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NULL CONTROLLABILITY FOR ONE-DIMENSIONAL

STOCHASTIC HEAT EQUATIONS WITH MIXED

DIRICHLET-DYNAMIC BOUNDARY CONDITIONS
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and Lahcen Maniar1

Abstract. In this paper, we study the null controllability of one-dimensional forward and backward
linear stochastic heat equations with mixed Dirichlet-dynamic boundary conditions. Our equations
incorporate noise not only within the domain but also at the boundary, represented by a two-
dimensional Brownian motion. The primary tool will be global Carleman estimates, which yield the
appropriate observability inequalities for the related adjoint systems. Hence, by classical duality argu-
ments, we establish the corresponding null controllability results. Specifically, we first establish a
Carleman estimate for a general adjoint backward stochastic heat equation using a weighted iden-
tity method. This approach combines two weighted identities: one for a stochastic parabolic operator
and the other for a stochastic transport operator. Subsequently, we derive a Carleman estimate for a
general adjoint forward stochastic heat equation by employing a duality method.
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1. Introduction

Controllability theory is an active branch of applied mathematics, its main objective is to study the behavior
of differential and evolution equations such as heat, wave, transport, Schrödinger equations, and so on. Roughly
speaking, controllability theory can be divided into two parts, the first one is the controllability theory for
deterministic equations which is still quite an active field containing a huge list of publications, see, e.g., [1–10].
The second part is the controllability for stochastic equations, including stochastic partial differential equations
which started attracting more and more attention only recently (see, for instance, [11–20] and the book [21]),
and the field is still in its beginning development. By a classical duality argument, we know that the null
controllability problem can be reduced to an observability inequality for the corresponding adjoint equation. To
prove such observability inequality, one can use Carleman estimates introduced by Carleman in 1939 to prove
the uniqueness of solutions to second-order elliptic partial differential equations in R2 (see [22]). Now, for both
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deterministic and stochastic partial differential equations, Carleman estimates become a powerful tool to study
many problems such as controllability, observability, unique continuation, inverse problems, and so on.

In the existing literature, the null controllability problem of stochastic parabolic equations has been studied
with the standard static boundary conditions, such as Dirichlet, Neumann, and Robin boundary conditions,
see, e.g., [11, 13–15, 17, 19, 21, 23]. Dynamic boundary conditions, characterized by a time derivative, are
employed to describe physical models with dynamics either on the whole boundary or on part of the boundary.
Consequently, dynamic boundary conditions differ qualitatively from the static boundary conditions. For more
details and physical applications of such dynamical boundary conditions, see, for instance, [24–26]. In the
literature, there are some results on the controllability of parabolic equations with dynamic boundary conditions.
For deterministic equations, see, e.g., [1, 8, 9]. For stochastic equations, we refer to [12, 27].

To state our problems, we introduce the following notations. Let T > 0 and (Ω,F ,F,P) (with F = {Ft}t∈[0,T ])
is a fixed complete filtered probability space on which a two-dimensional standard Brownian motion W (·) =(
W 1(·),W 2(·)

)⊤
is defined such that F is the natural filtration generated by W (·) and augmented by all the

P-null sets in F . Let X be a Banach space, and let L2
Ft
(Ω;X ) denote the Banach space of all X -valued Ft-

measurable random variablesX such that E|X|2X <∞, with the canonical norm. L2
F (0, T ;X ) is the Banach space

consisting of all X -valued F-adapted processes X(·) such that E(|X(·)|2L2(0,T ;X )) <∞, with the canonical norm.

L∞
F (0, T ;X ) is the Banach space of all X -valued F-adapted essentially bounded processes, equipped with the

usual norm denoted by | · |∞. Subsequently, we further simply denote L2
F (0, T ) (resp., L

∞
F (0, T )) for L2

F (0, T ;R)
(resp., L∞

F (0, T ;R)). The space L2
F (Ω;C([0, T ];X )) is the Banach space consisting of all X -valued F-adapted

continuous processes X(·) such that E(|X|2C([0,T ];X )) <∞, with the canonical norm, where C([0, T ];X ) denotes
the Banach space of all X -valued continuous functions.

The heat equation, also known as the diffusion equation, is one of the most fundamental partial differential
equations. It describes the evolution over time of the density of various quantities such as heat, bacteria popula-
tion, chemical concentration, etc., which exhibit diffusion phenomena in typical applications. By incorporating
a stochastic perturbation generated by the Brownian motion W 1(·) over the interval (0, 1) ⊂ R, we consider
the stochastic heat equation. This equation accounts for all small independent random disturbances that may
occur during the evolution of the density. In this paper, we study the evolution over the domain (0, 1), and in
the absence of large-scale migration, the variation of the density is governed by the following linear stochastic
heat equation

dy(t, x)− yxx(t, x) dt = β1(t, x)y(t, x) dt+ β2(t, x)y(t, x) dW
1(t), (1.1)

where y(t, x) represents the density at time t ∈ (0, T ) and position x ∈ (0, 1), for a sample point ω ∈ Ω. The
coefficients β1 and β2 are suitable (random) coefficients dependent on the properties of the heat diffusion
medium. The term yxx(t, x) characterizes the diffusion process from regions of high concentration to those of
lower concentration. See [21], Chapter 5 for more details on this model. Now, if we consider the cooling of a
cylindrical, thin, and uniform metal bar with faces positioned at x = 0 and x = 1, we assume that the lateral
surface of the bar is thermally insulated. At the boundary x = 0, the bar is connected to an object maintaining
the temperature at zero. We then focus on cooling the bar by acting on the boundary x = 1. This can be
achieved by bringing this end of the bar into contact with a liquid, ensuring that the heat gained by the liquid
at the end of the bar equals the heat lost by the bar. This heat transfer phenomenon between the bar and the
liquid gives rise to the following mixed Dirichlet-dynamic boundary conditions

y(t, 0) = 0, t ∈ (0, T ), (1.2)

dy(t, 1) + yx(t, 1) dt = η1(t)y(t, 1) dt+ η2(t)y(t, 1) dW
2(t), t ∈ (0, T ), (1.3)

where η1 and η2 represent suitable (random) coefficients, and the Brownian motion W 2(·) describes the noise
on the boundary x = 1, which may differ from the noise in the domain. In the physical model, dynamic
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boundary conditions (sometimes referred to as Wentzell boundary conditions) are crucial, especially when there
are dynamic interactions between the domain and the boundary. For some applications of this type of boundary
conditions in the stochastic setting, we refer to [28–30].

Let T > 0, G = (0, 1) and G0 ⋐ G be any given non-empty open subset which is strictly contained in G (i.e.,
G0 ⊂ G). We indicate by 1G0

the characteristic function of G0. Throughout this paper, C denotes a positive
constant that may vary from one place to another. In what follows, we denote by

L2 := L2(G)× R,

which is a Hilbert space when equipped with the following standard inner product

⟨(y,a), (z,b)⟩L2 = ⟨y, z⟩L2(G) + ab.

Subsequently, we also require the following Hilbert spaces

Hk =
{
(ϕ, ϕ(1)) ∈ Hk(G)× R : ϕ(0) = 0

}
for k = 1, 2, (1.4)

endowed with the usual inner product

⟨(ϕ, ϕ(1)), (ϕ̃, ϕ̃(1))⟩Hk = ⟨ϕ, ϕ̃⟩Hk(G) + ϕ(1)ϕ̃(1),

where Hk(G) are the usual Sobolev spaces.
By acting with controls u, v1, and v2, equations (1.1), (1.2) and (1.3) lead us to consider the following

controlled forward stochastic heat equation
dy − yxx dt = (β1y + 1G0u) dt+ (β2y + v1) dW

1(t), (t, x) ∈ (0, T )×G,

y(t, 0) = 0, t ∈ (0, T ),

dy(t, 1) + yx(t, 1) dt = η1y(t, 1) dt+ (η2y(t, 1) + v2) dW
2(t), t ∈ (0, T ),

(y(0, x), y(0, 1)) = (y0(x), y
1
0), x ∈ G,

(1.5)

where (y0, y
1
0) ∈ L2

F0
(Ω;L2) is the initial state, β1, β2 ∈ L∞

F (0, T ;L∞(G)), η1, η2 ∈ L∞
F (0, T ) and the control

variable consists of the triple

(u, v1, v2) ∈ L2
F (0, T ;L

2(G0))× L2
F (0, T ;L

2(G))× L2
F (0, T ).

