ¢ and £ > ¢ > 0, it follows that IV}
is P-a.s. finite implying by standard arguments that the forward SDE (3.2)—(3.3) admits a unique solution for
each (t,z) € [0,T] x R™ and u € U;.

We then introduce the following impulse control problem:

Problem 1. For (t,z) € [0,T] x R”, find u* € U; such that

tx;u™ t,zu
P, = sup P,
wEU,

The main result of this section is the following:

Theorem 3.2. There ezists a unique solution (Y, Z, K) € &2 x 2 x &2 to (3.1). Moreover, there is a v € I1¢
such that v(t,x) = Y;t’w, P-a.s., and v is the unique viscosity solution in 119 to

min{v(t,z) — Muv(t,z), —v(t, ) — Lo(t,x) — f(t,z,v(t,x), 0" (t,2)Vv(t,x))} =0,
Y(t,z) € [0,T) x R? (3.6)
(T, x) = ¥(x).

Finally, we have the representation

tr txiu _ ptyou”
Y," =esssup P, = P, , (3.7)
uEUy

*
u
Np

where u* = (7’;,,@;)]:1 € Uy is defined as:

B T; — inf {S > T;_l : v(&X;,m;[u*]j—l) _ M’U(S,Xﬁ’m;[u*]j_l)} A T,

- B € argmaxyey {o(r} Dy, X0 o)) — e, X0 p))

AN 7y
and N% = sup{j : 7 < T}, with 75 = t.

Since the uniqueness of solutions to (3.6) is rather standard we postpone the proof to the appendix. The
proof of the existence part is based on an approximating scheme given in the following subsection.
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3.1. An approximating scheme

The existence part of the proof of Theorem 3.2 is based on an approximation routine where we restrict the
number of allowed interventions. We introduce the following sequence of reflected BSDEs

Yok = p(XE7) + [ f(r, Xpo, Yiok, zbek)ydr — [T Z50kdW, + KE™F — Kbk, s € [t T), (3.8)
Yiek > MY*—1(s, Xt7), Vs € [t,T] and ftT(Yst’“”’k — MYF (s, Xb))AKETF = 0 )
and
T T
YIS0 = (X ET) 4 / fr, Xbe e zbw0yqy / ZL0aw,., Vs € [t,T). (3.9)

We will relate the solution of these BSDEs to a sequence of impulse control problems, defined for k& > 1:

Problem 1.k For (¢,z) € [0,T] x R, find u** € UF such that

£ F .
P = sup P
ueUk

We also make use of the following lemma which is given without proof as it follows immediately from the
definitions:

Lemma 3.3. Let u,v:[0,7] x R™ = R be locally bounded functions. M is monotone (if u < v pointwise, then
Mu < Mv). Moreover, M(uy) (resp. M(u*)) is l.s.c. (resp. u.s.c.).

In particular, it follows that Muv is jointly continuous whenever v is.

Using Theorem 2.6 and the previous lemma we get the following intermediate result:

Proposition 3.4. The system (3.8)—(3.9) admits a unique solution and there is a vy, € T19 such that

op(t, ) = Y,""F = sup IO, (3.10)
ueUf

P-a.s., for each (t,z) € [0,T] x R™ and k > 0. Moreover, an optimal control u** € UF for (3.10) exists.

Proof. First note that classically (3.9) admits a unique solution (Y%*9 Z%®:0) and that there is a vy € II¢
such that Y2%0 = vy(s, X1®), P-a.s. for all s € [t,T]. Then, since (t,z) — Mg(t,z) € IIJ whenever g € 11 by
Lemma 3.3 it follows that Mwy € I19. On the other hand, by definition

MYO(s, XE7) = Mug(s, X0¥), Vse[t,T], P-as.

and we conclude by Theorem 2.6 that (3.8) admits a unique solution for k =1 with vy := Y1 € I19. Repeating
this argument gives that (3.8) admits a unique solution for arbitrary k with vy := Y* € TI9.
For the representation, given (¢,z) € [0,T) x R™ we will use an inductive procedure to construct a control

u** such that Y,"** = Ptt’m;“*’k and then establish (3.10) by showing that u** solves Problem 1.k. We thus

wrok
pick (t,2) € [0,T) x R™ and define u** = (7, )"

j=1 € utk as:

sk SR
—rfi=inf{s > i1y (s, XETTTTly = My (s, x0T D}AT,
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x;[u P, t,x;[u i
- 85 € argmaxye vy (7], D, X0 0 ) — oy, x0Tl )

for j =1,...,k and N%" := max{j € {0,...,k} : 75 < T}, with 7 :=t. Then, Kj;f — K}® =0, P-as., and
we find that

thk _ ]l['r <7 ka 1(7'17X )+ ]l['r 7T]w Xt / f X’ﬁw’y;t,m,k,zﬁa%k)dr_/ Z:7$7deT
s
Jz[u*® T x
= g ey {vnm (77, X700 ) = X B} A Mg (X

+ / flr, XE2 Yok, Z0e R dr — / ZLok AW,

for all s € [t, 7f]. To simplify notation later we let (°, Z°) := (Y**, Z5®). Similarly, for each j € {1,...,k — 1},
Theorem 5.2 of [13] implies that there is a unique triple (J7, 27, K7) € 82 x H? x Szi that solves the reflected
bsde

Vi = p(xm ey 4 T f( xbele s yi zdyar — [T Z3dW, + Kb — KI, Vs € [t T,
Vi> ka_j_l(s,Xﬁw lun* ), Vs e [t,T] and ftT(yg - ./\/lvk_j_l(s,Xgam;[u*,k]j))dlcg =0

and continuity together with an approximation of X ta@ilu™; and the stability result for reflected BSDEs in
, FERsy
Proposition 3.6 of [13] implies that Y7 = vk,j(s,Xﬁ’z’[u ]J), P-a.s., for each s € [7}, T]. Moreover, the proof of
Proposition 2.3 in [13] gives that KJTM — K.. =0, P-a.s. and we conclude that
J J

