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DIRICHLET PROBLEM FOR NONCOERCIVE NONLINEAR
ELLIPTIC EQUATIONS WITH SINGULAR DRIFT TERM
IN UNBOUNDED DOMAINS
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GABRIELLA ZECCA?

Dedicato a Mariella

Abstract. In this paper, we study a Dirichlet problem for noncoercive nonlinear elliptic equations
with first order term in an unbounded domain. We obtain Stampacchia type existence, regularity and
uniqueness results, when the singular drift term is controlled through a function in a suitable functional
space, strictly containing Lebesgue one. The main tools are a weak maximum principle together with
some a priori estimates proved by contradiction.
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1. INTRODUCTION
Let 2 be an open unbounded domain in R, N > 2. We study the following problem

{—div(A(x)Vu) + pu = B(z,Vu) + f(z) in Q, (1.1)

u e Wy (Q)

where we assume that 4 : © — RY” is a measurable matrix field such that for almost every x €  and for every
¢ € RY one has

alg]? < A(x) &6, |A(2)] < B, (1.2)
for some a, 8 € Ry, and
n>0. (1.3)
The Carathéodory function B : Q x RV — R satisfies, for almost every = € Q and for every &, € RY, the
following condition

|B(x, )| < [b(x)][¢], (1.4)
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2 P. D. GIRONIMO ET AL.
where b: Q — RY is a vector field verifying

bl € L2(Q) N MY (Q). (1.5)
Here, MY (Q) denotes a functional space strictly containing L™V () that was introduced in [19] within the study

of certain variational elliptic problems in unbounded domains (see Sect. 2).
The real function f : 2 — R is such that

2N
L+ (), where 2, = ——. 1.6
fe 12(@), where 2, = 22 (16)
In general, the operator A(u) = —div(A(x)Vu) + pu — B(z, Vu) is not coercive unless 4 is large enough or

16l a1 (2 is small enough.
The linear counterpart of this problem

{div(A(x)VU) +pu=0b(x)Vu+ f(x) inQ, (1.7)

ue Wy (Q)

models the stationary equation of diffusion-advection problems with inhomogeneous diffusion. In the case of
unbounded domains, we refer the reader to [6] for existence and uniqueness results for problem (1.7) in the
coercive case. The dual problem of (1.7) in the noncoercive case has been considered in [14] (see also [1, 2]).

If 2 is bounded, the noncoercive linear problem (1.7) has been studied in [3] assuming 4 = 0 and b € LY (Q).
More precisely, the author proves, among other results, that Stampacchia theory holds for the boundary value
problem (1.7). Namely, that there exists a unique weak solution u € W, *(Q) N L™ (), if f € L™(Q), with
m > %, while, if m > %, then u € Wol’Q(Q) N L>(Q). For a simple and self-contained approach to existence
and uniqueness results for the same problem and for the dual one, we quote also [4], where a weaker datum f is
considered. Analogous results in the nonlinear case have been obtained in [5]. We refer to [8, 9, 16] for existence
results.

For the study of the coercive linear problem (1.7), we quote here the classical works [12, 17, 18].

In this paper we use some nonlinear methods allowing us to obtain existence and regularity of solutions
of the noncoercive nonlinear problem (1.1) on the unbounded domain €, in the spirit of [3]. In particular,
inspired by classical arguments of [12] (see also [16]), we prove a weak maximum principle (see Prop. 3.1) that
leads to existence and uniform a priori bounds for weak solutions of more regular approximating noncoercive
nonlinear problems. Thus, passing to the limit, we get the existence of a weak solution of problem (1.1), under
assumptions (1.2)—(1.6). This is done in Theorem 4.3. Thanks to the approximating problems, we also achieve
the Stampacchia type regularity results given in Theorem 5.4. Let us remark that we treat the critical case with
a summable f € LN/2 (Q) as well, obtaining the expected exponential summability of the solution as in [18].
Finally, always by means of the weak maximum principle, under the additional hypothesis

[B(x, &) — B(z,n)| < [b(x)]|€ — 7l (1.8)

we come to the uniqueness of the solution in Theorem 6.1.

We point out that our results are obtained under the more general assumption (1.5), since, as already specified,
when Q is unbounded, the space M () strictly contains LY (Q) (see Ex. 2.1 and also Ex. 2.2 in Sect. 2, for
more details).

The main difficulties one has to deal with when working on unbounded sets are well-known: there are no
natural decreasing inclusions among Lebesgue spaces, there is a lack of compactness results and the norm in
W, 2(2) is not equivalent to the L?(Q) norm of gradient due to the fact that Poincaré inequality does not
hold. This last consideration forces us to assume that p is not null, whence hypothesis (1.3). Nevertheless, our
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operator is in general noncoercive since we do not require p to be large enough or restrictions on the size of the
M*¥ -norm of b. Related results can be found in [10].

The manuscript develops as follows: Section 2 is devoted to the definition and the main properties of the M*
spaces. An essential tool in our study is the compactness result in Lemma 2.3, contained in [19]. In Section 3,
we collect some useful known results and we prove the above mentioned weak maximum principle. Section 4
contains the existence results. We start proving the existence of a solution of the approximating problems. This
can be done by means of Leray—Schauder theorem finding a fixed point of suitable operators related to coercive
auxiliary problems. Then, by contradiction, we prove uniform a priori bounds crucial to pass to the limit and
get the existence result. In Section 5, we establish the regularity results, showing how the summabilty of f
affects that of the solution of problem (1.1). We conclude by proving the uniqueness in Section 6.