In Section 2, we show that (1.5) is well-posed i.e., there exists a unique mild (or weak) solution

(y, y(·, 1)) ∈ L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;H1),

of equation (1.5) such that

|(y, y(·, 1))|L2
F (Ω;C([0,T ];L2)) + |(y, y(·, 1))|L2

F (0,T ;H1)

≤ C
(
|(y0, y10)|L2

F0
(Ω;L2) + |u|L2

F (0,T ;L2(G0)) + |v1|L2
F (0,T ;L2(G)) + |v2|L2

F (0,T )

)
,

where C is a positive constant depending on G, T , β1, β2, η1, and η2.
The first goal of this paper is to show that the system (1.5) is null controllable at time T i.e., for any initial

state (y0, y
1
0) ∈ L2

F0
(Ω;L2), there exists controls (u, v1, v2) ∈ L2

F (0, T ;L
2(G0)) × L2

F (0, T ;L
2(G)) × L2

F (0, T )
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such that the corresponding solution (y, y(·, 1)) of (1.5) satisfies that

(y(T, ·), y(T, 1)) = (0, 0) in G, P-a.s.

The crucial step in establishing the null controllability of (1.5) is to derive an appropriate observability
inequality for the corresponding (adjoint) backward stochastic heat equation


dz + zxx dt = (a1z + a2Z) dt+ Z dW 1(t), (t, x) ∈ (0, T )×G,

z(t, 0) = 0, t ∈ (0, T ),

dz(t, 1)− zx(t, 1) dt =
(
b1z(t, 1) + b2Ẑ(t)

)
dt+ Ẑ(t) dW 2(t), t ∈ (0, T ),

(z(T, x), z(T, 1)) = (zT (x), z
1
T ), x ∈ G,

(1.6)

where (zT , z
1
T ) ∈ L2

FT
(Ω;L2) is the terminal state, a1, a2 ∈ L∞

F (0, T ;L∞(G)), and b1, b2 ∈ L∞
F (0, T ).

In Section 2, we prove that equation (1.6) admits a unique mild (or weak) solution

(z, z(·, 1);Z, Ẑ) ∈
(
L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;H1)

)
× L2

F (0, T ;L(R2;L2)),

so that

|(z, z(·, 1))|L2
F (Ω;C([0,T ];L2)) + |(z, z(·, 1))|L2

F (0,T ;H1) + |(Z, Ẑ)|L2
F (0,T ;L(R2;L2)) ≤ C |(zT , z1T )|L2

FT
(Ω;L2),

where C is a positive constant depending on G, T , a1, a2, b1, and b2.
The observability problem in this case aims to establish the existence of a constant C > 0 depending only

on G, G0, T , |a1|∞, |a2|∞, |b1|∞, and |b2|∞ such that for all (zT , z
1
T ) ∈ L2

FT
(Ω;L2), the corresponding solution

(z, z(·, 1);Z, Ẑ) of equation (1.6) fulfills that

E|z(0, ·)|2L2(G) + E|z(0, 1)|2 ≤ C

[
E
∫ T

0

∫
G0

z2 dxdt+ E
∫ T

0

∫
G

Z2 dxdt+ E
∫ T

0

Ẑ2 dt

]
. (1.7)

The second goal of this paper is to establish the null controllability of the following backward stochastic heat
equation


dy + yxx dt = (β1y + β2Y + 1G0

u) dt+ Y dW 1(t), (t, x) ∈ (0, T )×G,

y(t, 0) = 0, t ∈ (0, T ),

dy(t, 1)− yx(t, 1) dt =
(
η1y(t, 1) + η2Ŷ (t)

)
dt+ Ŷ (t) dW 2(t), t ∈ (0, T ),

(y(T, x), y(T, 1)) = (yT (x), y
1
T ), x ∈ G,

(1.8)

where (yT , y
1
T ) ∈ L2

FT
(Ω;L2), β1, β2 ∈ L∞

F (0, T ;L∞(G)), η1, η2 ∈ L∞
F (0, T ), and u ∈ L2

F (0, T ;L
2(G0)) is the con-

trol function. That is, for all terminal state (yT , y
1
T ) ∈ L2

FT
(Ω;L2), one can find a control u ∈ L2

F (0, T ;L
2(G0))

so that the corresponding solution (y, y(·, 1);Y, Ŷ ) of (1.8) satisfies that

(y(0, ·), y(0, 1)) = (0, 0) in G, P-a.s.
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For this purpose, we consider the following (adjoint) forward stochastic heat equation
dz − zxx dt = a1z dt+ a2z dW

1(t), (t, x) ∈ (0, T )×G,

z(t, 0) = 0, t ∈ (0, T ),

dz(t, 1) + zx(t, 1) dt = b1z(t, 1) dt+ b2z(t, 1) dW
2(t), t ∈ (0, T ),

(z(0, x), z(0, 1)) = (z0(x), z
1
0), x ∈ G,

(1.9)

where (z0, z
1
0) ∈ L2

F0
(Ω;L2), a1, a2 ∈ L∞

F (0, T ;L∞(G)), b1, b2 ∈ L∞
F (0, T ), and show that there exists a constant

C > 0 depending only on G, G0, T , |a1|∞, |a2|∞, |b1|∞, and |b2|∞ so that for all (z0, z
1
0) ∈ L2

F0
(Ω;L2), the

corresponding solution (z, z(·, 1)) of (1.9) fulfills the observability inequality

E|z(T, ·)|2L2(G) + E|z(T, 1)|2 ≤ C E
∫ T

0

∫
G0

z2 dxdt. (1.10)

To establish the observability inequality (1.7) (resp., (1.10)), we develop a new global Carleman estimate
for solutions of equation (1.6) (resp., (1.9)). Our methodology for establishing these Carleman estimates fol-
lows the weighted identity method employed in [19, 21] for backward stochastic parabolic equations, and the
duality method used in [14] for forward stochastic parabolic equations. However, our approach encounters some
challenges due to several boundary terms arising from our boundary conditions (1.2)-(1.3), necessitating compu-
tations in a modified form. Additionally, the Carleman estimate for backward stochastic heat equations combines
two weighted identities: one for the stochastic parabolic operator “d+ ∂xxdt” and the other for the stochastic
transport operator “d− ∂xdt”.

Now, some remarks are in order.

Remark 1.1. Systems (1.5) and (1.8) can be regarded as a coupled system of dynamic equations, where the
coupling is facilitated by the normal derivative term “ yx(·, 1)”. Consequently, system (1.5) (resp., (1.8)) is
directly controlled by the action of one localized control u in the drift part of the bulk equation and two
additional controls v1 and v2 on the diffusion parts of the bulk and boundary equations (resp., by only one
localized control u on the drift part of the bulk equation), while the control over the drift part of the boundary
equation (resp., the whole boundary equation) is mediated through the coupling.

Remark 1.2. It is more natural to use only the control u in the drift part to establish the null controllability
of (1.5). However, achieving this goal remains an open problem for forward stochastic heat equations due to
the challenge of demonstrating the appropriate observability inequality for the corresponding adjoint backward
equation. The primary difficulty stems from the presence of correction terms Z and Ẑ, which are crucial for
the well-posedness of such backward equations but pose challenges in Carleman estimates. In the literature,
using the spectral method (Lebeau–Robbiano strategy), there are some interesting controllability results for this
problem, particularly when the coefficients of the system are space-independent. For further details, we refer to
[17, 31].

Remark 1.3. Applying the Carleman estimate in Theorem 3.3 (resp., Thm. 4.3), one can readily demonstrate
the unique continuation property for equation (1.6) (resp., (1.9)). This property allows us to establish the
approximate controllability of (1.5) (resp., (1.8)). For further details on the unique continuation for stochastic
parabolic equations, see, for instance, [18, 20].