. t,x;[u® j tmu*’kj " 7;*,k
yg - ]l[ <l {’Uk —I= 1( 7+1,X J+1[ : +1) e( 7+1’ +1[ ! 7ﬂj+1>} + ]1[7_7‘*+1:T]'(/)(X;“x “ )
T ) ) T
+ [T st vz - [T zaw,

for all s € [7F ]. Finally, letting (¥, Z¥) be the unique solution to the standard BSDE

75> J+1
T
VE = p(xgme / er,’f’Z,yf,Zf)dr—/ ZFaW,

we get that yf; = UO(TE,X%I;"M), P-a.s. and we conclude that the pair (Y, Z) defined as Y := 1p )" +
Sk Lirs e, 197 and 2= Z?:o L(rs = 127 belongs to 87 x H} and satisfies

j=1
*,k
Nu

T
Vs = (XL "“>+/ f(r,Xﬁ’f%"*"iyr,zr)dr—/ ZdW, = Y M 0, X 5, s e [1,T).

S ] 1

kK
By uniqueness of solutions to (3.4) and since Y? = Y,*** we thus conclude that vj(t,z) = Y,"*% = p-=
Now, suppose that 4 € Z/{tk is another impulse control, then

VIO = 1 cmp{vem1 (71, D(F1, XET)) — 01, X525, B} + Ly —rp (X57)

T1 T1
+ / f(r, XL Yok zbekyqy - / ZETRAW, + Kﬁ’f’k — Kbok
S S
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for all s € [t,71]. Arguing as above gives that there is a sequence (ﬁj,zj,l@j);‘fzo C 8? x H? x 82 such that
L - k - k 5 P K o o .
letting ) := ]l[t)ﬁ]yo + Zj:O ]l(fj’ﬂ.ﬂ]yﬂ, Z = Zj:O ]l(ﬂ.le]ZJ and g := ijo ]]‘[7A'j<5]{lci/\%j+1 — IC%}, with

7o := t, implies that (JAJ,Z‘:’J@) C&2,, xH? x Sﬁt satisfies

cag,t
T T NE
Ve = 0(XE5) + / fr, XE58, 9, 2, )dr — / Z,AW, =3 T jaca 075, X257 By
s s =1
+Kr—K,, Vse [¢,T]
and Y, = Ytt’w’k. Now, comparison gives that Pf’w;ﬂ < Y, and we conclude that Pf’w;ﬁ < Yf’w’k. O

Before we proceed to give the proof of Theorem 3.2 we need some preliminary estimates, which we give in
the following subsection.

3.2. Some preliminary estimates
Proposition 3.5. For each p > 1, there is a C > 0 such that
E[ sup Xt |7 < o1+ | XE7P), (3.11)
SE[CvT]
P-a.s. for all (t,z) € [0,T] x R™ and ({,u) € [t,T] X Us.

Proof. We use the shorthand X7 := X% By Assumption 2.2.(i) we get for s € [75,T], using integration by
parts, that

. 8 . . S . .
X1 = X2, I? +2/ XJdxi +/ d[ X7, X7,
! (CVT)+ (V) +
<SEKRVIXI P+ 2/ X7dX7 + / d[X7, X7),.
! (Cvr)+ (Cvry)+

Now, either [X/~'| < Kr in which case

S S

XJdxi +/ d[ X7, X7),.

XIP? < |Xz|2vK%+2/
(CvTi)+

(Cvr;)+

or |X£j_1| > Kr implying that

X . Ti . . i . .
XI2P<KEVIXITE 242 Xi—laxi—1 + d[ X1 x7-1,
s T CVTi—1 T r
’ (CVTi—1)+ (CVTi—1)+
+2/ XidXxi +/ d[ X7, X7),.
(CvTi)+ (CvTi)+

In the latter case the same argument can be repeated and we conclude that

S/\‘F,;.*_l S/\‘I:,j+1

J
XiP <P vRE+ Yo {2 [

XidXE+ /
i=jo (CVTi)+

ax’, X7, }, (3.12)
(CvTi)+
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where 7o = —1, 7; = 7; for i = 1,...,j and 7j41 = o0 and jo := max{i € {1,...,j} : [XZ ! < Kp} V0.
Now, since X* and X7 coincide on [0, 7;4+1j+1) we have

J SATi41 ) ) s ) ) s ) )

3 / Xidxi = / Xda(r, X3)dr + / Xio(r, X7)dW,,
—i, /( ¢

i=j

VT + VTig VT

and

J SATi4+1 ) ) s )
Z/ d[XZ,XZ}T:/ o?(r, X7)dr.
¢

i=jo ¥ (CVTi)+ VTjo

Inserted in (3.12) this that

L@FSL%FvK%+/

Tio

(2X7a(r, X7) + o*(r, X2))dr + 2/ Xio(r, X3)dW,
Tio

< |XIP+ 0(1 +/ |X7|%dr + sup ) (3.13)
¢

n . .
/ Xio(r, X7)dWV,
n€lg,s] ' J¢
for all s € [¢, T]. The Burkholder-Davis-Gundy inequality combined with Gronwall’s lemma gives that for p > 4,

E| sup |XJJF
s€[¢,T]

fg] < C(1+|XIP),
P-a.s., where the constant C = C(T,p) does not depend on u or j and (3.11) follows by letting j — oo on both
sides and using Fatou’s lemma. The result for general p > 1 follows by Jensen’s inequality. O

For (t,x) € [0,T] x R” and u € U; we let (PH%%, Q5*") be the unique solution to the following standard
BSDE

T T
Db = p(XhT) 4 / Fr, Xbow phasu @haiw) gy _ / QLAWY (3.14)

S

Combining classical results (see e.g. [14]) with Proposition 3.5, we have

T
IE[ sup |158t’x;“|2+/ |t 2ds}
s€[t,T) t
T
< C]E[W(X;wnu/ [, XE5,0,0)Pdr| < C(1+af?), (3.15)
t

for all u € U;.
Using the comparison principle we easily deduce the following moment estimates:

Proposition 3.6. We have,

| sup P74 < C(1 + [op) (3.16)
u€EUs
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and for each k > 0, there is a C > 0 such that

T
E| sup |P§’m;u|2+/ QT Pds| < C(1+ [a]*), (3.17)
se(t,T] t

P-a.s. for all (t,z) € [0,T] x R™ and u € UF.