2. THE SPACE OF M! FUNCTIONS

In this section, we recall a class of functional spaces, firstly introduced in [19], that in unbounded domains
generalize Lebesgues ones.

We consider an unbounded open subset € of RV, N > 2 and we denote by X(£2) the o-algebra of Lebesgue
measurable subsets of Q. Given O € £(12), xo is the characteristic function of O, O(x,r) is the intersection
ON B(z,r) (x € RY, » € Ry), where B(z,r) is the open ball centered in = and with radius r and |O| is the
Lebesgue measure of O.

The class D(Q) contains the restrictions to Q of functions ¢ € C§°(RY). For t € [1, +oo[, L
class of functions g :  — R such that ¢ g € L}*(Q) for any ¢ € D(Q).

For every t € [1,4+o00[, we set

(©2) denotes the

t
loc

MY () ={g € Li,.() : llgllpe) = Slelg lgllze e,y < +00},

equipped with the norm above defined and we also consider the following subset of M?*(£2)

My(Q) ={g e M"(Q): lim |gllrr(ae1) =0}
|z|—+o0

For every g € M*(£2) the following properties are equivalent:

i) g € M),
ii) for any € € Ry there exist v., 0. € Ry such that

0 € X(Q), [0(0,0¢)| < ve = [lgxollm @) <& (2.1)

Furthermore, we point out that, differently from Lebesgue spaces defined on unbounded domains, one has
the decreasing inclusions

M*5(Q) C M*(Q), MZ(Q) C ME(Q) ifl1<t<s<+oo.
As shown in the example below (see [19]), for any ¢ > 1, the following strict inclusion holds
LY Q) € M{(Q).
Example 2.1. The function

1

—— € M}(Q),Vt>1and R
1+|m|ae G(Q),Vt>1and Va e Ry,
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while, if @ = RY, for ¢t > 1 and 0 < o < N/t,

1
— ¢ LY Q).
1+ |z|@ ¢ L@
In addition, we prove that, for all 1 < g < ¢, one has

LYQ) € ME(Q2) N LY(R). (2.2)

To this aim, in the next example we construct a function ¢ € M{(Q2) N L4(2) such that ¢ ¢ L'().

Example 2.2. Let t > 1 and Q be an arbitrary unbounded subset of RY.
We can consider a sequence of points {yx }ren C 2 such that, for every k € N,

[Yk+1] > |ye| + 4,

and obviously lim |yx| = +o0.
k——+oo

Moreover, for every x € €2, we define the function &k : Q@ — N as
k(x) = min{k € N: |yx| > |z| — 2}.

One has that lim k(z) = 4o0.

|z| =400
We remark that for every @ € , k(z) is the unique value of k € N such that the intersection B(x,1) NQ(y, 1)
could be not empty, i.e.
Vk # k(x), B(z,1) N Q(yx, 1) = 0.

Indeed, for every k # k(x), we note that if & < k(x) then |yx| < |z — 2, and if & > k(z) then |yx| > |y +4 >
|z| + 2. Hence, in any case we have

lye — 2| = [lyk| = [=]] = 2.

At this point, for a fixed § > 0 and for every k € N, consider a ball By, C Q(yg, 1) such that

1 (149)
< (3) (23)

and we observe that the By, are pairwise disjoint balls.
Now, for every k € N, let ¢ € C§°(By;) be a function satisfying

[ le@ras = . (2.0

By,

We set ¢y (x) = 0 outside of By and define:

p(r) = pr(x).
k=1
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Note that, for every x € R, in the previous sum at most one term is not zero. Furthermore, the function ¢(z)

belongs to C>°(RY) with supp ¢ C UZ‘:{Bk C Q and, by construction, ¢ € Lf (Q).
For every € R, one has

1
[ geran= [ oldr< [ louolde =150 aslal 4o
B(z,1) B(z,1)NBjy(s) Bi(z) k(x)

so that ¢ € ME(RYN) C ME(9Q). Moreover, for every 1 < g < t,

q

0o oS g o) 1 [1+6(1—%]
_a
[ etar=3" [ jaira <3 ([ fodras) 1m0 <35 (1) < +00
RN k=1 B k=1 \’Bxk k

k=1

so that ¢ € LI(Q).
On the other hand,

o0 o0 1
ta t, — _
/Q|g0|dx—Z/B \(pﬂdx—ZE——i—oo.
k=17 "k k=1

This completes the proof of (2.2).
Finally, we recall the following boundedness and compactness results, useful in the sequel.

Lemma 2.3 ([20]). For every g € MY (Q) the product operator
uwe Wi (Q) — gu e L*(9), (2.5)
s bounded and
lg ullz20) < Cllgllu~ @llulwiz@)  Vue Wy*(9), (2.6)

with C' = C (N) positive constant.
Furthermore, if g € MY (Q), operator (2.5) is also compact.
We refer the reader to [19, 20] for the proofs of all the above mentioned results and for more details about

MY spaces.