Remark 1.4. In our analysis, we aim to study the behavior of the solution (yη, yη(·, 1)) of equation (1.5) (and

also the solution (yη, yη(·, 1);Y η, Ŷ η) of (1.8)) as η tends to infinity, with η2 ≡ 0 and η1(t) ≡ η as a positive
parameter. Our objective is to determine whether this solution converges to the solution of the corresponding
Dirichlet problem on (0, 1), i.e., with y(t, 0) = y(t, 1) = 0. Achieving this convergence result would enable us to
deduce the well-known null controllability of stochastic heat equations with Dirichlet boundary conditions, as
demonstrated in [14, 19]. However, this remains an open question in our research.
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Remark 1.5. It would be interesting to study the controllability problems of equations (1.5) and (1.8) by incor-
porating dynamic boundary conditions alongside other boundary types, such as Neumann or Robin conditions.
Additionally, investigating the controllability of their degenerate and singular forms could also be an interesting
direction of research. For further results about the controllability of some degenerate and/or singular stochastic
parabolic equations, we refer the readers to [15, 32, 33].

The rest of this paper is organized as follows. In the next section, we present the well-posedness results of our
equations. Sections 3 and 4 are devoted to proving a Carleman estimate for the backward and forward stochastic
heat equations, respectively, with Dirichlet-dynamic boundary conditions. Section 5 focuses on establishing our
null controllability results for equations (1.5) and (1.8). Finally, the paper concludes with an appendix where
we provide the proof of Proposition 4.2, which is essential for deriving our main Carleman estimate in Section 4.

2. Well-posedness results

In this section, we establish the well-posedness and regularity of solutions for our linear stochastic heat
equations (1.5) and (1.6). The well-posedness of (1.8) and (1.9) can be deduced similarly. To achieve this, we
will apply the semigroup approach. For more details on the well-posedness of stochastic evolution equations and
backward stochastic evolution equations, we refer to [21, 28, 34, 35].

Let A : D(A) ⊂ L2 → L2 be the linear operator defined by

A(ϕ, ϕ(1)) = (ϕxx,−ϕx(1)), D(A) = H2. (2.1)

We have the following generating result.

Proposition 2.1. The operator A is densely defined, dissipative, self-adjoint, and generates an analytic C0-
semigroup (etA)t≥0 on L2.

Proof. Notice that {(y, y(1)) ∈ H1 : y ∈ C∞(G)} ⊂ H2 is dense in L2, so A is densely defined. For any (ϕ, ϕ(1)) ∈
H2, we have

⟨A(ϕ, ϕ(1)), (ϕ, ϕ(1))⟩L2 = −
∫
G

|ϕx|2 dx ≤ 0,

which implies that A is dissipative.
Following [8], let us introduce the bilinear form a : D(a)×D(a) → R defined by

a [(y, y(1)), (z, z(1))] =

∫
G

yxzx dx+

∫
G

yz dx+ y(1)z(1),

with domainD(a) = H1 on the Hilbert space L2. From [36], it is easy to show that a is a densely defined, accretive,
continuous, closed, and symmetric bilinear form. Thus, we can associate with the form a an unbounded linear
operator Ã defined by

D(Ã) =
{
(y, y(1)) ∈ H1 : there exists (ξ, ξ̂) ∈ L2 such that

a [(y, y(1)), (z, z(1))] = ⟨(ξ, ξ̂), (z, z(1))⟩L2 for all (z, z(1)) ∈ H1
}
,

Ã(y, y(1)) = (ξ, ξ̂) for all (y, y(1)) ∈ D(Ã).

It follows from Proposition 1.24 and Theorem 1.52 in [36] that the operator −Ã is self-adjoint and generates an

analytic C0-semigroup on L2. Let us now show that Ã = Id−A.
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Let (y, y(1)) ∈ H2 and (z, z(1)) ∈ H1. By integration by parts, we have

a [(y, y(1)), (z, z(1))] =

∫
G

[−yxx + y] z dx+ [yx(1) + y(1)] z(1),

= ⟨(Id−A)(y, y(1)), (z, z(1))⟩L2 .

Thus, H2 ⊂ D(Ã) and Ã(y, y(1)) = (Id − A)(y, y(1)). Therefore, Ã is an extension of Id − A. Conversely, if

(y, y(1)) ∈ D(Ã), then there exists (ξ, ξ̂) ∈ L2 such that for any (z, z(1)) ∈ H1, we have

a [(y, y(1)), (z, z(1))] = ⟨(ξ, ξ̂), (z, z(1))⟩L2 . (2.2)

In particular, if z ∈ C∞
0 (G), we deduce from (2.2) that∫

G

yxzx dx+

∫
G

yz dx =

∫
G

ξz dx.

This implies −yxx + y = ξ in D′(G), which gives yxx ∈ L2(G). Since y ∈ H1(G), it follows that y ∈ H2(G). On
the other hand, from (2.2), we have∫

G

[−yxx + y] z dx+ [yx(1) + y(1)] z(1) = ⟨Ã(y, y(1)), (z, z(1))⟩L2 .

Hence, D(Ã) ⊂ H2 and Ã(y, y(1)) = (Id −A)(y, y(1)). Therefore, we conclude that Id −A = Ã, and thus the
operator A is self-adjoint and generates an analytic C0-semigroup on L2.

Let us first give the definitions of mild and weak solutions of equation (1.5).

Definition 2.2. a) A process Y = (y, y(·, 1)) is called a mild solution of (1.5) if for any t ∈ [0, T ], we have
that

Y(t) = etAY0 +

∫ t

0

e(t−s)AF1(s,Y(s)) ds+

∫ t

0

e(t−s)AF2(s,Y(s)) dW (s), P-a.s.,

where

Y0 =

(
y0
y10

)
, F1(s,Y(s)) =

(
β1y + 1G0

u
η1y(·, 1)

)
, and F2(s,Y(s)) =

(
β2y + v1 0

0 η2y(·, 1) + v2

)
.

b) A process (y, y(·, 1)) is said to be a weak solution of (1.5) if for any t ∈ [0, T ] and any (ϕ, ϕ(1)) ∈ H1, it
holds that ∫

G

(y(t, x)− y0(x))ϕ(x) dx+ (y(t, 1)− y10)ϕ(1)

= −
∫ t

0

∫
G

yx(s, x)ϕx(x) dxds+

∫ t

0

∫
G

β1(s, x)y(s, x)ϕ(x) dxds

+

∫ t

0

∫
G

1G0
(x)u(s, x)ϕ(x) dxds+

∫ t

0

∫
G

β2(s, x)y(s, x)ϕ(x) dxdW
1(s)

+

∫ t

0

∫
G

v1(s, x)ϕ(x) dxdW
1(s) +

∫ t

0

η1(s)y(s, 1)ϕ(1) ds

+

∫ t

0

η2(s)y(s, 1)ϕ(1) dW
2(s) +

∫ t

0

v2(s)ϕ(1) dW
2(s), P-a.s.
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Similar to (1.5), we also provide the following definitions of mild and weak solutions for the backward
equation (1.6).

Definition 2.3. a) We say that (Z, Ẑ) = (z, z(·, 1);Z, Ẑ) is a mild solution of (1.6) if for any t ∈ [0, T ]

Z(t) = e(T−t)AZT −
∫ T

t

e(s−t)AF (s,Z(s), Ẑ(s)) ds−
∫ T

t

e(s−t)AẐ(s) dW (s), P-a.s.,

where

ZT =

(
zT
z1T

)
, F (s,Z(s), Ẑ(s)) =

(
a1z + a2Z

b1z(·, 1) + b2Ẑ

)
, and Ẑ(s) =

(
Z 0

0 Ẑ

)
.

b) A process (z, z(·, 1);Z, Ẑ) is called a weak solution of (1.6) if for any t ∈ [0, T ] and all (ϕ, ϕ(1)) ∈ H1, we
have that ∫

G

(zT (x)− z(t, x))ϕ(x) dx+ (z1T − z(t, 1))ϕ(1)

=

∫ T

t

∫
G

zx(s, x)ϕx(x) dxds+

∫ T

t

∫
G

a1(s, x)z(s, x)ϕ(x) dxds

+

∫ T

t

∫
G

a2(s, x)Z(s, x)ϕ(x) dxds+

∫ T

t

∫
G

Z(s, x)ϕ(x) dxdW 1(s)

+

∫ T

t

b1(s)z(s, 1)ϕ(1) ds+

∫ T

t

b2(s)Ẑ(s)ϕ(1) ds+

∫ T

t

Ẑ(s)ϕ(1) dW 2(s), P-a.s.

We have the following well-posedness result for equation (1.5).