Proof. The first statement follows by repeated application of the comparison principle which gives that Ptt @30 <
SUpyey, PU7" < supyey, PP and using (3.15).
The second statement follows by noting that for fixed k > 0, there is a C' > 0 such that
E[IE7""%] < C(1 + E| s [ X)) < O+ [af )
sEft,T

for all u € Utk. ]

In the following lemma we use the above estimates to derive a bound on the expected number of interventions
in an optimal control for Problem 1.k. This bound plays an important role in the convergence analysis employed
later on.

k

Lemma 3.7. There is a C' > 0 such that whenever u** is an optimal control to Problem 1.k for some k > 0,

then E[N2 "] < C(1 + |z|°).
Proof. To simplify notation we let (X, P, Q) := (Xt@w™" ptaw™ otew™y and X9 = Xt@le™" ] and get that
T T -
Po=uXe)+ [ X P Qdr = [ QW = 3t X0 B,
S S Tj>s
Letting

f(57X87 Ps7 Qs) - f(S, Xsa 07 Qs)
P

Gs) = 1p, 0]

and

f(s7XsaoaQs) B f(S,XS,O,O)
Qs

Ca(s) = (@s)"

we have by the Lipschitz continuity of f that |(1(s)| V |(2(s)| < k. Using Ito’s formula we find that

w*ok
NT

T T
Ps = Rs,Tw(XT) + / Rs,rf(ra X’I‘) 07 O)d’l“ - / Rs,rQrdWr - Z Rsn’]f ]l[T;‘ZS]E(T;? X;?—f‘_17 6;)
s s =1 X 7

with R, = elI (G () =316@)P)dv+3 [I¢2()AWs | Gince the intervention costs are positive, taking the conditional

expectation on both sides and using Proposition 3.5 gives

T
P < B[Rurt(a) + [ Ry fr.X,0.00r| 7]



14 M. PERNINGE

< C(1+ IR 1| 7] B[ 1,7 )

<O+ 1X07)

k

On the other hand, since ™" is an optimal control,

Py > wvo(s, X,) > —C(1 + | X,]?),

P-a.s., for some C' > 0 (independent of (¢, s,z) and k). Proposition 3.5 then gives

E[ sup [PJ?] < C(1+]al?),
s€[t,T]

where C' > 0 does not depend on k. Next, we derive a bound on the H7-norm of Q. Applying Ito’s formula to
| Ps|? we get

T T T
|Pt|2+/ |Qs|2d3:w2(XT)+2/ Psf(sastpsaQs)dS_Q/ PstdWs
t t t

*,k

i PJ Yo(r XJ*1,6)+£2( Xj*l,B)) (3.18)

where P/~! is P without the j — 1 first intervention costs. Since the intervention costs are nonnegative, we have

Nu* k

— 3 @PL M X B + (7, X 5) <2 sup |R| Z o X370 6)

s€(t,T]

Ny"

1/, & o 2

<k sup |P*+ ;( Z o(ry, X7 1,6;‘))
j=1

s€t,T]

for any x > 0. Inserted in (3.18) and using the Lipschitz property of f this gives

T T
1
PP+ [ Qs < w0t +(C 4 ) sup PP+ [ (15, X 0,0 + 51Qu)s
t

t se(t,T]
*, Kk

u
T

_2/ PQodW, + — (Z ,Xﬁ;17ﬁ;)>2. (3.19)

=1

Now, as u*™* € U*, it follows that the stochastic integral is uniformly integrable and thus a martingale. To see
this, note that the Burkholder-Davis-Gundy inequality gives

] <OE[(/T |pSQS|2ds)1/2} gCE[ sup |Py? +/ |QS|2ds}
t

s€(t,T]

E sup’/PQr

seft, T
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where the right-hand side is finite by (3.17). Taking expectations on both sides of (3.19) thus gives

B [ 1@.as] < 04w+ ja) + 2[( Zh x,60)’].

Finally,
Nk
e 1 L /2
u < - ]* 1
E[N} 1_5E[(;16< X3 60) |
and
Ny~ . 9 T T
B[(3 X3 8)) | < CBIPE + )P + [ 150X, P QuPdr+ [ 1QuPar]
= t t
T
< CE[[o(Xn)P + sup PP+ [ (175 X, 0.0 + [Q.[)ds]
s€[t,T) t
Nk
C - i 2
2 * J—1 %
< CU+mL+ o) + B[ ( Z; oy, X3 87) |
=

and the lemma follows by choosing « sufficiently large. O
Lemma 3.8. There is a C > 0 such that

|vg (L, ) — vg—1(t, x)| < g(1 + |z|?7) (3.20)

9 ) = \/E

for all (t,z) € [0,T] x R™ and k > 1.