3. PRELIMINARY RESULTS

In this section, we give some useful results.
A key tool in the sequel is the weak maximum principle in WO1 -2 (©) below, extending the well known one
contained in Chapter 8 of [12] (see also [16])

Proposition 3.1. Assume (1.2)-(1.5). If w € Wy*(Q) is such that
A(x)VwVe dz + ,u/ wedr < / b(z)||Vwl|p| dz, ¥ ¢ € Wy 2 (), (3.1)
Q Q Q

then w < 0.
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Proof. Let w € W}2(Q). For k > 0, we denote wy, = (w — k)™ = max{w — k,0} and we use it as a test function
in (3.1)

/ A(x)VwVwy, do + u/ w wy do < / [b(2)]|Vw|wy, da.
Q Q Q

Then we have

/ A(x)VwVuwy, do + ,u/
Q

(w—k)wy dz < / |b(z)||Vw|wy, dz — Mk/ wy, dz,
Q Q Q

which implies, by (1.3),

/ A(z)VwVwy dz + ,u/ (w — k)wy, dz < / [b(2)||Vw|wy, dz.
Q Q Q

Now, observe that Vw = Vwy, if w > k, thus by Holder inequality and Lemma 2.3, we get

/ A(x)VwiVwy dz + ,u/ lwg|* dz
o Q

g/ 1b(x) wk||Vwk|dx:/ 1b(z) we|Vewg| dee
Q Ey

(3.2)
< [lbwil 20 [Vwrllz2 g0 < Clblay s llwkllw2 @ [ Vwrll L2 @
< ClIbllae~ () w2 ()
where E, = {z € Q: w(z) >k, |[Vw(z)| > 0} and C = C(N) is a positive constant.
From (1.2), (1.3) and (3.2) we have

min(a, )| willfyr.2) < Clbllary (o lwelly 2 0)- (3.3)

Now, by contradiction, let us suppose that sup w > 0 and set M = sup w. If M = 400, then
lim meas(Ey) = 0. (3.4)

k—M

Otherwise, if M is finite, since w € W, "?(€), by known properties of Sobolev functions (see, e.g. [12]), we have
that |[Vw(x)| = 0 a.e. on {x € Q: w(z) = M}, hence we still deduce (3.4).

By (2.1) and (3.4) we have limg_,ar ||b][ a7~ (g,) = 0, hence there exists ko < M such that [|b]|yrv (g,) < %
for k > ko. So, using (3.3) we have

(min(er, 1) = ClIbllars () 1wk [[iyr.2(0) <0,

hence |[wg, |lw1.2(q) = 0 and therefore wy, = 0 a.e. in §, that is w < ko a.e. in Q. This means that sup w < ko <
M, getting the contradiction.
O

Now, let us recall a useful lemma proved in [6] by G.F. Bottaro and M.E. Marina in the case of unbounded
domains, generalizing a well known result by G. Stampacchia, contained in [18].
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Lemma 3.2. Let G be a uniformly Lipschitz function satisfying G(0) =0 and u € WOIQ(Q) Then Gowu €
Wy 2(9).

For k € R, we remind Stampacchia’s truncates

8, if |s| <k,
T = 3.5
k() {kl if |s| > k (3:3)
and let
For every u € WOLQ(Q), we put
Qp={z€Q: Ju(z) >k} (3.7)

As a straightforward consequence of Lemma 3.2, we get

Lemma 3.3. Let u € Wol’z(Q) and k € Ry. The following properties hold

Gr(u) = Grou e Wi2(Q), (3.8)

|Gk (u)] < |ul, a.e. in Q, (3.9)

lu] < |Gg(uw)| +k, a.e inQ, (3.10)
VuVGy(u) = |VGL(u)?, a.e. in Q, (3.11)

u Gr(u) > |Gr(u)?, a.e. in Q, (3.12)

supp Gx(u) C Qy, (3.13)

G ={ 5 o i< 1n (314)
Ti(u) = Ty ou € Wi (Q), (3.15)
VuVT(u) = |VTi(u)?, a.e. in Q, (3.16)

u Ty (u) > |Tk(w)|?, a.e. in Q, (3.17)

u VT (u) = Tp(u)VTg(u), a.e. in . (3.18)
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We shall make use of the following lemma due to G. Stampacchia, see Lemma 4.1 of [18], in order to prove

our boundedness result

Lemma 3.4. Let ko > 0 and ¢ : [ko, +oo[— Ry be a non increasing function s.t.

o(h) < (h_Ck),y[w(k)]fS Vh >k > ko, (3.19)

where C, v and § are positive constants, with § > 1. For
d =271 [p(ko)] T (3.20)
one has
p(ko+d)=0. (3.21)

We conclude this section giving the well known Leray—Schauder fixed point theorem in the following form
(see [12], Thm. 11.3, p. 280). For the sake of completeness, let us remind that a continuous mapping between
two Banach spaces is called compact if the images of bounded sets are precompact.

Theorem 3.5. Let F be a continuous, compact mapping of a Banach space X into itself, and suppose there
exists a positive constant L such that ||z||x < L for allx € X and o € [0, 1] satisfying x = o F (x). Then, F has
a fixed point.

4. EXISTENCE

In this section, we achieve the existence of a solution of problem (1.1) via approximation through the more
regular noncoercive nonlinear problems (P,,) defined below.

We firstly obtain the existence of a solution sequence {u,} of (P,) applying Leray—Schauder fixed point
theorem to operators (4.3) related to coercive auxiliary problems. Then, uniform a priori bounds, proved by
contradiction, allow us to pass to the limit.

Let us introduce the approximate problems, as in [11, 13],

Pu) —div(A(x)Vuy,) + pu, = 0, (x)B(x, Vu,) + T (f(x))  in Q,
u, € Wy ().

where, for each n € N and almost every = € 2, we set

Tn(b(z))
2 — 50) ifb(z) A0
bn(2) {1 if b(z) =0, (4.1)

and T, denotes the truncation operator in (3.5).
We start proving, for any n € N, the existence of weak solutions of problems (P,,) together with the uniform
a priori estimates.