Proposition 2.4. 1. Let (y0, y
1
0) ∈ L2

F0
(Ω;L2) and (u, v1, v2) ∈ L2

F (0, T ;L
2(G0)) × L2

F (0, T ;L
2(G)) ×

L2
F (0, T ). Then, there exists a unique mild solution

(y, y(·, 1)) ∈ L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;H1),

of equation (1.5) such that

|(y, y(·, 1))|L2
F (Ω;C([0,T ];L2)) + |(y, y(·, 1))|L2

F (0,T ;H1)

≤ C
(
|(y0, y10)|L2

F0
(Ω;L2) + |u|L2

F (0,T ;L2(G0)) + |v1|L2
F (0,T ;L2(G)) + |v2|L2

F (0,T )

)
,

(2.3)

where C is a positive constant depending on G, T , β1, β2, η1, and η2.
2. A process (y, y(·, 1)) is a weak solution of (1.5) if and only if it is a mild solution to the same equation.

Proof. It is easy to see that the system (1.5) can be written as the following abstract Cauchy problem{
dY =

(
AY + F1(t,Y)

)
dt+ F2(t,Y) dW (t),

Y(0) = Y0,
(2.4)

where Y0 = (y0, y
1
0) and A is the operator defined by (2.1).
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The function F1 : [0, T ]× Ω× L2 → L2 is given by

F1(t, (y, z)) =

(
β1y+ 1G0

u
η1z

)
,

and F2 : [0, T ]× Ω× L2 → L(R2;L2) is defined as

F2(t, (y, z)) =

(
β2y+ v1 0

0 η2z+ v2

)
.

Let t ∈ [0, T ] and (y, z), (y′, z′) ∈ L2. It is easy to verify that

|F1(t, (y, z))− F1(t, (y
′, z′))|L2 ≤ max(|β1|∞, |η1|∞)|(y, z)− (y′, z′)|L2 , P-a.s.

and

|F2(t, (y, z))− F2(t, (y
′, z′))|L(R2;L2) ≤ max(|β2|∞, |η2|∞)|(y, z)− (y′, z′)|L2 , P-a.s.

Thus, F1 and F2 are globally Lipschitz. Applying the abstract well-posedness result from [21], Theorem 3.24 to
equation (2.4), we conclude that there exists a unique mild solution

Y = (y, z) ∈ L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;D((−A)1/2)),

such that

|Y|L2
F (Ω;C([0,T ];L2)) + |Y|L2

F (0,T ;D((−A)1/2))

≤ C
(
|Y0|L2

F0
(Ω;L2) + |u|L2

F (0,T ;L2(G0))
+ |v1|L2

F (0,T ;L2(G)) + |v2|L2
F (0,T )

)
,

(2.5)

where C is a positive constant depending on the data of the problem. On the other hand, Theorem 4.36 of [37]
yields that

D((−A)1/2) = (L2,D(A))1/2,2 = (L2,H2)1/2,2 = H1, (2.6)

where (·, ·)1/2,2 denotes the real interpolation functor (see [37, 38] for more details). Therefore, the solution
(y, z) ∈ H1 in space and from the definition of H1 in (1.4), we deduce that z = y(·, 1). Moreover, the estimate
(2.3) immediately follows from (2.5). This completes the proof of the well-posedness result for equation (1.5).
The equivalence between mild and weak solutions for equation (1.5) is established for any abstract equation of
the form (2.4). For this result, we refer to [21], Theorem 3.1.

The following result shows the well-posedness of equation (1.6).

Proposition 2.5. 1. Let (zT , z
1
T ) ∈ L2

FT
(Ω;L2). Then, there exists a unique mild solution

(z, z(·, 1);Z, Ẑ) ∈
(
L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;H1)

)
× L2

F (0, T ;L(R2;L2)),

of equation (1.6) such that

|(z, z(·, 1))|L2
F (Ω;C([0,T ];L2)) + |(z, z(·, 1))|L2

F (0,T ;H1) + |(Z, Ẑ)|L2
F (0,T ;L(R2;L2)) ≤ C |(zT , z1T )|L2

FT
(Ω;L2),

(2.7)

where C is a positive constant depending on G, T , a1, a2, b1, and b2.
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2. A process (z, z(·, 1);Z, Ẑ) is a weak solution of (1.6) if and only if it is a mild solution to the same
equation.

Proof. Notice that equation (1.6) can be rewritten as the following abstract backward Cauchy problem{
dZ =

(
−AZ + F (t,Z, Ẑ)

)
dt+ Ẑ dW (t),

Z(T ) = ZT ,
(2.8)

where ZT = (zT , z
1
T ) and A is the same operator defined in (2.1).

The function F : [0, T ]× Ω× L2 × L(R2;L2) → L2 is defined by

F (t,Z, Ẑ) =

(
a1z+ a2Z

b1y+ b2Ẑ

)
,

with

Z = (z,y)⊤ ∈ L2 and Ẑ =

(
Z 0

0 Ẑ

)
∈ L(R2;L2).

We first note that

F (t,Z, Ẑ) =

(
a1 0
0 b1

)
Z+ Ẑ

(
a2
b2

)
.

Thus, for Z1,Z2 ∈ L2 and Ẑ1, Ẑ2 ∈ L(R2;L2), we can easily show that

|F (t,Z1, Ẑ1)− F (t,Z2, Ẑ2)|L2 ≤ C
(
|Z1 − Z2|L2 + |Ẑ1 − Ẑ2|L(R2;L2)

)
, P-a.s., (2.9)

where C is a positive constant depending on |a1|∞, |a2|∞, |b1|∞, and |b2|∞. Now, using the well-posedness result
from [21], Theorem 4.11 for equation (2.8), we deduce that there exists a unique mild solution

(Z, Ẑ) ∈
(
L2
F (Ω;C([0, T ];L2))

⋂
L2
F (0, T ;D((−A)1/2))

)
× L2

F (0, T ;L(R2;L2)),

so that

|Z|L2
F (Ω;C([0,T ];L2)) + |Z|L2

F (0,T ;D((−A)1/2)) + |Ẑ|L2
F (0,T ;L(R2;L2)) ≤ C

∣∣(zT , z1T )∣∣L2
FT

(Ω;L2)
, (2.10)

where C is a positive constant depending on the data. Let us denote (Z, Ẑ) by (z, y;Z, Ẑ). Recalling (2.6) and
(1.4), we have D((−A)1/2) = H1, and it follows that y = z(·, 1). The estimate (2.7) is a direct consequence of
(2.10). This completes the proof of the well-posedness of equation (1.6). The second point of the proposition is
deduced from [21], Theorem 4.8, which provides an abstract result of the equivalence between weak and mild
solutions of backward stochastic evolution equations.

Remark 2.6. In Section 3, the Carleman estimate requires the space regularity H2 for solutions instead of H1.
However, the mild (or weak) solution of (1.6) does not have enough space regularity. Therefore, to address this
issue, one can employ an approximating approach for (1.6) and then follow some results in [21], Theorem 4.12
for backward stochastic evolution equations. Here, without loss of generality and for the sake of presentation
simplicity, we assume that the solutions have H2-space regularity.
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3. Global Carleman estimate for backward stochastic
heat equations

In this section, we derive a Carleman estimate for the general backward stochastic heat equation
dz + zxx dt = F0 dt+ Z dW 1(t), (t, x) ∈ (0, T )×G,

z(t, 0) = 0, t ∈ (0, T ),

dz(t, 1)− zx(t, 1) dt = F1 dt+ Ẑ dW 2(t), t ∈ (0, T ),

(z(T, x), z(T, 1)) = (zT (x), z
1
T ), x ∈ G,

(3.1)

where (zT , z
1
T ) ∈ L2

FT
(Ω;L2), F0 ∈ L2

F (0, T ;L
2(G)), and F1 ∈ L2

F (0, T ).
We first introduce the following known result. See [4] or [39], Lemma 2.68 for the proof.

Lemma 3.1. For any nonempty open subset G1 ⋐ G, there exists a function ψ ∈ C4(G) such that

ψ > 0 in G , ψ(0) = ψ(1) = 0 , |ψx(x)| > 0 for all x ∈ G \G1. (3.2)

Notice that from the above lemma, we deduce that

ψx(0) > 0 and ψx(1) < 0. (3.3)

Remark 3.2. In the 1-D case, it is possible to provide an explicit formula for a function ψ that satisfies
properties (3.2). For example:

� If 1
2 ∈ G1, we can readily choose ψ(x) = x(1− x).