Proof. We let u** € UF be an optimal control for Problem 1.k. To simplify notation we let (P,Q) =
(Pt’x?"*’k,Qt’x;“*’k) and set

(P,Q) = (Pt’l';[u*’k]k’ﬂQt’l;[u*’k]k’l)- Then, with X := Xt%¢"" and X := Xt#[" " le-1 we have X, = X, for
all s € [0,77) N[0, T]. This gives

T
Pt - pt = '(/)(XT) - ¢(XT) + / (f(S,XS, Psv Qs) - f(Sa st psa Qs))ds
t
T *,k *,k
- / (Qs — Qu)dW, + Tyl oy _ ghasu
t ) . )
S I]-[Nu*vk:k] (Rt,T(d}(XT) - w(XT)) + /t Rt,s(f(stsaPsa Qs) - f(stsa Psv Qs))ds)

- Rt,s(Qs - Qs)dWs
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for some Ry, := eli (G =2lCMIDdrtg [FGMAWs with (¢ (r)| V | (r)] < k¢. Taking expectation on both sides
and using the Cauchy-Schwartz inequality gives

T
E[P, - P < E[1y,n o (Rur((Xr) - 0(Xr)) + /t Ruo(f (5, Xo P Qo) = f(5. X, P Q0))ds )|

1/2
<C(1+ |x|P)]E[]1[N%*,k:k]] :
Now, Lemma 3.7 implies that
C( + |x]?)
L
from which (3.20) follows. O

3.3. Proof of Theorem 3.2

Proof of Theorem 3.2 Since the sequence (vy)x>0 is non-decreasing and uniformly bounded by a polynomial,
there is a v € I19 such that vy, v as k — oo. Moreover, by Lemma 3.8 the convergence is uniform on compacts
which implies that the limit is jointly continuous, thus v € I19.
Now, by Theorem 2.6 there is, for each (¢,2) € [0,T] x R", a unique triple (Y**, Z5* K"*) € §f x Hi x 87,
such that
Vi = O(XE) + [ X Y, 2 dr — [T Zbaw, + K - K Vs € [1T], 1)
YI® > Mu(XE®), Vse[t,T) and [ (V" — Mo(XD7)dKD® = 0. '

On the other hand, by once more invoking Lemma 3.8 we get P-a.s. convergence of the barrier in (3.8) and
we easily deduce by (2.5) that Y% = limj_,, Y*®* pointwisely, and we conclude that Y;"* = v(t, x), P-a.s. In
particular, this implies that (Y, Z, K) € &2 x ? x &2 solves (3.1).

To prove the representation we use ideas similar to those in the proof of Theorem 1 of [11]. We get by
repeating the proof of Proposition 3.4 that, whenever (Y, Z, K) € &2 x $? x &2 satisfies (3.1), there is a unique
pair (¥, Z) € 82, ; X H7 such that Y, = Y;", P-a.s., and

kAN

V, = /Tk Fr, X070y Z)dr—/Tk Z,AW, — 37 gapnf(rf, X0 gy
s y Ap y Yy T r [s<r;]*\7j> T » Mg
S S j=1

+ Ly = (XE™) + L e (i, X050,

T
Xt,*w;[u*]k
Tk
bounded in L?(P) and we conclude that u* € U;. In particular, this implies that N% is P-a.s. finite. Taking the
limit as k — oo and using that (3.4) admits a unique solution, we conclude that Y;"* = P/"** . Repeating the
comparison part in the proof of Proposition 3.4 then gives that u* is an optimal control for Problem 1. Since
this holds for any (Y, Z, K) € &2 x 2 x &? that solves (3.1), uniqueness of solutions to (3.1) follows.
Moreover, from Theorem 2.6 it immediately follows that v solves (3.6) and by the comparison result for
viscosity solutions to (3.6) in Proposition A.4 the solution is unique. O

where u* is now the impulse control in the statement of the theorem. The sequence v(7}, ) is uniformly

Remark 3.9. Letting U! be the subset of U; with 71 > s, P-a.s., we may extend the representation to Y/* =
esssup, ey Py for all s € [t, T].
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4. THE GENERAL SETTING

We now turn to the general setting of a non-local driver. Existence will again follow by an approximation
routine and we introduce the following sequence of systems of BSDEs

{Yst,x,k = (XE%) + ng flr, X2 YE=1(r, ), ZL®F)dr — f ZEeRAW, + K5™ M _Kbmk s e[t T) (41)

VIR > MY*F(s, X07), Vs € [t,T] and [, ( Y; TR — MYF(s, XE7))dKE™F = 0.
for k> 1, with Y? = 0.
Proposition 4.1. There is a sequence ((Y*, Z% K*) € &% x $2 x &2)1>0 that satisfies the recursion in (4.1).

Proof. We need to show that for each k£ > 1, there is a vy_; € I1¢ such that Y;t’x’k_l = vg_1(t, z) for all
(t,z) € [0,T] x R™. However, for k = 1 this is immediate by the definition. Now, the result follows by using
Theorem 3.2 and induction. O

For (t,7) € [0,T] x Ry and « € Ay, we let (U7, 057%) € 8 x 87, (with QL7 = () solve the one-
dimensional reflected SDE

WL =42V KR + (4C,,0 +2C7 ) ft + ULy dr +4C, o ft (1+ ULr)a,.dW, + LY« Vs e [t,T)]
WL > A2y K2 and ftT(\I/gma — (Vv KI%))ale)';7 o= (),
(4.2)

and set W7 := 42V K2 for s € [0, t]. For existence and uniqueness of solutions to reflected SDEs the interested

reader is directed to [12]. For (t,7) € [0,T] x Ry, we then set RE7® := /WY and note that classically, we
have

E[ sup |R’;’7;a|p] <C(1+ |yV Kr|P),
s€t,T]

for all p > 2.

Lemma 4.2. For each (t,z) € [0,T] x R% and u € Uy, there is an o € A; such that | X054 < RYE for all
s €t,T], P-a.s.