Theorem 4.1. Under assumptions (1.2)—(1.6), for any n € N, problem (Py,,) admits a weak solution w, of class
VVOI’2 (). Moreover, there exists a positive constant C, independent of n, such that

unllwiz@) < C. (4.2)
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Proof. For any v € Wol’2(Q), we define the operator
1,2 1,2
Fn:v €Wy () = ue Wy (Q)
assuming

—div(A(x)Vu) + pu = 0, (z) B(x, Vo) + T, (f(z)) in Q,

ue Wy?(Q). (43)

Fn(v)= u{z}{

For the sake of readiability in the proof we take n = 1.
Under our assumptions, by Lax—Milgram Theorem F = Fj is well posed, indeed, for every v € VVO1 -2 (Q), we
have 0 (z)B(x, Vv) € L*().

Now, in order to prove the existence of a solution u € VVO1 2(Q) of problem (P;), we shall apply Theorem 3.5
to the operator F. Thus, we shall prove that

i) F is continuous;

ii) F is compact;

iil) there exists a positive constant L such that

lullwr2@) < L,
for every u € W, *(Q) and every o € [0,1] such that u = o F(u).
We start proving that the map F is continuous. Thus let
vp — v strongly in Wy?(Q) (4.4)

and set

ug, = F(vg). (4.5)

By taking uy as test function in the variational formulation of the problem corresponding to (4.5) we get,

/ A(x)VupVuy do + u/ up do = / 01(z)B(x, Vog) uy, de —|—/ Ty (f) ug de.
Q Q Q Q

_ (9%} _— 2N
In the sequel, as before, we denote by 2. = (2%)' = 375.

From our assumptions, Hélder and Sobolev inequalities and Lemma 2.3, we have
min{a, i} |[url[f12 () < lburllpz@)[Vorllz2@) + [ flle2e @ llurl L2 @)
< Clpllar~ @) lukllwrz2@) IVorll L2 @) + Csll fl 22« @) lukllwr2(o),

where C'= C'(N) and Cj is the Sobolev constant.
Hence

1812~ @) [ Vorll ) + [1F1 22 ()

min{a, u}

ukllwiz@) < C : (4.6)
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with C' = C(N). Thus, in view of (4.4), the sequence {uz} is bounded in Wy ?(€2). Then there exists u € W, %(Q)
such that, unless to pass to a subsequence not relabeled,

uy, — u weakly in W,7?(Q). (4.7

Now, we use ux, — u as test function in the variational formulation of the problem corresponding to (4.5) and
we get, by using (1.4),

/ A(x)VupV(up —u) dz + p/ ug(up — u) dz
Q Q

< / |b(2)||Vug||up — u| da +/ T (f)(up — u) de.
Q Q
Hence, by assumptions (1.2), (1.3), Lemma 2.3 and Holder inequality, we have
min{a7 /J’}”uk - ’U’HIQ/VI,Z(Q)

< Clbtuk = )z Voo + | Ta(F) = ) da 49)

_/QA(;C)VuV(uk —u) do — /L/QU(UIC —u) dz,

with C = C(N). Note that by (4.7) and by the compactness result in Lemma 2.1, up to a subsequence, we have
b(up —u) =0 strongly in L?(Q). (4.9)

Thus, by (4.4), (4.7) and (4.9) the right hand side of (4.8), unless to pass to a subsequence, tends to zero. This
gives, for a subsequence, that

u, = F(vg) = u  strongly in W, *(Q). (4.10)

Now, observe that, in view of convergence (4.4), up to a subsequence, we have

Voug(xz) = Vo(z) a.e. in Q. (4.11)
Therefore, since B is a Carathéodory function, we have
01(x)B(z, Vi) — 01(x)B(z, Vv) a.e. in Q. (4.12)

Note that, since vy — v strongly in Wol’Q(Q), then, by Vitali Theorem (see, for instance, [15]), one has that for
every € > 0 there exists 2, C Q s.t. || < +00 and

/ |Vor|?de < e, uniformly with respect to k. (4.13)
Q\Q.
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Thus, by (1.4), Holder inequality, Lemma 2.3 and (4.13), for every ¢ € Wol’z(Q), we have that
/ 161(2) B(z, Vor)p(@)ldz < [bpllzioye/? Yk € N (4.14)
Q\Q.
and, by (4.4)

A|91(x)3(x,vvk)¢($)|d$ < lboll2 ()l Vorllzz ) < Cllbellz2(a),

uniformly with respect to k.
Therefore

lim, /A 101 (2) B(z, Vo )o(2)|da — 0, (4.15)

uniformly with respect to k.
Hence, by (4.14) and (4.15), using again Vitali Theorem, we get

01 () B(x, Vo) p(x) = 61 (x)B(z, Vo)p(z) in LHQ), Ve e W2 (Q). (4.16)
Thus, passing to the limit in the variational formulation of the problem corresponding to (4.5), namely
Jo A(@)VurVe dz + p [ uryp de = [, 01(z)B(z, Vo) ¢ dz + [, Ti(f)g dz,
Vo € Wi(€), by (4.7) and (4.16), we obtain
F(v) =u. (4.17)
On the other hand, since any subsequence of wu; has a subsequence converging to u = F(v), then, by
uniqueness, u is the limit of the whole sequence uy, = F(vy). This gives the continuity of F.

