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BOUNDARY FEEDBACK CONTROL FOR HYPERBOLIC SYSTEMS

MICHAEL HERTY' AND FERDINAND THEINZ*

Abstract. We are interested in the feedback stabilization of general linear multi-dimensional first
order hyperbolic systems in R?. Using a Lyapunov function with a suited weight function depending
on the system under consideration we show stabilization in L? for the studied system using a suitable
feedback control. Therefore the controllability of the studied system is related to the feasibility of an
associated linear matrix inequality. We show the applicability discussing the barotropic Euler equations.
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1. INTRODUCTION

The stabilization of spatially one-dimensional systems of hyperbolic balance laws is a vivid subject attracting
research interest in the mathematical as well as in the engineering community and we refer to the monographs
[1-4] for further references. The mentioned references also provide a comprehensive overview on related con-
trollability problems. A particular focus has been put on problems modeled by the barotropic Euler equations
and the shallow water equations which in one space dimension form a 2x2 hyperbolic system to model the
temporal and spatial evolution of fluid flows including flows on networks. Analytical results concerning the
boundary control of such systems have been studied in several articles, c¢f. [5-8] for gas flow and for water flow
we refer to [9-14]. One key aspect in the analysis is the Lyapunov function which is introduced as a weighted
L? (or H®) norm and which allows to estimate deviations from steady states, see e.g. [1]. Under rather general
dissipative conditions the exponential decay of the Lyapunov function has been established for various problem
formulations and we exemplary refer to [15-18]. For a study on comparisons to other stability concepts we
mention [19]. Stability with respect to a higher H*-norm (s > 2) gives stability of the nonlinear system [1, 16].
Without aiming at completeness, we mention that recently the results have been extended to also deal with
e.g. input-to-state stability [20], numerical methods have been discussed in [21-23] and for results concerning
nonlocal hyperbolic partial differential equations (PDEs) see [24].

However, to the best of our knowledge the presented results are limited to the spatially one-dimensional case.
Based on an example in metal forming processes, see [25, 26] we extended results to multi-dimensional hyperbolic
balance laws. A specific system in two dimensions is discussed in [27] where a control problem for the shallow
water equations is studied. There the authors take advantage of the structure of the system and show that the
energy is non-increasing upon imposing suited boundary conditions. Just very recently a preprint was published
where the boundary stabilization for two dimensional systems is studied using a different Lyapunov function,
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see [28] and a comparative study is given in [29]. A further recent result on multi-dimensional hyperbolic scalar
conservation laws was presented in [30]. However, the goal of the mentioned paper is different from the one
presented here. In [30] the author discusses scalar conservation laws in R? whereas we are concerned with
systems in a bounded domain. Moreover, we consider deviations from a reference state and thus study the
linearized system, whereas in [30] a situation is studied when two fixed states at infinity are prescribed. It will
be interesting and part of future research to study the relation between the works [27, 28, 30] and the results
presented in this work.

Throughout this work we will fundamentally rely on the assumption that the studied system is symmetric
hyperbolic, i.e., the Jacobian matrices are symmetric. Symmetry of the system, in particular in multi-dimensions,
gives well posed problems as it was shown in the pioneering work [31]. This is of major importance since it is
not possible to expect strict hyperbolicity, another property of hyperbolic systems leading to well posedness,
for relevant systems in multi-dimensions. In [32] it is shown that the Euler equations can be rewritten as a
symmetric hyperbolic system. Later it was proven that all hyperbolic systems which are equipped with an
additional conservation law for a quantity which is convex in terms of the conserved quantities can be put
into symmetric form, see [33]. Thus many, if not to say all, relevant systems arising in applications can be
symmetrized since they enjoy this additional conservation law representing, e.g., the conservation of energy
or entropy. For some examples on symmetrizable systems we refer to [34]. Also, well-posedness results related
to symmetric hyperbolic systems are obtained in several publications and without assuming completeness we
exemplary refer [35] for results in LP and [36] for the linear and quasi linear case. Initial boundary value problems
have been studied e.g. in [37] or [38] in the case of constant coefficients. For a comprehensive presentation of
results on initial boundary value problems for Friedrichs symmetrizable multi-dimensional systems we refer to
[39]. Further insight on the properties of these large class of systems are presented in [40, 41] where a brief
historical review of this topic is given in [41]. There are basically three major points where we make use of the
symmetry property. First, it ensures well-posedness and the existence of sufficiently smooth solutions as already
noted before. Second, the symmetric Jacobians allow to use the product rule for a quadratic form which is needed
throughout the proof of the main result. The third point where we make use of this property is the discussion
of a linear matriz inequality (LMI) which is essential for a needed estimate and we exemplary refer to [42] for
a broad introduction and further references. The symmetric hyperbolicity of the system induces a favorable
algebraic structure which was already investigated by Lax in [43]. This work stimulated further research and a
related conjecture was answered in [44]. We further recommend [45] for a comprehensive overview and additional
references.