Proof. Since
2za(r,z) + 0*(r,z)| < (4Cas +2C2 ) (1 + |2|?),
it follows from (3.13) that we can always choose a € A; such that
2000 (14 U750, = Xjo(r, X7)
and the statement holds by (3.13). O
For ¢ € 11 we let (Y¥, 2%, K?) € &2 x $2? x &7 be the unique solution to

{Y = GO 4 S £ X0 ), 2 00dr = [ 2050QW, 4 Ki™? = Kime, se o T) o

VI > MY (s, X07), Vs € [t,T] and [ (Y279 — MY#(s, X))AKL™ = 0,
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where Y?(t,z) := Y,"™% for all (¢,z) € [0,T] x R", and note that letting (P»* ¢ Qb%¥u) e 82 . x H2 solve
t cag,t t

T T
P;,x,ap;u — 1//(X%x’u) 4 / f(’/', X:,m;u, (p(n ')7 Qi,z,ap;u)dr _ / Qi,z,@;udwr _ E;lLu + Ei;,m;u7 (44)

S

Theorem 3.2 gives that

tx,p t,x,p5u
Y, = sup P, .
u€EUy

Proposition 4.3. There is a k > 0 such that for all , ¢ € I19 and v > 0, we have

T T
_ _ 1
sup E[/ e sup |YP(t,x) — Y”(t,x)|2dt} < = sup E[/ e sup @t x) — ot m)|2dt] (4.5)
acA 0 TEA(R) ) 2 aea 0 TEA(R)TY)

Furthermore, there is a C > 0 such that

T
sup sup |YP(t,x2) —Y¥(t,z)]> < Csup ]E[/ sup  |g(t,z) — ga(t,x)|2dt] (4.6)
t€[0,T] zeA(7) acA 0 rEA(R?"‘”Q)

for each v > 0.

Proof. Let u*,@* € Uy be optimal strategies for PH®%% and P»®%%  respectively, so that
ybhee _ Pt,z,cp;u* tx,p _ ptx,pa”
f =P and Y =P .
Then
)/tt’xﬁp _ }/ttﬂwﬁ _ Ptt@,wu _ Ptt,l’#ﬁ;ﬂ
< Ptt,ﬂc,sa;u* _ Ptt@@;u*.
Since a similar inequality holds in the opposite direction, we find that

P KRR < i (R — RO (4.7)
u t

For u € Uy, let (P,Q) := (Pt®#, Q1) and (P, Q) = (PH#%, Q4»%%) and note that for k > 0, Itd’s
formula applied to e* |P — P|? gives

T T T
e By — P2 +/ "0, — Qu[2ds = —2/ 55 (B, — P)(Os — Qu)dW, — n/ ¢"5| P, — P,|%ds
t t t
T ~ ~
- 2/ " (Ps — Ps)(f(s, XL™" 3(s,-),Qs) — f(5, XL, (s,+),Qs))ds.
t

By assumption

1F(5, X050 io(s,), Qa) — F(s, X075 3(s, ), Q)] < Ky s Mﬂ&w*@@wa@*Qﬁ'
' eA(|XLTY
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Hence, taking the expectation and using inequalities 2Czy < (Cz)? + y? and 2zy < 2%/\/k + /ky? gives
~ T ~
| B, — PJ? < (C% + O/ — H)E[/ ers| P, — PS|2ds}
t

C r )
E ks ~ A / )
+ SB[ [ s ) = sl P

o eA(IXDT)
Now, pick kg > 0 such that kg > C? + C/k and note that for each k > ko, we have
- C T
e™|P — P)? < —]E{/ ers sup |p(s,2") — @(s,x’)|2ds]
Vi L wenqxtem)

C T
< — sup E[/ e sup |o(s, ") — <p(s,a:’)|2ds},
\/E acAy t .’L‘/EA(‘RZ"I‘;QD

where the last inequality follows from Lemma 4.2. Since the right-hand side is non-decreasing in |z| and
independent of u, (4.7) now gives that

T
e sup [PH(t0) - Vo) < s B[ [ e sup[plsa) - pa)Pds] @)
=€A(y) VEaca Lo wenmire

for any v > 0. In particular, as both sides are continuous in 7 a standard dynamic programming argument gives
that for any a1 € A, we have

_ _ C T
E[e”t sup  |YP(t,x) - Y?(t,2)]*| < —= sup IEU ers sup 13(s,27) — (s, 2")[ds]|.
zEA(R)TT) K acA t o EA(ROTIO1Bay

Taking the supremum with respect to a1 on the right hand side and once again relying on a standard dynamic
programming argument gives that

_ _ C T
E[e”t sup [Y#(t,x) — Y‘p(t,:r)ﬂ < — sup E[/ e sup  |@(s,2’) — go(s,:c')|2ds}.
wEA(RS”Y;al) R acA 0 z/eA(R(SJ,'y:a)

Integrating with respect to time and using Fubini’s theorem, we find that

T o B or T
]E[/ e sup  |[YP(t,x) — YP(t,2)]Pdt] < —= sup E{/ e sup  |@(s,2’) — (s, z’)|2ds}
0 IGA(RSV’Y;(A) R aeA 0 $'€A(Rg”wa)

after which taking the supremum with respect to a; € A and choosing x > 2(CT)? V kg gives the first inequality.

To get (4.6) we note that comparison gives that R%7® > R for all s € [t,T] and « € A. From (4.8) we thus
get that

T
sup [V¥(t.2) = Vo(ta)f < CspB[ [ sup [plsa’) = p(o,a) ]
z€A(7) acA 0 2/eA(RY™)

from which (4.6) is immediate since the right hand side is independent of . O
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We now introduce the norm || - ||, on the space of jointly continuous functions of polynomial growth, IIY,
defined as

T
Il = sup B[ [ e sup foto)ae],
acA 0 TEA(RYY™)

with £ > 0 as in Proposition 4.3 and note that under || - |, the map ® : II¢ — II¢ that maps ¢ to Y¥ is a
contraction.

Corollary 4.4. There are constants C > 0 and p > 0 such that |[Y*(t,z)| < C(1+|x[P) for all (t,z) € [0,T] x R4
and all k > 0.