To prove that F is also compact we can follow exactly the same argument used to prove the continuity of F.
More precisely, we have to show that if

[vkllwiz@) < C, (4.18)
then, up to a subsequence, u; = F(vy) strongly converges in W01’2(Q). To this aim, as before, by taking wuy
as test function in the variational of problem corresponding to (4.5) we get (4.6), hence {ux} is bounded in
V[/'Ol’2 (©2). So we have that there exists u € W01’2(Q) such that, up to subsequence, one has (4.7). Again, using
ur —u as test function in the variational problem corresponding to (4.5) we get (4.10), so that F is compact.

To show iii) we argue by contradiction. Hence, let us assume that

for any k € N, there exists o, € [0,1]
such that uy, = o F(ux) and |Jug|[w12) > k.

This means that

||uk||W1,2(Q) — 400. (4.19)
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Being u = o F(ug), one has
— div(A(x)Vug) + pug = o1 (x) B(z, Vug) + o Th(f(2)). (4.20)
Now set wy, = m, from (4.20) we get
Jo A(@)Vwr Ve dz + p [ wip dz = m Jo 01(x)B(z, Vug) ¢ dz

(4.21)
+ e JoTilede, Ve e W52 ().

Let us observe that, since ||wy|w1.2(q) = 1, and since o3, € [0, 1], up to a subsequence, one has that there exist
w e W, 2(Q) and & € [0,1] such that

wy —m  weakly in W, (Q) (4.22)

op — 7. (4.23)

Now, we use ¢ = wy — @ as test function in (4.21) to get, by assumptions (1.2), (1.3), (1.4), Holder inequality
and Lemma 2.3,

min{av :u}”wk - w”%}vlﬂ(g)
< Jo 10(2)||[Vwg ||wy, — @] dz + m Jo T (f)(wy, — w) d

— Jo A(x)VaV(wy — o) dz — p [, w(wp — @) dz

(4.24)
< Clb(wr = )|l 20 Vwrll20) + sy Jo T1() (ws — @) da
— Jo A(@) VoV (wy — @) dz — p [ o(wy, — ) de,
with C' = C(N).
Now, in view of (4.22) Lemma 2.3 applies, thus, unless to pass to a subsequence, we have
b (wy, —w) — 0 strongly in L?(€). (4.25)

Hence, by (4.19), (4.22) and (4.32) we have that the right hand side of previous inequality goes to zero. Hence
we get, up to a subsequence,

wy, — @ strongly in Wy?(Q). (4.26)

By (4.19) and (4.26), passing to the limit as kK — oo in (4.21), we deduce by (1.4) that the following inequality
holds

/A(x)VlDVgoder/mD(p dxg/ b(z)||Vo||p| dz, Ve € W2 (Q).
Q Q Q
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Using Proposition 3.1 we have that w < 0. Repeating the same argument for —w we obtain that w > 0 and
hence w = 0. Thus ||w||y1.2(q) = 0. This gives a contradiction, in view of (4.26) and since [|w|ly1.2(q) = 1.

Since also condition iii) holds, F has a fixed point u = F(u) € W, *(Q) and then u solves problem (7).
Finally, if {u,} is a solution sequence of (Py,), i.e. u, = F,(uy,) for every n € N, we have that (4.2) holds.
Indeed, if on the contrary,

1tnllwr.2() — +oo,

following along the lines the analogous argument used in the previous step, starting by (4.20) with o,, = 7 = 1,
we get a contradiction. O

Next result is an immediate consequence of estimate (4.2).

Corollary 4.2. Assume (1.2)~(1.6). Let {u,} be a solution sequence of (P,). Then, for any e > 0, there exists
ke, independent of n, such that

k] <e, VEk> ke, (4.27)
where
Qi ={z€Q:|un(x)] > k}. (4.28)

Proof. Thanks to (4.2), one easily has that there exists a positive constant C, independent of n, such that
E? Qx| < / luy, (2))? dz < C,
Qn ke
which concludes the proof. O

Now we are in position to prove the existence result for problem (1.1).
Theorem 4.3 (Existence). Assume (1.2)~(1.6). Then there exists a solution u € Wy>() of problem (1.1).

Proof. Let {u,} be a solution sequence of (P,), that is

/ A(x)Vu,Vo dx + ,u/ Upp do = / O (x)B(z, Vuy,) ¢ dz —|—/ T.(f) ¢ duz, (4.29)
Q Q Q Q

for every ¢ € Wy().

In order to prove our result, we want to pass to the limit in (4.29). To this aim, observe that, by estimate
(4.2), the sequence {uy,} is bounded in W,*(). Then, there exists u € W,"?(€2) such that, unless to pass to a
subsequence not relabeled,

U, — u weakly in W, 2(Q). (4.30)
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On the other hand, using u,, — u as test function in the variational formulation corresponding to problems

(Pn), by assumptions (1.2), (1.3), (1.4), Holder inequality and Lemma 2.3, we get
min{e, g} — 63120
< Cllb (un = w)llL2 (@I Vunllz2 @) + Jo Tn(f) (un — u) dz
— Jo A(@)VuV (u, —u) dz — p [, u(u, — u) dz,

with C = C(N).
Thus, unless to pass to a subsequence, by the compactness result in Lemma 2.3, we have

b (u, —u) =0 strongly in L*(Q).
Moreover,
T, (f) — f strongly in L*(Q).
Therefore, combining (4.2), (4.30), (4.32), (4.33) and (4.31), up to a subsequence, we have
u, — u strongly in W, ().