� For the general case, let a ∈ G1 then we construct the function ψ as follows

ψa(x) =


(1− a)3

a3

[
a3 − (a− x)3

]
, x ∈ [0, a],

(1− a)3 − (x− a)3, x ∈ [a, 1].

For any parameters λ > 1 and µ > 1, we choose the following weight functions

α = α(t, x) =
eµψ(x) − e2µ|ψ|∞

t(T − t)
, ℓ = λα , θ = eℓ, φ = φ(t, x) =

eµψ(x)

t(T − t)
, (3.4)

where ψ is the function defined in Lemma 3.1. It is easy to check that there exists a constant C > 0 depending
on G and T such that

φ ≥ C, |φt| ≤ Cφ2, |φtt| ≤ Cφ3,

|αt| ≤ Ce2µ|ψ|∞φ2, |αtt| ≤ Ce2µ|ψ|∞φ3.
(3.5)

In the rest of this section, let ψ be the function given in Lemma 3.1 with G1 being any fixed nonempty open
subset of G such that G1 ⋐ G0. Then, the desired global Carleman estimate for equation (3.1) is stated as
follows.

Theorem 3.3. There exists a constant µ0 > 1 depending only on G, G0 and T such that for all µ ≥ µ0, one can
find two constants C = C(µ) > 0 and λ0 = λ0(µ) > 1 such that for all λ ≥ λ0 and for any F0 ∈ L2

F (0, T ;L
2(G)),
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F1 ∈ L2
F (0, T ), and (zT , z

1
T ) ∈ L2

FT
(Ω;L2), the corresponding solution (z, z(·, 1);Z, Ẑ) of (3.1) satisfies that

λ3µ4E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3µ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ λµ2E
∫ T

0

∫
G

θ2φz2x dxdt

≤ C

[
λ3µ4E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ E

∫ T

0

θ2(t, 1)F 2
1 (t) dt

+ λ2µ2E
∫ T

0

∫
G

θ2φ2Z2 dxdt+ λ2µE
∫ T

0

θ2(t, 1)φ2(t, 1)Ẑ2(t) dt

]
.

(3.6)

To prove Theorem 3.3, we employ two weighted identities: one for the stochastic parabolic operator “dz +
zxxdt” and the other for the stochastic transport operator “dz − zxdt”. For simplicity, we denote by zx (resp.,
zxx) the first (resp., the second) partial derivative of the function z w.r.t the variable x and so on. In this context
and subsequently, z2x denotes |zx|2. Let us now consider an auxiliary function Ψ ∈ C1,2((0, T )×G) and let

A = ℓ2x − ℓxx −Ψ− ℓt , B = 2[AΨ+ (Aℓx)x]−At +Ψxx, (3.7)

where ℓ is the function defined in (3.4). We have the following weighted identities, which are derived from [21],
Theorem 9.26 and [21], Proposition 8.9, respectively. These identities will play a key role in establishing the
estimate (3.6).

Lemma 3.4. 1. Let z be an H2(G)-valued Itô process. Set θ = eℓ and v = θz. Then, for any (t, x) ∈ (0, T )×
G, we have that

2θ(vxx +Av)(dz + zxxdt)− 2(vxdv)x + 2

[
ℓxv

2
x −Ψvvx +

(
Aℓx +

Ψx
2

)
v2
]
x

dt

= 2ℓxxv
2
xdt− 2Ψv2xdt+Bv2dt− d(v2x −Av2) + 2(vxx +Av)2dt

+ θ2|dzx + ℓxdz|2 − θ2A(dz)2, P-a.s.

(3.8)

2. Let z be an H1(G)-valued Itô process. Set θ = eℓ and v = θz. Then, for all (t, x) ∈ (0, T )×G, we have

−θ(ℓt − ℓx)v(dz − zxdt) =− 1

2
d[(ℓt − ℓx)v

2] + (ℓt − ℓx)vvxdt+
1

2
(ℓtx − ℓxx)v

2dt

+
1

2
[ℓtt + ℓxx − 2ℓtx]v

2dt+
1

2
(ℓt − ℓx)(dv)

2

+ (ℓt − ℓx)
2v2dt, P-a.s.

(3.9)

Let us now give the proof of our Carleman estimate (3.6).

Proof of Theorem 3.3. The proof is divided into four steps.
Step 1. Choosing the auxiliary function Ψ = −2ℓxx in (3.7) and (3.8), integrating (3.8) on (0, T ) × G and
taking the expectation on both sides, we get that

6E
∫ T

0

∫
G

ℓxxv
2
x dxdt+ E

∫ T

0

∫
G

Bv2 dxdt

≤ E
∫ T

0

∫
G

θ2F 2
0 dxdt− 2E

∫ T

0

∫
G

(vxdv)x dx+ E
∫ T

0

∫
G

θ2AZ2 dxdt

+ 2E
∫ T

0

∫
G

[
ℓxv

2
x + 2ℓxxvvx + (Aℓx − ℓxxx)v

2
]
x
dxdt.

(3.10)
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Using the identity (3.9) for x = 1, integrating the resulting equality on (0, T ) and taking the expectation on
both sides, it follows that

2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))
2v2(t, 1) dt+ E

∫ T

0

(ℓtt(t, 1)− ℓtx(t, 1))v
2(t, 1) dt

= −2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt− 2E
∫ T

0

θ(t, 1)(ℓt(t, 1)− ℓx(t, 1))v(t, 1)F1(t) dt

+ E
∫ T

0

θ2(t, 1)(ℓt(t, 1)− ℓx(t, 1))Ẑ
2(t) dt.

(3.11)

Applying Young’s inequality for the second term on the right-hand side of (3.11), we find that

E
∫ T

0

(ℓtt(t, 1)− ℓtx(t, 1))v
2(t, 1) dt ≤ − 2E

∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt

+ E
∫ T

0

θ2(t, 1)F 2
1 (t) dt

+ E
∫ T

0

θ2(t, 1)(ℓt(t, 1)− ℓx(t, 1))Ẑ
2(t) dt.

(3.12)

Adding (3.10) and (3.12), we obtain that

6E
∫ T

0

∫
G

ℓxxv
2
x dxdt+ E

∫ T

0

∫
G

Bv2 dxdt+ E
∫ T

0

(ℓtt(t, 1)− ℓtx(t, 1))v
2(t, 1) dt

≤ E
∫ T

0

∫
G

θ2F 2
0 dxdt− 2E

∫ T

0

∫
G

(vxdv)x dx+ E
∫ T

0

∫
G

θ2AZ2 dxdt

+ 2E
∫ T

0

∫
G

[
ℓxv

2
x + 2ℓxxvvx + (Aℓx − ℓxxx)v

2
]
x
dxdt+ E

∫ T

0

θ2(t, 1)F 2
1 (t) dt

− 2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt+ E
∫ T

0

θ2(t, 1)(ℓt(t, 1)− ℓx(t, 1))Ẑ
2(t) dt.

(3.13)

Step 2. It is easy to check that

ℓt = λαt, ℓx = λµφψx, ℓtt = λαtt,

ℓtx = λµφtψx, ℓxx = λµ2φψ2
x + λµφψxx,

ℓxxx = λµ3φψxψ
2
x + 3λµ2φψxψxx + λµφψxxx.

(3.14)

In what follows, for a positive integer n, we denote by O(µn) a function of order µn for a sufficiently large
µ (which is independent of λ). Similarly, we use the notation O(eµ|ψ|∞), and so on. According to [21],
Theorem 9.27, it is evident that when |ψx(x)| > 0, for a sufficiently large µ and for any t ∈ [0, T ], one has

{
A = λ2µ2φ2ψ2

x + λµ2φψ2
x + λµφψxx + λφ2O(e2µ|ψ|∞),

B ≥ 2λ3µ4φ3ψ4
x + λ3φ3O(µ3) + λ2φ3O(µ2e2µ|ψ|∞) + λφ3O(e2µ|ψ|∞).

(3.15)
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Step 3. By some computations, we have that

−2E
∫ T

0

∫
G

(vxdv)x dx =− 2E
∫ T

0

ℓx(t, 1)ℓt(t, 1)θ
2(t, 1)z2(t, 1) dt− 2E

∫ T

0

θ2(t, 1)z2x(t, 1) dt

− 2E
∫ T

0

(ℓt(t, 1) + ℓx(t, 1))θ
2(t, 1)z(t, 1)zx(t, 1) dt

− 2E
∫ T

0

θ2(t, 1)zx(t, 1)F1(t) dt− 2E
∫ T

0

ℓx(t, 1)θ
2(t, 1)z(t, 1)F1(t) dt.