In this work we will study the boundary stabilization of multi-dimensional linear hyperbolic balance laws
with variable coefficient matrices using an extension of the Lyapunov function introduced in [1]. The particular
structure of a hyperbolic system is exploited to derive a condition on the feedback law, such that the Lyapunov
function decays exponentially fast, see Section 2 and Section 3 for the proof. The studied results will be applied
the barotropic Euler equations in Section 4.

2. STABILIZATION OF MULTI-MIMENSIONAL LINEAR HYPERBOLIC BALANCE
LAWS

We are interested in the following initial boundary value problem (IBVP) for the given system of hyperbolic
PDEs

—w(t,x)+ Z AWK (x)aika(t,x) +Bx)w(t,x) =0, (t,x)€[0,T) x Q
k=1

W<va) = WO(X)a x €4,
w(t, x) =wpc(t, x), (t,x) € [0,T) x 00
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Here w(t,x) = (wy(t,%), ..., w,(t,%))T is the vector of unknowns and Q C R? a bounded domain with piecewise
C" smooth boundary 9. Moreover, A*)(x) and B(x) are sufficiently smooth and bounded n x n real matrices.
The AK) (x) are in particular symmetric. Upon applying a suited variable transformation we may transform
any symmetric hyperbolic system into the given form with the identity in front of the time derivative, cf. [39].
The assumption of symmetry is no major restriction since it includes all systems equipped with an additional
conservation law, cf. [33, 40]. This includes most systems relevant for applications, see [34, 41]. We define the
matrix

d
A*(x,v) = Z e AP (x)
k=1

with v = (v1,...,vq)T € S¥! being a unit vector in R? and by construction A*(x, v) is also symmetric. Adopting
the notion given in [44, 46] we refer to the matrix A* as the pencil matriz. Concerning the definition of
hyperbolicity of system (2.1) we follow [40]. System (2.1) is said to be hyperbolic if the matrix A*(x,v) has
n real eigenvalues \; = \;(x,v), i = 1,...,n, and n corresponding linearly independent right eigenvectors r; =
ri(x,v),i=1,...,n for all v € S?~1. Note that by choosing

v=e,=(0,...,0, 1 ,0,...,0)T

we have A*(x,e;) = A®)(x) and thus the individual Jacobians A(®)(x) are also diagonalizable with real
eigenvalues. Further following [39] there exists a well-conditioned orthogonal matrix T(x, ) such that

A*(x,v) = TT (x,v)A* (x,v)T(x,v) (2.2)

is a diagonal matrix containing the eigenvalues of the system (2.1). The afore mentioned properties are distinctive
features of multi-dimensional hyperbolic PDEs and we highly recommend the references [39, 40], cited above,
for further reading. A further delicate issue is the dependence of the eigenspaces and eigenvalues on v € S4~1.
That this is in general not the case is shown in [39] where a particular system fails the continuous dependence
of the eigenspaces with respect to v. However, for constantly hyperbolic systems, i.e. systems with constant
multiplicity of the eigenvalues, the eigenspaces are continuous functions of v € S¥~1. Hence it is possible to find
locally an eigenbasis of A*(v), which depends continuously on v.

Remark 2.1. Here we additionally assume that the transformation is continuous with respect to each smooth
boundary part and v € S?~!. Following [39] for systems with constant coefficients the class of constantly
hyperbolic systems, for example, enjoys this property.

The boundary 0f2 will be separated in the controllable and uncontrollable part, i.e. for i =1,...,n

I} = {x € 09| \i(x,n(x)) > 0},

Iy :={x € 00| \i(x,n(x)) <0}.