Then, arguing as done to obtain (4.15) by (4.11), by Vitali Theorem, we get

/9 B(x Vun)cpdx—>/ z,Vu) ¢ dz, V(pEW()l2(Q).

(4.31)

(4.32)

(4.33)

(4.34)

Hence, finally, using (4.30), (4.33) and (4.34), we can pass to the limit, as n — +oo in (4.29), obtaining the

claimed existence result.

In the sequel, will be useful the next convergence result, proved in Theorem 4.3

Remark 4.4. Assume (1.2)—(1.6). Let {u,} be a solution sequence of (P,). Then, up to a subsequence,

u, — u strongly in W,?(9),

where u is a solution of problem (1.1).

5. REGULARITY

O

In this section, we show how the summability of f affects the summability of a solution u of problem (1.1).
By Sobolev embeddings, the function u and the solutions w, of the approximating problems (P,) belong to
L¥ (Q). To obtain further regularity, we start proving three preliminary lemmas for the w,,. Then, we show the

claimed regularity results for the solution u of (1.1) obtained in Theorem 4.3.

5.1. Regularity of the solutions of the approximating problems

This first lemma, concerns the uniform boundedness of the u,,.
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Lemma 5.1. Assume (1.2)-(1.5) and f € L**(Q) N L"(), with r > & Let {u,} be a solution sequence of
problems (Py,). Then, there exists a positive constant C,.(c, i, N, b, ), independent of n, such that

tnll Lo @) < Cr (0, N, (|6l ar ) 1 f 1 () - (5.1)

Proof. By (3.8) we can take G (uy) as test function in the variational formulations of (P,). Then by (1.2),
(1.3), (1.4), (3.11), (3.12), (3.13), (4.28) and Young inequality one gets

a / VG (un)? da + 1 / G (1) 2 da
Q Q

g/Q |Tn(b(x))||VGk(un)lIGk(un)|dx+/ T ()G (un)| dz

Qn,k’

1
<5 [ 9GP dot o [ T, PGk () do
Qn ke @ Jo,

+ [l d

n,k

Therefore, by (2.6) of Lemma 2.3 and Holder inequality, we get

%/ \VGk(un)|2dx+u/ |Grlun)|? da
Q Q

1
<
<o | b@

2(Gu(wn) P do+ [ |fGuun)] do

nk Qn &

< ClblRe~ g, o 1Gk (un)f1.2(0) + 1 F1lz2 (2, 0 1GR (un) | 2 (0, 49

where C'= C(N, ).
Then, by (1.3),

. « 2
min { £, b Gl 2120

< ClIbl3 s~ 2, ) IGk(un) 12 () + I llz2 (@0 |Gr(un)ll L2 o, -
In view of (2.1) and Corollary 4.2, there exists ky € Ry, independent of n, such that

min{ g, u}
18113~ e, ) < % Yk > ko.
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Thus by Sobolev inequality we get
HGk(un)H%Q*(Q) < Cllfllze- (Qn,k)||Gk(Un)HL2*(Q)a

where €' = C(N, a, , [[bl[ar~ ())-
Thus, by Holder inequality we obtain

1

1 _ 1
Gk (un)ll L2 @) < CllfllL2- @) < ClflLr @kl 277 (5.2)

On the other hand, by (3.10) and (4.28), for every h > 0, one has

h|Qn,h

1 * 2%‘ 1
F ()T < e @) < 16 e 0,0 + Fil

Qn,h

Thus

(h = &) Q> < |1Gr(un)ll =, ys  ¥h > k. (5.3)

Putting together (5.2) and (5.3), we get

Q> (577)

Quon| < )
| ,h| —C (h_k)g*

Vh > k> ko,

with C' = C(N,a, u, [[b||prv ), | fllr (o)) Finally, since r > %, one has 2* (% — %) > 1. Thus, Lemma 3.4

applies and therefore there exists d € Ry such that |Q,44| = 0. This gives (5.1). O

Now we prove a further regularity result.

Lemma 5.2. Assume (1.2)—(1.5) and f € L*(Q)NL™(Q). If2, <m < %, then, there exists a positive constant
C = (V. a1y, 8] a5 s [P0 | Pl ey independent of m, such that

[wn | L= () < C. (5.4)

Proof. We divide the proof of (5.4) into three steps. For k € R, we have u,, = Tj(uy) + G (uy). We shall firstly
prove that the sequence {T}(u,)} is bounded in L™ (Q), and then we shall prove that there exists kg > 0 such
that the sequence {Gy(uy,)} is bounded in L™ " (Q), for every k > ko. Finally we conclude.
Step 1: Observe that the function \t|2(’\_1)t7 with A > 1, satisfies the hypotheses of Lemma 3.2, provided
[Ty () PO~ DT (1)
22 —1

, with A = M as test function in the

|t| < M, for some M > 0. Thus, we can take s

variational formulation of problem (Pp,).
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Then, taking into account the definition (4.28), by (1.2), (1.4), (3.16), (3.18) and Young inequality we get

a/ T () 2O D[V T () 2 i+ — /|Tk(un)|2kdx
Q 20 —1 Jq

/Q|Tk(un)|2/\—1|Tn(b(x))||Vun|d:E + 2)\17 . /Q T ()| T ()| da

<
T 22-1

1 —
S /Q\Qn’k T (1) P2~ T (b)) ||V Tk () | (5.5)

1
22 —-1

+ / | T () P2 T (b(2)) ||V G () |
Qn,k‘
1

tor—1

(I1 + Is + I3).

| I = g

We obviously have:

I; < kz’\‘l/9|Tn(f)|dx.