Proof. First, we note that (4.5) and the triangle inequality implies that

1
2k—1

_ P o 1o o e L L L
V5]l < V% = YRy + 1Vl < SIPR = YR72 ) + VR, < (DI T [P [ i %

However, as a similar scheme holds for |[Y*~1||., and since Y? = 0 we conclude that

k

_ 1 _
1740 < 37 5 17 < 2097

j=1

On the other hand, as Y'! € I1¢ there are constants C' > 0 and p > 2 such that [Y1(t,2)| < C(1 + |z[P) and we
conclude that

T
I7HE = sup B[ [ et swp [P0l
acA 0 EA(RY ™)

< C(l + sup IE[ sup |R?”W|2PD
acA te[0,T]
< C(L+h*)

implying the existence of a C' > 0 such that ||Y*|, < C(1 + |y[P) for all k > 0. Now, (4.6) gives that

T
sup sup |[Y*(t,z) - Y(t,z)> < C sup E{/ sup |§7k_1(t,x)|2dt}
0 zeA

tG[O,T] IGA(’)’) acA (Rg."r:a)
< C1+h)
where the constants C' > 0 and p > 2 do not depend on k and the desired bound follows. O

Letting vy (¢, ) := Y*(t,2), Proposition 4.3 and Corollary 4.4 implies that there is a v € II9 such that for
each v > 0 we have |lvy —v||y — 0 as k — oo.

Theorem 4.5. v is the unique viscosity solution in I19 to (1.1).

Proof. First, (4.6) implies that the convergence is uniform on compact subsets of [0,7] x R™ and since vy, is
jointly continuous for each k > 0 we conclude that v is also jointly continuous. This in turn gives that ®(v) is
well defined and we conclude that ®(v) = v establishing existence of a solution to (1.3). Moreover, if (Y, Z, K) is
another solution, then 9(t, z) := Y;"* must also satisfy (%) = #. However, then repeated use of the contraction
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property in (4.5) gives that |0 — v||, . = 0 and by continuity we conclude that ¢ = v implying by uniqueness of
solutions to (3.1) as obtained in Theorem 3.2 that (1.3) admits a unique solution.

Utilizing, once more, the connection between reflected BSDEs and obstacle problems we conclude that v
solves (1.1). Suppose now that there exists another function ¢ € II¢ that solves (1.1) and let © = ®(v), then by
Theorem 3.2 we conclude that v € II¢ is the unique solution to

min{v(t, r) — Mo(t,x), —v,(t, x) — LO(t,x) — f(t,2,0(t,-),0 " (t,2)V,0(t,2))} =0,
V(t,r) € [0,T) x RY
o(T, x) = p(x),

But then v = ¥ implying that v is a fixed point of ® and since v is the only fixed point of ® in the set of jointly
continuous functions of polynomial growth we conclude that v = v. O

Corollary 4.6. (Y, Z K"V) is the unique solution in &2 x $? x &2 to (1.3).

APPENDIX A. UNIQUENESS OF VISCOSITY SOLUTIONS IN THE LOCAL
FRAMEWORK

By Theorem 3.2, there is v € I19 that solves (in viscosity sense) the quasi-variational inequality

min{v(t,z) — Mv(t,z), —v(t,x) — Lo(t,x) — f(t,z,v(t,x), 0" (t,2)Vv(t,z))} =0,
Y(t,xz) € [0,T) x R? (A1)
(T, z) = ().

In this section we show that v is the only viscosity solution in IT9 to (A.1). We need the following lemma:
Lemma A.1. Let v be a supersolution to (1.1) satisfying

Y(t,z) € [0,T] xR, |o(t,z)] < C(1 + |z|*?)
for some o0 > 0. Then there is a vo > 0 such that for any v > o and 0 > 0, the function v + 0e~ " (1 + ((|z| —
Kr)T)22%2) s also a supersolution to (1.1).
Proof. With w := v +0e~7 (1 + ((|z| — K1)*)2¢*+2) we note that, since v is a supersolution and fe =77 (1 + ((|z| —

Kr)*)?et2) > 0, we have w(T,z) > v(T,z) > () so that the terminal condition holds. Moreover, we have

w(t, z) —sup{w(t,T(t, z,b)) — £(t,x,b)}
beU

=v(t,z) +0e (1 + ((Jz| — Kr)T)?et?)
- ?gg{v(t» L(t,2,b)) + 0e~ (1 + (([T(t,2,b)| — Kr)*)?*?) — £(t, 2,b)}

> ’U(t, (E) - ggg{v(tv F(tv €, b)) - f(t, €T, b)}

+0e77 {1+ (o] — Kr))?er® - ggg(l +((I0(t, 2, b)| = Kr)T)?e*2)}.

Since v is a supersolution, we have

v(t,x) — sup{v(t,T'(¢,x,b)) — £(t, z,b)} >0
beU
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Now, either |z| < Kr in which case it follows by (2.1) that |I'(¢,2,b)| < Kr or |z| > Kr and (2.1) gives that
IT'(¢,z,b)| < |x|. We conclude that

w(t,z) —sup{w(t,T'(t, z,b)) — £(t,x,b)} > 0.
beU

Next, let ¢ € C12([0,T] x R? — R) be such that ¢ — w has a local maximum of 0 at (¢, zo) with ¢y < 7. Then
G(t,w) == @(t,x) — e (1 + ((|z| — Kr)T)22*t2) € C12([0,T] x R? = R) and ¢ — v has a local maximum of 0
at (to, zp). Since v is a viscosity supersolution, we have

= Oup(t,w) = 07 (1 + (] = Kr)")*¢%2)) = L{o(t,2) — 0 (1 + (2] = Kr)T)*F2))
— [t @, ot ) — e (L + (2] — Kr) ")), 0T (8, 2)Va(o(t, ) — e (1 + ((|2] — Kr)")*¢*?))) > 0.