(3.16)

From (3.14) and (3.5), there exists a large µ0 > 1 such that for all µ ≥ µ0, the equality (3.16) implies

− 2E
∫ T

0

∫
G

(vxdv)x dx

≤ Cλ2µ e2µ|ψ|∞E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt− 2E
∫ T

0

θ2(t, 1)z2x(t, 1) dt

+ Cλ e2µ|ψ|∞E
∫ T

0

φ2(t, 1)θ2(t, 1)|z(t, 1)||zx(t, 1)|dt+ 2E
∫ T

0

θ2(t, 1)|zx(t, 1)||F1(t)|dt

+ CλµE
∫ T

0

φ(t, 1)θ2(t, 1)|z(t, 1)||F1(t)|dt.

(3.17)

Using Young’s inequality for the last three terms on the right-hand side of (3.17), we get that

− 2E
∫ T

0

∫
G

(vxdv)x dx

≤ Cλ2µe2µ|ψ|∞E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt+ CE
∫ T

0

θ2(t, 1)F 2
1 (t) dt

+ Cλ2 e2µ|ψ|∞E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt+ Cλ2µ2E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt

+ C e2µ|ψ|∞E
∫ T

0

φ(t, 1)θ2(t, 1)z2x(t, 1) dt+ CE
∫ T

0

φ(t, 1)θ2(t, 1)z2x(t, 1) dt.

(3.18)

Now, by choosing a large enough µ0 in (3.18), we arrive at

−2E
∫ T

0

∫
G

(vxdv)x dx ≤ Cλ2µe2µ|ψ|∞E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ CE
∫ T

0

θ2(t, 1)F 2
1 (t) dt

+ C e2µ|ψ|∞E
∫ T

0

θ2(t, 1)φ(t, 1)z2x(t, 1) dt.

(3.19)

It is easy to see that

−2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt = −2E
∫ T

0

ℓx(t, 1)(ℓt(t, 1)− ℓx(t, 1))θ
2(t, 1)z2(t, 1) dt

− 2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))θ
2(t, 1)z(t, 1)zx(t, 1) dt.

(3.20)
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Using (3.14) and taking a large enough µ0, the equality (3.20) provides that

−2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt ≤ Cλ2µ e2µ|ψ|∞E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt

+ Cλ e2µ|ψ|∞E
∫ T

0

φ2(t, 1)θ2(t, 1)|z(t, 1)||zx(t, 1)|dt.
(3.21)

Applying Young’s inequality for the last term on the right-hand side of (3.21), and taking a large enough µ0,
we get that

−2E
∫ T

0

(ℓt(t, 1)− ℓx(t, 1))v(t, 1)vx(t, 1) dt ≤ Cλ2µ e2µ|ψ|∞E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

+ C e2µ|ψ|∞E
∫ T

0

θ2(t, 1)φ(t, 1)z2x(t, 1) dt.

(3.22)

From (3.14), we also have

E
∫ T

0

(ℓtt(t, 1)− ℓtx(t, 1))v
2(t, 1) dt = E

∫ T

0

[
λαtt(t, 1)− λµφt(t, 1)ψx(1)

]
θ2(t, 1)z2(t, 1) dt.

Recalling (3.5) and taking a large µ0, it follows that

E
∫ T

0

(ℓtt(t, 1)− ℓtx(t, 1))v
2(t, 1) dt ≥ −Cλe2µ|ψ|∞E

∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt. (3.23)

On the other hand, by (3.14) and (3.15), it is easy to see that

6E
∫ T

0

∫
G

ℓxxv
2
x dxdt+ E

∫ T

0

∫
G

Bv2 dxdt

≥ E
∫ T

0

∫
G

[
6(λµ2φψ2

x + λµφψxx)v
2
x + (2λ3µ4φ3ψ4

x + λ3φ3O(µ3)

+ λ2φ3O(µ2e2µ|ψ|∞) + λφ3O(e2µ|ψ|∞))v2
]
dxdt.

(3.24)

From Lemma 3.1, we know that min
x∈G\G1

|ψx| > 0. Then, there exists a large µ0 > 1 such that for all µ ≥ µ0, one

can find λ0 = λ0(µ) > 0 so that for any λ ≥ λ0, it holds that

E
∫ T

0

∫
G\G1

[
6
(
λµ2φ min

x∈G\G1

ψ2
x + λµφψxx

)
v2x +

(
2λ3µ4φ3 min

x∈G\G1

ψ4
x

+ λ3φ3O(µ3) + λ2φ3O(µ2e2µ|ψ|∞) + λφ3O(e2µ|ψ|∞)
)
v2
]
dxdt

≥ c0λµ
2E

∫ T

0

∫
G\G1

φ
(
v2x + λ2µ2φ2v2

)
dxdt,

(3.25)
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where c0 = min
(

min
x∈G\G1

ψ2
x , min

x∈G\G1

ψ4
x

)
> 0. By some direct computations, we obtain that

1

C
θ2(z2x + λ2µ2φ2z2) ≤ v2x + λ2µ2φ2v2 ≤ Cθ2(z2x + λ2µ2φ2z2). (3.26)

Now, from (3.24), (3.25) and (3.26), we conclude that

Cλµ2E
∫ T

0

∫
G\G1

θ2φ(z2x + λ2µ2φ2z2) dxdt ≤ 6E
∫ T

0

∫
G

ℓxxv
2
x dxdt+ E

∫ T

0

∫
G

Bv2 dxdt. (3.27)

It is easy to see that

2E
∫ T

0

∫
G

[
ℓxv

2
x + 2ℓxxvvx + (Aℓx − ℓxxx)v

2
]
x
dxdt

= 2E
∫ T

0

[
ℓ3x(t, 1) + 2ℓx(t, 1)ℓxx(t, 1) +A(t, 1)ℓx(t, 1)− ℓxxx(t, 1)

]
θ2(t, 1)z2(t, 1) dt

+ 2E
∫ T

0

2
[
ℓ2x(t, 1) + ℓxx(t, 1)

]
θ2(t, 1)z(t, 1)zx(t, 1) dt+ 2E

∫ T

0

ℓx(t, 1)θ
2(t, 1)z2x(t, 1) dt

− 2E
∫ T

0

ℓx(t, 0)θ
2(t, 0)z2x(t, 0) dt.

(3.28)

Note that the last term on the right-hand side of (3.28) is non-positive, thanks to (3.3). Then, by using (3.14)
and (3.15), and taking a large enough λ0, we arrive at

2E
∫ T

0

∫
G

[
ℓxv

2
x + 2ℓxxvvx + (Aℓx − ℓxxx)v

2
]
x
dxdt

≤ 3λ3µ3E
∫ T

0

φ3(t, 1)ψ3
x(1)θ

2(t, 1)z2(t, 1) dt+ 2λµE
∫ T

0

φ(t, 1)ψx(1)θ
2(t, 1)z2x(t, 1) dt

+ 4λ2µ2E
∫ T

0

φ2(t, 1)ψ2
x(1)θ

2(t, 1)|z(t, 1)||zx(t, 1)|dt+ Cλµ2E
∫ T

0

φ(t, 1)θ2(t, 1)|z(t, 1)||zx(t, 1)|dt.

(3.29)

Recalling (3.3) and using the inequality “4ab ≤ 5
2a

2 + 8
5b

2”, it is easy to check that

4λ2µ2E
∫ T

0

φ2(t, 1)ψ2
x(1)θ

2(t, 1)|z(t, 1)||zx(t, 1)|dt ≤ −5

2
λ3µ3E

∫ T

0

φ3(t, 1)ψ3
x(1)θ

2(t, 1)z2(t, 1) dt

− 8

5
λµE

∫ T

0

φ(t, 1)ψx(1)θ
2(t, 1)z2x(t, 1) dt.

(3.30)

By Young’s inequality, we have that

Cλµ2E
∫ T

0

φ(t, 1)θ2(t, 1)|z(t, 1)||zx(t, 1)|dt ≤ Cλ2µ3E
∫ T

0

φ3(t, 1)θ2(t, 1)z2(t, 1) dt

+ CµE
∫ T

0

φ(t, 1)θ2(t, 1)z2x(t, 1) dt.