We further need to discuss a LMI associated to the system (2.1) of the form

d
A(m):=CId+ Y mA® <0, C e Ry (2.3)
k=1
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which obviously may be reformulated to

d
A(m):=A0+) mA® >0, (2.4)
k=1
with A(®) = —Id and where the coefficients are given by 7, = —my/C. The matrices A®) are the Jacobians

of system (2.1). In the case that the Jacobians of system (2.1) are space dependent the coefficients m of the
LMI may also depend on x. Further it will turn out that for the boundary feedback control we need m to be
the gradient of a function and hence we have the following result.

Lemma 2.2. Assume there exists a function fi(x) such that

d
m:= Vji(x) and A(m):=-Id+ kaA(k) > 0. (2.5)
k=1

Then system (2.1) has a feasible Lyapunov potential u(x) = —CTi(x) such that (2.3) holds.

Of course the space dependent case is more intricate since we not only need any solution of the LMI, but
also one which must be integrable. However, for constant matrices we have for such coefficients m that

d
p(x) =y mpay,
k=1

is a suited potential.
Finally we want to recall the definition of exponential stability, cf. [1, 47].

Definition 2.3. A solution w € C1(0,T; H*())" for s > 1+ & of the initial boundary value problem (2.1) is
called exponentially stable in the L?— sense, iff

[w(t,)llL2(0) < Crexp(=Cat)[w(0,.)|[r2(0), C1,C2 € Rso, t € [0, 400). (2.6)

The Lyapunov function we will introduce in Theorem 2.4 is equivalent to the L?(2) norm. For later use, we
define

A(t,x) == (WT(t, ) AN (x)w(t,x),..., wl(t,x)AD(x)w(t, x))T exp(u(x)),
0
Oy

Now, we state the main result of this paper.

Theorem 2.4. Let w(t,x) € C*((0,T), H*(Q))", s > 1+ d/2, be a solution to the IBVP (2.1). Assume the
problem (2.1) admits a feasible Lyapunov potential. Thus there exist p(x) € H*(Q) such that

d
Cald + ) mi(x)A®) (x) <0 (2.7)
k=1
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holds true for some value C'4 € Rsg with C4 > Cp and Cp given as in (3.2). Define the Lyapunov function as
follows

/ w(t, x)Tw(t,x) exp(u(x)) dx. (2.8)

Let the boundary condition for (2.1) be given by
Wi (t,x) = wi(t,x), x € T}

where the imposed feedback controls u = (uy,...,u,)T satisfy u = T

=30 [ Aoy xP ep(ue)dx < - [ AbxnGat P epe) dx (29
i=1 7T =115

with q = TTw and (2.2).
Then, it holds for the Lyapunov function that for 0 < Cp = Cys — Cp

d

dtL( ) < —=CLL(t).

Further, the solution w of the IBVP (2.1) is exponentially stable in the L?—sense (2.6).

The proof is given in the following section for better readability. We refer to Remark 3.3 for particular cases
of interest and conditions under which u; exists. Note that the choice of s in the space H® guarantees that p
and w are differentiable in x by Sobolev embedding.

3. PROOF OF THEOREM 2.4

Proof. We want to show that the Lyapunov function (2.8) decays exponentially fast under the given conditions.
We obtain for the time derivative of the Lyapunov function

d

&L(t) = %/QWT(t,x)w(t,x) exp(p(x))dx =2 /Q WT(t,X)%W(t,X) exp(u(x)) dx.

Replacing the time derivative of w using the PDE system (2.1) gives
—L = 2/ wl(t,x [ ZA w(t,x) — B(x)w(t,x)] exp(u(x)) dx

=-2 A Z wl(t,x) AP ( )%W(t x) exp(u(x)) + wl (t, x)B(x)w(t, x) exp(u(x)) dx
k=1

Now with using the product rule and introducing the abbreviations A and my(x) we obtain

d
L=

-/ Z o (WA ) exp(ux) — wT(0.3) (5 A0 ) wlt ) explu(x)
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— (W (1) A () w1, %) exp(()] + 2w (1, ) B(x)w (1, %) exp(u(x)) dx

d
— . X)ax WT X melX (k) X i (k) X w X)ex X
[ A [0 37 (ma (A 0+ AN G0 ) witx) ol
— 2w’ (t,x)B(x)w(t, x) exp(u(x)) dx

=— [ A(t,x) n(x)dx

o0

=:B(t)
d
+/QWT(t,X) L; <mk(x)A(k) (x) + %A(’“) (x)) —2B(x)

=:Z(t)

w(t, x)exp(u(x)) dx.