Consequently,

— Op(t, ) — Lo(t,x) — f(t, 2, 0(t,x),0 " (t,2)Vaip(t, x))

> Oye " (14 ((Jo] — Kr) ™)) = 0Le ™7 (1 + (2] — Kr)T)***?)
f(ta,p(t,@) — 077 (1 + ((J2] — Kr) ")), 0T (8, 2) Vo (p(t, ) — 077 (1 + ((Ja| — Kp)t)?¢?)))
— f(t,z,0(t,x), 0" (t,2)Vap(t, z))

> Oye (14 ((Jo| — Kr)T)?2%?) = 0C(1 + )e (1 + ((|2| — Kr))*+?)
— ky(1+ )0 (1 + ((Ja| — Kr)T)%+?),

where the right hand side is non-negative for all § > 0 and all v > vy for some vy > 0. O

We have the following result, the proof of which we omit since it is classical:

Lemma A.2. For any A € R, a locally bounded function v : [0,T] x RY — R is a viscosity supersolution (resp.
subsolution) to (1.1) if and only if (¢, ) := e uv(t,x) is a viscosity supersolution (resp. subsolution) to

min{d(t, 2) — supyep {0, L (t, 2, b)) — e e(t, 2,b)}, =Ty (t, x) + Ao (t,x) — LT(t, )
—eMf(t,x, e Mo(t, ), e Mo T (t,2)V,0(t,2))} =0, V(t,z)€[0,T) x R? (A.2)
(T, x) = e ap(z).

Remark A.3. Here, it is important to mnote that Ut,x) = eMU(t,x), flt,z,y,2) = —\y +
M f(t,x, e My, e M2) and o (x) := e’y (z) satisfy Assumption 2.1. In particular, this implies that Lemma A.1
holds for supersolutions to (A.2) as well.

We have the following comparison result for viscosity solutions in IT9:
Proposition A.4. Let v (resp. u) be a supersolution (resp. subsolution) to (1.1). If u,v € I19, then u < v.

Proof. First, we note that it is sufficient to show that the statement holds for solutions to (A.2) for some A € R.
We thus assume that v (resp. u) is a viscosity supersolution (resp. subsolution) to (A.2) for A € R specified
below. Furthermore, we may without loss of generality assume that v is l.s.c. and u is u.s.c.

By assumption, u,v € I19, which implies that there are C' > 0 and ¢ > 0 such that

lu(t, z)| + u(t,z)| < C(1+ |z|*9). (A.3)
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Now, for any v > 0 we only need to show that

w(t, ) = w7 (t,z) = v(t,x) + 07 (L + ((|2] — Kr)*)**?)
> u(t,x)

for all (¢,z) € [0,7] x R? and any § > 0. Then the result follows by taking the limit § — 0. We know from
Lemma A.1 that there is a 49 > 0 such that w is a supersolution to (A.2) for each v > o and 6 > 0. We thus
assume that v > .

We search for a contradiction and assume that there is a (¢, 2q) € [0, T] x R? such that u(to, z¢) > w(to, zo)-
By (A.3), there is for each § > 0 a R > Kt such that

w(t, ) > u(t,x), Y(t,x)ec[0,T] xR |z| > R.

Our assumption thus implies that there is a point (¢,Z) € [0,7) x Bg (the open unit ball of radius R centered
at 0) such that

t,x) — w(t,z)) = t,x) — w(t
(t,@?[%ff%{]w(“(’x) w(t, z)) (t_’m)e%ﬁa%xBR(U(,x) w(t, x))

=u(t,z) —w(t,z) =n>0.
We first show that there is at least one point (¢*,2*) € [0,T) x Bg such that

a) u(t*,z*) —w(t*,2*) = n and
b) u(t*,z*) > suppey{u(t*, T'(t*, z*,b)) — £(t*,b)}.

We again argue by contradiction and assume that u(t,z) = sup,cy{u(t, I'(t, z,0)) — £(¢,b)} for all (¢t,2) € A :=
{(s,y) €[0,T] x R?: u(s,y) — w(s,y) = n}. Indeed, as u is u.s.c. and I is continuous, there is a b; such that

u(t, z) = :g(}}{u(ﬂ [(t,z,b)) — L(t,b)} = u(t,T(t,z,b1)) — £(t,b1). (A.4)

Now, set 1 = I'(¢, Z, b1) and note that since
ID(t,z,b)| <R, Y(t,z,b) €[0,T] x Bp x U
it follows that z; € Bg. Moreover, as w is a supersolution it satisfies

w(fvj) - (w(tar(fajabl)) - E(ﬂfvbl)) >0

or

Hence, (¢,71) € A and by our assumption it follows that there is a by € U such that

u(t, 1‘1) = u(ﬂ F(E, 1, bg)) — é(f, bg)
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and a corresponding x5 := I'(¢,z1,b2) € Bg. Now, this process can be repeated indefinitely to find a sequence
(j,bj)j>1 in Bg x U such that for any { > 0 we have

=
5
&
I
I
—~
S+
8
Nl
\

é(f, Tj—1, bj)a
1

J

with xo := 7. However, as £ > ¢ > 0 we get a contradiction by letting [ — oo while noting that |u(t,z)]| is
bounded on [0,7] x Bg. We can thus find a (¢t*,2*) € [0,T) x Bg such that a) and b) above holds.

Since f is Lipschitz in y and z for (¢,z) € [0,T] X Bg, the remainder of the proof follows along the lines of
the proof of Proposition 4.1 in [17] and is included only for the sake of completeness.
Next, we assume without loss of generality that ¢ > 2 and define

(I)n(tvxvy) = U(t,Jf) - ’U)(t,Jf) - (pn(taxa y)7
where

n _
onlt,,y) = Sle =y 4z =2 P 4y — g + (£ -t

Since u is w.s.c. and w is Ls.c. there is a triple (¢, Zn,yn) € [0,T] x Bg x Br (with Bg the closure of Bg) such
that

q)n<tn7xnayn) = max - q)n(t7$7y)
(t,z,y)€[0,T]x BR x Br

Now, the inequality 2®,,(t,, Tn, yYn) = Pn(tn, Tn, Tn) + Pn(tn, Yn, Yn) gives
’fl|937, - yn‘zg < u(tna zn) - U(tn, yn) + w(tna In) - w(tnv yn)