(3.31)
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Now, combining (3.29), (3.30) and (3.31) and taking a large λ0, we obtain

2E
∫ T

0

∫
G

[
ℓxv

2
x + 2ℓxxvvx + (Aℓx − ℓxxx)v

2
]
x
dxdt

≤ −Cλ3µ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt− CλµE
∫ T

0

θ2(t, 1)φ(t, 1)z2x(t, 1) dt.

(3.32)

From (3.15), by taking a large enough λ0, it is easy to see that

E
∫ T

0

∫
G

θ2AZ2 dxdt ≤ Cλ2µ2E
∫ T

0

∫
G

θ2φ2Z2 dxdt. (3.33)

Using (3.14) and (3.5), we also have for a large λ0 that

E
∫ T

0

θ2(t, 1)(ℓt(t, 1)− ℓx(t, 1))Ẑ
2(t) dt ≤ Cλ2µE

∫ T

0

θ2(t, 1)φ2(t, 1)Ẑ2(t) dt. (3.34)

Combining (3.13), (3.19), (3.22), (3.23), (3.27), (3.32), (3.33), (3.34) and taking a large enough λ0, we conclude
that

λ3µ4E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3µ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ λµ2E
∫ T

0

∫
G

θ2φz2x dxdt

≤ C

[
λ3µ4E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ λµ2E
∫ T

0

∫
G1

θ2φz2x dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt

+ E
∫ T

0

θ2(t, 1)F 2
1 (t) dt+ λ2µ2E

∫ T

0

∫
G

θ2φ2Z2 dxdt+ λ2µE
∫ T

0

θ2(t, 1)φ2(t, 1)Ẑ2(t) dt

]
.

(3.35)

Step 4. We follow a classical strategy to eliminate the second undesired term on the right-hand side of (3.35).
Let ξ ∈ C∞

0 (G0; [0, 1]) be a cut-off function chosen such that ξ ≡ 1 in G1. Applying Itô’s formula, we have

d(θ2φz2) = (θ2φ)tz
2dt+ 2θ2φzdz + θ2φ(dz)2. (3.36)

From (3.1), (3.4) and (3.36), we find that

0 =E
∫ T

0

∫
G

θ2ξ2(2λφαt + φt)z
2 dxdt− 2E

∫ T

0

∫
G

θ2ξ2φzzxx dxdt

+ 2E
∫ T

0

∫
G

θ2ξ2φzF0 dxdt+ E
∫ T

0

∫
G

θ2ξ2φZ2 dxdt.

(3.37)

Then, employing integration by parts for the second term on the right-hand side of (3.37), we get

0 =E
∫ T

0

∫
G

θ2
[
ξ2(φt + 2λφαt)z

2 + 2µξ2φ(1 + 2λφ)ψxzzx + 4ξξxφzzx

+ 2ξ2φz2x + 2ξ2φzF0 + ξ2φZ2
]
dxdt,
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which provides that

2E
∫ T

0

∫
G

θ2ξ2φz2x dxdt =− E
∫ T

0

∫
G

θ2ξ2(φt + 2λφαt)z
2 dxdt− 4E

∫ T

0

∫
G

θ2ξξxφzzx dxdt

− 2µE
∫ T

0

∫
G

θ2ξ2φ(1 + 2λφ)ψxzzx dxdt

− 2E
∫ T

0

∫
G

θ2ξ2φzF0 dxdt− E
∫ T

0

∫
G

θ2ξ2φZ2 dxdt.

(3.38)

Using (3.5) and taking a large enough λ0 > 1, we obtain

−E
∫ T

0

∫
G

θ2ξ2(φt + 2λφαt)z
2 dxdt ≤ Cλe2µ|ψ|∞E

∫ T

0

∫
G0

θ2φ3z2 dxdt. (3.39)

On the other hand, it is easy to see that

−2E
∫ T

0

∫
G

θ2ξ2φzF0 dxdt ≤ Cλ2µ2E
∫ T

0

∫
G0

θ2φ3z2 dxdt+
C

λ2µ2
E
∫ T

0

∫
G

θ2F 2
0 dxdt. (3.40)

Note also that for any ε > 0

− 2µE
∫ T

0

∫
G

θ2ξ2φ(1 + 2λφ)ψxzzx dxdt− 4E
∫ T

0

∫
G

θ2ξξxφzzx dxdt

≤ C

ε
λ2µ2E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ εE
∫ T

0

∫
G0

θ2ξ2φz2x dxdt.

(3.41)

Combining (3.38), (3.39), (3.40), (3.41) and taking a small enough ε and a large λ0, it is straightforward to
deduce that

E
∫ T

0

∫
G1

θ2φz2x dxdt ≤C

[
λ2µ2E

∫ T

0

∫
G0

θ2φ3z2 dxdt+
1

λ2µ2
E
∫ T

0

∫
G

θ2F 2
0 dxdt

+ E
∫ T

0

∫
G

θ2φ2Z2 dxdt

]
.

(3.42)

Finally, by combining (3.35) and (3.42), we obtain our desired Carleman estimate (3.6). This completes the
proof of Theorem 3.3.

4. Global Carleman estimate for forward stochastic
heat equations

This section is addressed to proving a Carleman estimate for the forward stochastic heat equation
dz − zxx dt = F0 dt+ F1 dW

1(t), (t, x) ∈ (0, T )×G,

z(t, 0) = 0, t ∈ (0, T ),

dz(t, 1) + zx(t, 1) dt = H0 dt+H1 dW
2(t), t ∈ (0, T ),

(z(0, x), z(0, 1)) = (z0(x), z
1
0), x ∈ G,

(4.1)

where (z0, z
1
0) ∈ L2

F0
(Ω;L2), F0, F1 ∈ L2

F (0, T ;L
2(G)) and H0, H1 ∈ L2

F (0, T ).
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Note that when F1 ≡ H1 ≡ 0, equation (4.1) becomes a random heat equation with mixed random Dirichlet-
dynamic boundary conditions. Then, from the known Carleman estimate for deterministic parabolic equations
in [9], Theorem A.2 and (3.4), we deduce the following Carleman estimate.

Lemma 4.1. There exist constants C > 0, µ0 > 1, and λ0 > 1 depending only on G, G0 and T such that for all
µ ≥ µ0 and λ ≥ λ0, F0 ∈ L2

F (0, T ;L
2(G)), H0 ∈ L2

F (0, T ), and (z0, z
1
0) ∈ L2

F0
(Ω;L2), the corresponding solution

(z, z(·, 1)) of (4.1) (with F1 ≡ H1 ≡ 0) satisfies that

λ3µ4E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3µ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ λµE
∫ T

0

∫
G

θ2φz2x dxdt

≤ C

[
λ3µ4E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ E

∫ T

0

θ2(t, 1)H2
0 (t) dt

]
.

(4.2)

Throughout this section, let µ = µ0 and λ ≥ λ0 where µ0 and λ0 are given in Lemma 4.1. We also choose
the same weight functions α, φ and θ defined in (3.4). Here, we will employ a duality technique to prove the
desired Carleman estimate for solutions of (4.1). To begin, we first consider the following controlled backward
stochastic heat equation

dr + rxx dt = (λ3θ2φ3z + 1G0u) dt+R1 dW
1(t), (t, x) ∈ (0, T )×G,

r(t, 0) = 0, t ∈ (0, T ),

dr(t, 1)− rx(t, 1) dt = λ3θ2(t, 1)φ3(t, 1)z(t, 1) dt+R2(t) dW
2(t), t ∈ (0, T ),

(r(T, x), r(T, 1)) = (0, 0), x ∈ G,

(4.3)

where (z, z(·, 1)) is the solution of (4.1), u ∈ L2
F (0, T ;L

2(G0)) is the control variable and (r, r(·, 1);R1, R2) is
the state variable. Then, by applying the Carleman inequality (4.2), we will show the following controllability
result for equation (4.3).

Proposition 4.2. There exists a control û ∈ L2
F (0, T ;L

2(G0)) such that the associated solution

(r̂, r̂(·, 1); R̂1, R̂2) of (4.3) with u = û satisfies that

(r̂(0, ·), r̂(0, 1)) = (0, 0) in G, P-a.s.