On the other hand, by Young inequality:

L<e / (T (1) POV [V T (1) Pl + Ce) / 1b() P T 1) [P dz,
Q\Qn,k Q\Qn,k

with € = e(a, \) positive real number small enough.
Then, in view of (1.3) and combining previous estimates, we get

[ Tulan) PO DT ) P o
Q

<c{i [ paf e | g7 (56)

\Qn

+ [ )P @) 96 )] )

n,k

with C = C(a, A). Thanks to Sobolev inequality, we obtain

2

(/Q|Tk(1tn)|>\2* dx)% < CS/QW(\Tk(un”,\)F da

(5.7)
e / (T (1) O~ [V T (1) 2 dr,
Q
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where C's denotes the Sobolev constant. Taking into account (4.2), by (5.6) and (5.7) we obtain

(/Q|Tk(un)|m** dx)z* < C{k”/{z|b(x)|2dx—&—k”‘l/gm da
t,

gC(k” /Q b(@)? do + K1 /Q ] dx+k2“||b||m<m),

T (b(2))| [T (1) P21V G ()| dx} (5-8)

k,n

with C positive constant independent of n.

Step 2: Observe that, since by Lemma 5.1 the function u, € L*°(€2), Lemma 3.2 applies and then we can

keGP G(un)
22 —1

(3.11) we obtain

as test function in the variational formulation of problem (P,). By (1.2), (1.4) and

a / G (1) POV VG (1) P+~ / G ()2
Q 2>\_1 Q

< 2)\1_ 1 (/Q T (b(2)) |V G ()] |G (un) 2z (5.9)

+ [ DG P

Using Young inequality, we have

a/ |Gk (1) AV | VG (un)]? dz + a /|Gk(un)|2A dx
Q 20— 1 Jq

1
<51 (E/ (VG (un) 2| Gr(un))?A~Y da (5.10)
- Q

+0(e) /Q ITb() 2 G () P dz + /Q |Tn<f>|Gk<un>|2“dx),

with € = e(a, \) positive real number small enough.
By (1.3), Lemma 2.3 and Holder inequality, we get

G (un) [y 20

< c(nbnﬁwmm||Gk(un>|k||%m,2(m (5.11)

1
!
)

+Hf||Lm(Q) (/Q |Gk(un)|(2>\—l)m/dx>

C =C(N,a, i, \).
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Therefore, arguing as in Lemma 5.1, using (2.1) and Corollary 4.2 we obtain that there exists kg € R4,
independent of n, such that

1

G )Py < Ly ([ Gl a) ™, k> ko (5.12)

with C' = C(N’ a, A, ||bHMN(Q))
Since 2*\ = (2\ — 1)m/ = m™*, by Sobolev inequality

([ Gt aa)?

with C' = C(N, a, i, A, [[b] [ ar~ ())-
Therefore, since m < %, one has 23 — # > 0 and then

2 1
o

< C||f||Lm(Q)(/Q \Gk(un)|m**dx)m, Yk > ko, (5.13)

1

(/Q|Gk(un)|m**dx)?* "< Clfllmiay, VR = ko. (5.14)

Step 3: Putting together (5.8) with (5.14), we obtain

Ja |un ™ dze
(5.15)

2%’ z
<C[||f;:;’s§)* +< /|b )? da + k2 1/Q|f| dg;+/gg“||bLz(Q)) }

with C independent of n. This concludes the proof of Theorem 5.2. O

In the spirit of [7] and the references therein, let us finally prove this last lemma concerning the exponential
summability of the u,, entaling that of w.

Lemma 5.3. Assume (1.2)~(1.5) and f € L*(Q)NLN/2(Q). Then, for any A > 0, there exists a positive constant

C, independent of n, such that
o
/ (e”“n‘ - 1) da < C. (5.16)
Q

As a consequence el“n| € MP(Q), for all p > 1.

Proof. As in Lemma 5.2, we prove the result by means of three steps.
Step 1: Let us start proving that, for any A > 0, there exist kg > 0 and a positive constant C, independent
of n, such that one has

)
/ (eAIGk()(un)\ _ 1) do < C. (5.17)
Q

In view of Lemma 3.2 and Lemma 5.1, we can take (e2/\|G’C(“")| —

variational formulation of problem (P,), getting, by (1.2) and (1.4),

1) sgn(Gr(un)) as test function in the

2/\a/ VG (un)[? MGl qg 4 u/ Up, (ezAlG’“(“")‘ — 1) sgn(Gg(uy,))dz
Q Q

g/ 1b(2)|| VG (un)] <e2)‘|Gk(“n)\ _1) da:+/ |f] (e%IGk(unn _1) da.
Qi Q
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Recalling that, for any ¢ > 0 and any D > 1, the following obvious inequality holds

21 <DE-1)+——
| | < D( )+D_1,

and using (1.3), Young and Holder inequalities, one has
2)\a/ |VG ()] e2MEel gy
Q

2
< D/ bV G| (M50 1) da
Qi

1
e, MEIVG ) i

2 1
D Nexw)l _ 1) q 7/ d
T Aﬁv(e ) o+ 5 [ Iflds

2
< Ca)\D/ |b(z)[? (e/\‘Gk(u”)‘ - 1) da
Qi

2
+Aa/ VG (M) 1) da
Qn,k‘

1
+7_1 16(z)[| L2 [ Vun | 220

D
Al G (un)] 2 1
+D| fllovrez @, o lle = 1[zes 0y + D1 Ifllzr -

Observe that

2
/ ’V (eAIGk(un)\ — 1)’ dz = )\2/ |VGk(un)|2e2)‘|Gk(“n)\ d.
@ Q

From now on, C denotes a different positive constant, independent of n, that can vary from line to line.