Consequently, n|z,, — y,|?¢ is bounded (since u and w are bounded on [0,T] x Br x Bg) and |z, — y,| — 0 as
n — oco. We can, thus, extract subsequences n; such that (¢,,, Zn,,Yn,) = (t,%,Z) as | — oo. Since

u(t®, 2™) —w(t™, ") < Pp(tn, Tn, yn) < ultn, 2n) — w(tn, Yn),
it follows that

u(t®, x) —w(t*, z*) < lign sup{u(tn,, Tn,) — W(tn,, Yn,) }
—o0

<u(t, ) — w(t, )
and as the righthand side is dominated by w(t*,2*) — w(t*, 2*) we conclude that
u(t, ) —w(t, ) = u(t*, z*) — wt*, z*).
In particular, this gives that lim; o @, (tn,, Tn,» Yn,) = u(t, ) — w(t, ) which implies that

: 2
limsup ng|@n, — yn,|"? =0
l—o00
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and

(t’ﬂﬁxnz?ynl) — (t*,l'*,l’*).

We can thus extract a subsequence (7;);>0 of (n;)i>0 such that ¢, < T, |zs,| < R and

u(tﬁz ’ xﬁz) - w(tﬁl y xﬁl) >

RS

Moreover, since sup,cy{u(t, D(t,x,b)) — £(t,b)} is ws.c. (see Lem. 3.3) and u(ts,, zs,) — u(t*,z*) there is an
lp > 0 such that

u(tﬁwxﬁz) - SuP{u(tﬁHF(tﬁwIﬁzvb)) - ( s )} > 0,
beU

for all I > ly. To simplify notation we will, from now on, denote (7;);>;, simply by n.

By Theorem 8.3 of [8] there are (p, g%, M*) € J> u(t,,z,) and (p¥,q%, M¥) € J>Tw(tn,yn), where J>F
is the limiting superjet, such that

D — D = at@n(tna xmyn) = Q(tn - t*)
@it = D (tn, Tn,yn) = no(z — y)|z — y|*°72 4+ 2(z — z*)

w

q, = _DyQDn(t'm xnayn) = ’I’LQ(J? - y)|$ - y|29—2 + Q(l‘ - x*)
and for every € > 0,

M™ 0
[ ng M" ] < B(tnaxmyn)+€B2(tmxmyn)a

Ty

where B(tn, Tn,Yn) = D%xyy)apn(tn,:rn, Yn). Now, we have

D%, enlt,z,y) = { D2g,(t,x,y)  DZ,pon(t,z,y) } _ [ né(z,y) +2I  —nélz,y)
x,y) T\ - —

D3 on(t,z,y)  Dipn(t,z,y) —n&(z,y)  né(x,y)+ 21

where [ is the identity-matrix of suitable dimension and
E(x,y) = oo —y[** " Hlz —yPPI +2(0— D(x —y)(z —y) "}

In particular, since z,, and y, are bounded, choosing € := % gives that

Bn = B(tnvxna yn) + 632(tn7xna yn) < Cn|xn - yn‘QQ_Q |: _II }I :| +C1I. (A5)

By the definition of viscosity supersolutions and subsolutions we have that

1
— P+ Au(tn, 2,) —a (tmxn) - §Tr[ (tnvmn)M#J(tnaxn)}

- eAtnf(tm Ly eiAt"U(tna mn)a e MrgT (tm xn)qz) <0
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and

= B Nt n) — @7 (b, ) = 5Tt )M ()
— M f (b, Yy e Wty yn), €0 (b, 20 )gY) > 0.
Combined, this gives that
MNutn, ) — w(tn, yn)) <DL+ a (tn, 2n)g" + %TI‘[O’T(tn, )Mo (tn, )]
+ M f(tp, 2, e M uty, ), e M0 T (t, 20)g)
B 0T (b ) — 5T (b ) MYt 2]

— N f (b, Yy €Wty yn), €0 T (b 20 ) g
Collecting terms we have that
Py — Py = 2(tn — %)
and since a is Lipschitz continuous in z and bounded on Bg, we have

aT(tnaxn)qz - GT(tmyn)(ﬁ < (aT(tna xn) - aT(tnayn»nQ((En - yn)|xn - yn|2‘g_2
+ C(‘xn - Z*| + |yn - :L'*D
< C(n|z, — yn|29 + [T — 2% + |yn — 7)),

where the right-hand side tends to 0 as n — oco. Let s, denote the i*" column of o(t,,x,) and let sy denote the
i*® column of o (t,,¥,) then by the Lipschitz continuity of o and (A.5), we have

MY 0 s
T u Tyws — [ sT T " .
sTMYs, — 5] MPs, = [ s] ] ][ 0 —M;f:||:5y:|

and we conclude that

1
lim sup *TI‘[O’T(tn,$n)MSU(tn,$n) — JT(tn,yn)Mﬁ’a(tn,yn)] <0.

n—oo
Finally, we have that
e)\tnf(tna T, eiktnu(tna .Z‘n), e Mgl (tm xn)qvuz) - e)\tn.f(tm Yn, eiAtnw(tm yn)a e Mgl (tm xn)quf)

< kf(u(tnaxn) - w(tna yn) + |O'T(tnaxn)qz - O'T(tnazn)qx)D

+ M |f(tn, Tn, eiAtnu(tm Tn), eiktnUT(tna Tn)p) — f(tns Yn, eiAtnu(tna Tn), e Mrg T (tn, Tn)qn)|

Repeating the above argument and using that f is jointly continuous in (¢, z) uniformly in (y,z) we get that
the upper limit of the right-hand side when n — oo is bounded by ky(u(ty, z,,) — w(tn, yn)). Put together, this
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gives that
(A = kp) limsup(u(tn, Tn) — w(tn, yn)) <0
n—oo
and choosing A > k¢ gives a contradition. O
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