In the following we split the proof into two parts. First we show that the boundary term B(t) is non-negative
under the given conditions. In the second part we estimate Z(¢) such that we can use Gronwalls Lemma to show
the decay of the Lyapunov function.

3.1. Estimating the boundary integral
In the following we want to discuss the boundary term. We have

d

A(t, %) n(x) = Y w(t,x) AP w(t, x)nu(x) exp(u(x))

k=1
(Z”k JA®) (x )W(tax)exp(ﬂ(x))

— W (%) A" (x, n(x))w(t, x) exp(u(x)).

Since the system is symmetric we can transform the quadratic form according to (2.2) and thus have

B(t) = - A(t,x) - n(x) dx = /m a’ (t,x)A*(x,n(x))q(t, x) exp(u(x)) dx.

Using the partitioning of the boundary introduced before we rewrite the boundary term and obtain

B(t) = oo A(x) -n(x) dx = /asz q’ (t,x)A*(x,n(x))q(t, x) exp(u(x)) dx
= Z x)) exp(p(x))i; (t, x)? dx + Z; /Ff i (x,n(x)) exp(p(x)) g (t, x)? dx
> 0.

Due to q = T?w we have u = Ta.
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3.2. Estimating the volume integral

We now want to study the expression

1) = [ Wt [i (0% ) 7% ) ) = 20| wlt. ) explu()
- [ wrex (Z () A% (x ) wit, x) exp(u(x)) dx
+/QWT(t,x (zd: g 2B(x)> wi(t, x) exp(p(x)) dx
We first want to discuss the term
}
W (t,x) (; A ) - 2B<x>) w(t, ) (1)

If (3.1) is less or equal to zero there is nothing to do and it can simply be estimated by zero. Assume (3.1)
is strictly positive. In the case that B is not symmetric it can be replaced by its symmetric part B =
(B +BT”)/2. Since the A®) are symmetric this property is inherited by the derivatives of these matrices. Hence
the following estimate can be established

d
w?(t,x) <Z %A(’“) (x) — ZBSym(x)> w(t,x) < Cg|lw(t,x)||2, Cz € Rso. (3.2)

k=1
Furthermore, by (2.7), p1(x) and thus the my(x), respectively, are chosen such that the linear matrix inequality
Cald + ka JA®) (x) < 0
k=1

holds. Thus we have for C4 > Cg and 0 < C, < C4 — Cp

7() = [ W't Z
<

—-Cp, -/Q wl (t,x)w(t,x) exp(u(x)) dx.

RING (x)> — 2B(x)

),

(mk<x>A<k><x> " wit, %) exp(p(x)) dx

C’BId—i—ka JA®) (x )] w(t, x) exp(p(x)) dx
k=1

Altogether we yield for the Lyapunov function

c(litL( t)=—-B(t)+ZI(t) <ZI(t) < —CL/ wl (t,x)w(t,x) exp(u(x)) dx = —Cp L(t).
Q

Applying Gronwall’s Lemma gives the claimed exponential decay and thus the proof is complete. O
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Remark 3.1. We want to remark that the obtained result can be extended to the exponential stability in
the corresponding H*-norm. One just has to add other appropriate terms in the definition of the Lyapunov
function. The H®-norm of a function u € H*(Q) is given by

lull oy = { D 119%ull3

jal<s

For vector-valued functions the norm is interpreted component wise. Now we define the Lyapunov function

accordingly
1
exp (2,u(°‘)) 0%u

Note that by introducing the exp (,u("“)) we want to highlight that in principle it is possible to choose suited
Lyapunov potentials for every occurring multi-index |a| < s. Each Lyapunov potential has to satisfy a LMI
similar to (2.3) with respect to the system corresponding to the studied multi-index. It has to be studied under
which conditions this is possible for a given system. Once the Lyapunov function is introduced the strategy is
the same and due to the similar structure inherited by the governing PDE (2.1) the estimates can be adopted
from the previous proof. We exemplary want to give the Lyapunov function in the case H*