By Lemma 2.3 we have

/Q ‘V (eMG’“(“")l — 1)‘2 dx

< Cl(@) i o, (IV N = DGy + [N =12 )

+C [[b(z) |2 ) [ VUnl 22 (@)

JrC||]"1||LN/2(QTL,,C)||<3’\‘G’“(u”)| - 1||2L2*(Q) + ClfllLr @)

(5.18)

(5.19)

(5.20)
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Thus, in view of (2.1) and Corollary 4.2 there exists kg, independent of n, such that using Sobolev embeddings
and Holder inequality, we get

||e)\\Gko(un)| _ 1”%2* @

2
< C|Q’ﬂ,k0 |1 2

b(@) 3w (e Mool — 1120

(5.21)
+C [[b(z) |2 [ VUnl 22 (@)
+C||fll v/, ) 1N =132 o) + ClIf 230
Hence, by (4.2) and using again Corollary 4.2, unless to enlarge the value of ky we have
[eXGroCendl — 111250 ) < C (10l L2 () + 11 () » (5.22)

with C independent of n.
Step 2: Now, let us show that, for any A > 0 and any k& > 0 there exists a positive constant C, independent
of n, such that

-
/ (e’\|Tk(un)\ — 1) dz < C. (5.23)
Q

Again, by Lemma 3.2 we can choose (e?7k(un)l — 1) sgn(T}(uy,)) as test function in the variational formulation
of (P,), obtaining, by (1.2) and (1.4),

2)\04/ (VT (uy,))? M Tl g 4 ,u/ Up (e”‘IT’C(“")' - 1) sgn (T (uy,))dx
Q Q

§/|b(x)||Vun| (e”\mun)l —1) dm+/ ] (eQMTk(un)\ —1) da.
Q Q

Therefore, by the analogous of (5.19) and Sobolev embeddings, we get
[XTCnT — 1120 ) < O = 1) (Ib() |l 220 | Vatnl 20 + 1 22 @) 5 (5.24)

that gives (5.23), in view of (4.2).

Step 3: We have
2% 2%
/ (ex|un| _ 1) dz < / (emno(un>\+|cko<un>\> _ 1) d
Q Q

< /Q [e’\ko (e)“GkO("")‘ - 1) + (e’\lT"O(“")‘ - 1)}2* dz (5.25)

<C (GQ*Ako/ (e)“Gko("")‘ B 1)2* A +/ (eAlTko(un)‘ B 1)2* dx> .
Q Q

This, together with (5.17) and (5.23), gives (5.16). O
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5.2. Regularity results

Here, we prove the claimed regularity results for a solution u of (1.1) obtained in Theorem 4.3.

Theorem 5.4. Assume (1.2)—(1.5). Then,

*

1. 4f fe LMY NL™Q), 2. <m < &, Q) of
problem (1.1).

2.4f f € L2(Q)NL™(Q), m > %, then there exists a weak solution u € W01’2(Q) N L>(Q) of problem (1.1).

3. if f € LNQ)NLN/2(Q), then there exists a weak solution u € Wy'> () of problem (1.1) such that (X"l —1) €
L¥ (Q) for any A > 0. Moreover, el*l € MP(Q), for all p > 1.

then there exists a weak solution u € W, 2(Q) N L™

Proof. In view of Remark 4.4, in the three case above we always have that, up to a subsequence, not relabeled,
u, — u strongly in W, *(Q). (5.26)

Thus, up to a second subsequence,
Up — U a.e. in Q. (5.27)

Now, if f € L'(Q) N L™(Q), 2, <m < &, by Lemma 5.2, from the subsequence {u,} of (5.26) we can extract
another subsequence, such that

Uy, — ' weakly in L™ (Q). (5.28)
Putting together (5.26) and (5.28), we obtain that v’ = u € Wy*(Q) N L™ (Q).
Then, by (5.4)
[ull == () < Eglfg unllpm== ) < C. (5.29)
If f € L?(Q) N L™(Q), m > &, by (5.1) and (5.27), we conclude that
[ul| Lo () < C. (5.30)

Finally, if f € L'(Q) N LY/2(Q), by (5.16), (5.27) and Fatou Lemma we get the claimed regularity result.
O

6. UNIQUENESS

In this section, under the additional assumption

|B(x,&) — B(z,n)| < [b(x)]|€ —nl, (6.1)

we prove the following uniqueness result

Theorem 6.1 (Uniqueness). Assume (1.2)—(1.6). Let uy,us be solutions of (1.1). Then, we have u; = ug
almost everywhere in ).
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Proof. Set w = uy — ug. Then, by (1.1) written for u = uy and u = us and subtracting, by (6.1) we get that w
satisfies the following inequality

/A(:z:)Vnga deru/wcp dxg/ b(z)| |Vw| |¢| dz Yo € Wy ().
Q Q Q

Applying Proposition 3.1 we have that w < 0 a.e. in €2. Repeating the same argument for —w we get w > 0 a.e.
in . Thus w = 0 and hence u; = us a.e. in .

O
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