2

L{t):= Y

lo|<s

(3.3)

2

/w (t,x)"wi(t,x) exp( (0)(x)) dx

+kz_1/ﬂ(8m,€w(t,x))T (05, W(t, X)) exp (ﬂ(k)(x)> dx

Remark 3.2. During the proof we encounter the term (3.1). In particular in the proof we only treat the
situation when this expression is strictly positive since under the given assumptions, namely (2.7), it can simply
be estimated by zero in the case that it is less or equal to zero. However, there may be situations when the
estimate of the volume integral may benefit from this term. In the case that the reminder (3.1) should be taken
into account we introduce

)
Z — AP (x) — 2B*"(x)
 dxy,
and demand
A(m) := CId + R(x) + ka JA® (x) <0, C € Rsy. (3.4)

The LMI (3.4) then replaces (2.7).

Remark 3.3. The inequality for the (transformed) control @; can be simplified under additional assumptions.



BOUNDARY FEEDBACK CONTROL FOR HYPERBOLIC SYSTEMS 9

(i) A possible simplifying assumption on the controls is that they are uniform in space, i.e. @; = u;(t). This
leads to the following condition for the controls

n

- Z a1 ()2 Ai(x,n(x))et ™ dx < Z /1“* qi(t, %)X (x, n(x))et ™ dx.
i=1 i

i=1 Ty

(ii) Further the same control may be applied to all components which leads to @; = 4(t,x), ¢ = 1,...,n. This
leads to the following condition for the controls

=30 [ attaenper e < 3 [ gt 00k mnGx))er ) dx
=171 = T

(iii) Assume that both previous assumptions hold, i.e. 4; = @(t), 7 = 1,...,n. Then we can give an explicit
condition for the feedback control as

n -1 n
a(t)? < — (Z / ] Ai(x, n(x))et ) dx> Z /F . gi(t,x)2 X\ (x, n(x))er™ dx. (3.5)

Thus a possible control would be

a(t) =Cy|— " i (x,n(x))er () dx) " i (8, x)2 i (x, n(x))er ™) dx (3.6)
(2 J : 2 /r !
for C € [-1,1].

4. APPLICATION TO HYPERBOLIC SYSTEMS

In this section we discuss the application of the stabilization result. As a first example we want to mention
that recent results have shown the applicability of this approach to Hamilton-Jacobi equations, see [25, 26]. The
study on the stabilization of Hamilton-Jacobi equation has been motivated by a stabilization problem arising
in a forming process and we refer to the afore mentioned literature for further details.

We now want to study the general case and show that the linearization matches (2.1). Let us consider the
following hyperbolic system

%U(t,x) +F(x,U(t,x), U, (t,%),..., Uy, (t,x)) =0, (t,x) € (0,T) x Q,
U(0,x) — Up(x), x €9, (4.1)
U(t,x) =Upgc(t,x), (t,x) €[0,T) x 90

Here we have introduced the function

F:RYxR"x - xR" - R"
—_——
d+1
(X,u,p17--~7pd) HF(X’uaplv"wpd) EF(Xvuyp)'
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We want to linearize system (4.1) near a steady state solution U(x) of (4.1). Thus we have to linearize F near
a reference state (4,p) = (4, Py, ..., Py)

0 0
F(X7 u, p) ~ F(X?ﬁ7 ﬁ) + EF(X?ﬁa ﬁ)(u - ﬁ) + %F(Xvﬁv ﬁ)(p - ﬁ)
=:B(x)
L9
= F(X7u7ﬁ) + B(X)(u - u) + Z aipk (X7u7p)(pk - pk)
k=1
=:AF) (x)
d
=F(x,u,p) +Bx)(u—1)+ > AW (x)(px — By)- (4.2)
k=1
We now consider deviations of this desired state
U(t,x) = U(x) + w(t,x)
and for some initial disturbance we assume w(0,x) = (w1(0,x%), ..., w,(0,x)) # 0. By the following computation

we obtain a linear system using (4.2) starting from (4.1)
0
0= 8—U(t, x) + F(x, U(t, x), Uy, (¢, %), ..., Uy, (¢, %))

~ D013+ F(x, U), U, (x),.. U, (39) + BOO(U(E,x) ~ U(x)

X

+ Y AW (x)(Us, (t,%) = Uy, (x))

M=

k=1

S (U() +w(t,x)) + F(x, Ux), Usy (%) -, Usy (%)) + Bx)w(t,x)

) (1)

M& QJ“Q?
>

+

ES
Il

1

*—wtx +ZA(k —w(t x) + B(x)w(t, x)

Thus the linearized system has the desired form to apply the above results, highlighting the wide range of
applicability of the present work.

4.1. Barotropic Euler equations

The barotropic Euler system (isothermal or isentropic) is of huge interest in the literature. The system reads
in two dimensions

9

0 .
Yo . . @) = 0. 4
o (pvi) + Vg (pvlv + pe ) 0, i e{1,2}
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where p > 0 denotes the mass density, v = (vi,v2)7 is the velocity and p is the pressure as function of the

density. The fluxes are given by

pv1 pU2
FOWU) = | p?+p|, FOU) =[ pvivs |. (4.4)
pUs +p

pPU1LV2

Thus we can write the system in the following conservative form

0 U+ iF(l)(U) + iF(Q)(U) =0

ot 8.131 8332

and hence obtain the following linearization

0 — 0 — 0
9 w2 @@ 2w _
5" + AY(U) O w+ A¥(U) . w =0.

Now we could apply the obtained results to the linearized conservative system. However, since we assume some
regularity of the solution and the deviation, it is beneficial to use a suited set of primitive variables. Here we

will use (p, v) which results in the following systems, cf. [48, 49],

0
§p+V~V¢p+pVx-v:0,

B 2 9 (4.5)
Evz—i-vvxvz—i-?awzp:(), 16{172}

with @ > 0 denoting the speed of sound. The Jacobians are given by

U1 p 0 V2 0 4
AW =2 v 0] and A@=(0 v 0], (4.6)
0 0 v T 0w

When linearizing the system we simply fix the Jacobians at the desired reference state. We consider the reference
state p € R, v € R?\ {0}. The linearized system can be symmetrized by applying the following variable

transformation w — w* = (r, v)T
p—Ti=p,
see also [50]. We hence obtain
0 1 0 —(2) 0
—wW'+A T —w 4+ AT —w=0
at TR e TR Y
with the Jacobians
) v, a 0 @ v 0 @
AY=(a 5 o] and A% =[0 B o0 (4.7)
0 0 v a 0 oo
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Since the Jacobians are constant and B = 0 we do not have to discuss the term (3.2). Thus we have Cg =0
and set Cr, := C'4 > 0. We now discuss the LMI

Opld + miAY + mA® <o (4.8)
which, as stated before, is equivalent to

A(m) = -1d +m1X(1) +m2X(2) >0,

—1 4+ mM17U1 + MaUs mia moa
A(m) = mia —1 4+ m1v1 + mavs 0
moa 0 —1 4+ m1v1 + Mo

A sufficient criterion would be to choose m; and 9 such that A(im) becomes strongly diagonal dominant, i.e.,
the diagonal entries are strict positive and larger than the sum of the absolute row entries. Due to the special
structure of the matrix we hence look for coefficients with the property that

—1 4101 + MaUsy = o (|| + [M2|) @, o € (1, 00).
With this choice we have
—1 4+ 01 +MaUs > (|| + |M2|) @ > max{ ||, [m2|}a > min{|m,|, [ma|}a > 0

and hence the matrix A(m) is positive definite. Therefore —A (m) is negative definite and with the choice
m = —Crm the LMI (4.8) holds and we further set

w(x) = mixy + moxs.

It remains to study the boundary term and prescribe boundary conditions, such that BC > 0. To this end we
will make use of the eigenstructure of the system given in the appendix for the readers convenience. For the
sake of demonstration we consider the domain Q = [0,1] x [0,1] and a flow with v = (v1,0)7 and 0 < @ < ;.
For the boundary integral we have

BC= | wTA*(m)wexp(u(zs, 22)) dx = / " A" (n)qexp(u(er, y2)) dx
o0 oQ

3
B 7,:21 /89 @ Ni(n) exp(p(e1, 22)) dx

where q = T (n)w is calculated according to (A.4) and n denotes the outward pointing normal of the boundary
09). Now we identify the controllable and uncontrollable parts of the boundary, i.e. for i =1,2,3

I} = {x € 09| \i(x,n(x)) > 0},
I, :={xe€0Q]| \i(x,n(x)) <0}.

These are given by

Iy =00\TY, rf = {1} x (0,1),
Ty = {0} % (0,1), Iy =00\T;, (4.9)
ry =0, Iy =o0.
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Let us denote the general controls by ¢(t, x1,x2) for the first component and ) (t, z2) for the second component,
respectively. These have to be chosen such that

1
BC :/ N @(t,xl,xQ)Z(n(xl,xg)El —a) exp(u(xl,xg))dxfil/ ¢(t,z2)2 exp(u(0, x2)) dze
9Q\I'} 0

<0

1
@ —a) / & exp(u(l, 2))day + 77 / En(z1, 72) exp(u(er, 72)) dx
0 AO\Ty

>0

+ / qg(n(ml,xg)ﬁl +a)exp(u(zy,z2))dx > 0.
o0

>0

Thus one sufficient ansatz would be to choose the controls according to
/ o(t, 21, 12)%(@ — n(xy, 22)01) exp(p(zy, z2)) dx < ...
AO\TT
1
(o1 — E)/ g} exp(u(1, z2)) das + / g3 (n(x1, 20)0; + aexp(p(zy, x2)) dx
0 o0

1
and / 1ﬁ(f,$2)2€xp(ﬂ(0,$2))dx2S/ gn(zy, x2) exp(p(r1, 22)) dx.
0 DO\Ty

5. SUMMARY

A novel Lyapunov function for L?—control of multi-dimensional systems of hyperbolic equations has been
presented. We want to emphasize that up to our best knowledge this is the first result on stabilizing boundary
feedback control applied to general multi-dimensional hyperbolic systems. The analysis relies on the fact that
the system can be diagonalized on the boundary and based on the proper Lyapunov function an estimate
involving the symmetric Jacobians can be established. A stabilizing feedback control has been derived and
exponential decay of a weighted L?—norm has been proven. Illustrating examples have been presented to show
the applicability of the presented result. Future work concerns numerical studies, the application to complex
domains, the investigation and classification of problems which possess a feasible Lyapunov potential. It is of
further interest to study whether this approach can also be generalized to the semilinear or the quasilinear case.

APPENDIX A. EIGENSTRUCTURE OF THE BAROTROPIC EULER
EQUATIONS

Subsequently we provide the detailed calculation for the eigenstructure of the considered system (4.7). The
system matrix is given by

A* (V) =AY + 1L AP) e s? (A1)
and thus we have
V101 + VU2 via Vo
A*(V) = via V101 + VU2 0

voa 0 V101 + V202
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The characteristic polynomial is given by

X()\) = ()\ — (V151 + VQEQ))?) - ()\ — (1/1@1 + VQ@Q))V%62 — ()\ — (1/151 + VQ@Q))V2262
= (A = (1 + 1212)) (A = (101 + 1902))? — (vF +v3) @°)
= (A= (01 + 1202)) (A — (1101 + 12D2))* — @°)

and hence we yield the following eigenvalues

)\1(1/) = V1U] + Uy — a, )\2<V) = V1V + V9Ug, )\3<V) = V1U] + U3 +a (A2)
with )\1(V) < )\Q(V) < )\3(1/)

The corresponding right eigenvectors are thus obtained to be

Ri(v) = = ., Ro(v) . and Rs(v) = — ) (A.3)
1\WV)=—7=\| "), 2V) = | — V2 1 3\V) = —F= 1] - .
V2, V2

— 2 141 1]

We hence have the following transformation matrix

1 1 0 1
T(I/) = ﬁ —U1 —\/iyg 141
—U2 \/51/1 %)

with A*(v) = TT(v)A*(v)T(v). The transformation of the state vector w = (r,vy,v2)T is given by

1 r — (1101 + Vo) 1 @1+ a3
q=T ' v)w = 7 —V2(vav1 — v119) and w=T(v)q= 7 —v1(q1 — q3) — V2122 (A.4)
T+ VU1 + Va2 —va(q1 —q3) + V2v1go
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