Moreover, there exist constants C > 0 and λ0 > 1 depending only on G, G0, µ0 and T such that for all λ ≥ λ0,
we have that

λ−3E
∫ T

0

∫
G

θ−2φ−3û2 dxdt+ E
∫ T

0

∫
G

θ−2r̂2 dxdt

+ E
∫ T

0

θ−2(t, 1)r̂2(t, 1) dt+ λ−2E
∫ T

0

∫
G

θ−2φ−2r̂2x dxdt

+ λ−2E
∫ T

0

∫
G

θ−2φ−2R̂2
1 dxdt+ λ−2E

∫ T

0

θ−2(t, 1)φ−2(t, 1)R̂2
2(t) dt

≤ C

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

(4.4)

The proof of Proposition 4.2 is provided in the appendix at the end of this paper. Now, based on this result,
we prove the following main Carleman estimate for equation (4.1).
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Theorem 4.3. There exist constants C > 0 and λ0 > 1 depending only on G, G0, µ0 and T such that for
all λ ≥ λ0, F0, F1 ∈ L2

F (0, T ;L
2(G)), H0, H1 ∈ L2

F (0, T ), and (z0, z
1
0) ∈ L2

F0
(Ω;L2), the associated solution

(z, z(·, 1)) of (4.1) satisfies that

λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ λE
∫ T

0

∫
G

θ2φz2x dxdt

≤ C

[
λ3E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ λ2E

∫ T

0

∫
G

θ2φ2F 2
1 dxdt

+ E
∫ T

0

θ2(t, 1)H2
0 (t) dt+ λ2E

∫ T

0

θ2(t, 1)φ2(t, 1)H2
1 (t) dt

]
.

(4.5)

Proof. Let (z, z(·, 1)) be the solution of (4.1) and (r̂, r̂(·, 1); R̂1, R̂2) be the solution of (4.3) with the control
u = û obtained in Proposition 4.2. Applying Itô’s formula, we compute d⟨(z, z(·, 1)), (r̂, r̂(·, 1))⟩L2 , integrate the
resulting equality over (0, T ), and then take the expectation on both sides. This yields

λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

= −E
∫ T

0

∫
G

[
1G0zû+ F0r̂ + F1R̂1

]
dxdt− E

∫ T

0

[
H0(t)r̂(t, 1) +H1(t)R̂2(t)

]
dt.

(4.6)

It follows that for all ε > 0, we have

λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

≤ ε

[
λ−3E

∫ T

0

∫
G

θ−2φ−3û2 dxdt+ E
∫ T

0

∫
G

θ−2r̂2 dxdt+ E
∫ T

0

θ−2(t, 1)|r̂(t, 1)|2 dt

+ λ−2E
∫ T

0

∫
G

θ−2φ−2R̂2
1 dxdt+ λ−2E

∫ T

0

θ−2(t, 1)φ−2(t, 1)R̂2
2(t) dt

]
+

1

4ε

[
λ3E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ E

∫ T

0

θ2(t, 1)H2
0 (t) dt

+ λ2E
∫ T

0

∫
G

θ2φ2F 2
1 dxdt+ λ2E

∫ T

0

θ2(t, 1)φ2(t, 1)H2
1 (t) dt

]
.

(4.7)

Combining (4.4) and (4.7), there exists λ0 > 1 depending only on G, G0, µ0 and T so that

λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

≤ Cε

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
+

1

4ε

[
λ3E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ E

∫ T

0

θ2(t, 1)H2
0 (t) dt

+ λ2E
∫ T

0

∫
G

θ2φ2F 2
1 dxdt+ λ2E

∫ T

0

θ2(t, 1)φ2(t, 1)H2
1 (t) dt

]
,

(4.8)
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for all λ ≥ λ0. Now, choosing a small enough ε in (4.8), we end up with

λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

≤ C

[
λ3E

∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt+ E

∫ T

0

θ2(t, 1)H2
0 (t) dt

+ λ2E
∫ T

0

∫
G

θ2φ2F 2
1 dxdt+ λ2E

∫ T

0

θ2(t, 1)φ2(t, 1)H2
1 (t) dt

]
.

(4.9)

On the other hand, we apply Itô’s formula to compute d(θ2φz2) and d(θ2(t, 1)φ(t, 1)z2(t, 1)). We then proceed
to compute

E
∫ T

0

∫
G

d(θ2φz2) dx+ E
∫ T

0

d(θ2(t, 1)φ(t, 1)z2(t, 1)).

Thus, we get

2E
∫ T

0

∫
G

θ2φz2x dxdt =E
∫ T

0

∫
G

(θ2φ)tz
2 dxdt− 2E

∫ T

0

∫
G

(θ2φ)xzzx dxdt

+ 2E
∫ T

0

∫
G

θ2φzF0 dxdt+ E
∫ T

0

∫
G

θ2φF 2
1 dxdt

+ E
∫ T

0

(θ2(t, 1)φ(t, 1))tz
2(t, 1) dt+ E

∫ T

0

θ2(t, 1)φ(t, 1)H2
1 (t) dt

+ 2E
∫ T

0

θ2(t, 1)φ(t, 1)z(t, 1)H0(t) dt.

(4.10)

It is easy to see that there is a constant C = C(G,T ) > 0 and a large λ0 such that

|(θ2φ)t| ≤ Cλθ2φ3 and |(θ2φ)x| ≤ Cλθ2φ2. (4.11)

Using Young’s inequality and (4.11), the equality (4.10) implies that

2E
∫ T

0

∫
G

θ2φz2x dxdt ≤E
∫ T

0

∫
G

θ2φz2x dxdt+ C

[
λE

∫ T

0

∫
G

θ2φ3z2 dxdt

+ λ2E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λE
∫ T

0

∫
G

θ2φ3z2 dxdt

+ λ−1E
∫ T

0

∫
G

θ2F 2
0 dxdt+ λ−1E

∫ T

0

θ2(t, 1)H2
0 (t) dt

+ λE
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ E
∫ T

0

∫
G

θ2φF 2
1 dxdt

+ E
∫ T

0

θ2(t, 1)φ(t, 1)H2
1 (t) dt

]
.



22 M. BAROUN ET AL.

Therefore, taking a large enough λ0, it follows that

λE
∫ T

0

∫
G

θ2φz2x dxdt ≤C

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2F 2
0 dxdt

+ E
∫ T

0

θ2(t, 1)H2
0 (t) dt+ λE

∫ T

0

∫
G

θ2φF 2
1 dxdt

+ λ2E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt+ λE
∫ T

0

θ2(t, 1)φ(t, 1)H2
1 (t) dt

]
.

(4.12)

Combining (4.9) and (4.12) and taking a large λ0, we finally deduce the desired Carleman estimate (4.5). This
concludes the proof of Theorem 4.3.

5. Null controllability of equations (1.5) and (1.8)

This section is devoted to establishing the null controllability results of equations (1.5) and (1.8). To achieve
this, we first show the observability inequality (1.7), which is a consequence of the Carleman estimate (3.6) and
an energy estimate for equation (1.6).

Proposition 5.1. Solutions of equation (1.6) satisfy the observability inequality (1.7).

Proof. Let us take

F0 = a1z + a2Z and F1 = b1z(·, 1) + b2Ẑ,

in the Carleman estimate (3.6). Then, by choosing µ = µ0 and a large enough λ, it is easy to see that there
exists a constant C > 0 depending only on G, G0, µ0, T , |a1|∞, |a2|∞, |b1|∞, and |b2|∞ such that

E
∫ T

0

∫
G

θ2φ3z2 dxdt+ E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

≤ C

[
E
∫ T

0

∫
G0

θ2φ3z2 dxdt+ E
∫ T

0

∫
G

θ2φ2Z2 dxdt+ E
∫ T

0

θ2(t, 1)φ2(t, 1)Ẑ2(t) dt

]
.

Then, it follows that

E
∫ 3T/4

T/4

∫
G

z2 dxdt+ E
∫ 3T/4

T/4

z2(t, 1) dt

≤ C

[
E
∫ T

0

∫
G0

z2 dxdt+ E
∫ T

0

∫
G

Z2 dxdt+ E
∫ T

0

Ẑ2(t) dt

]
.

(5.1)

On the other hand, using the estimate (2.7), we can find a positive constant C depending only on G, T , |a1|∞,
|a2|∞, |b1|∞, and |b2|∞, such that for all t ∈ (0, T )∣∣(z(0, ·), z(0, 1))∣∣2

L2
F0

(Ω;L2)
≤ C

∣∣(z(t, ·), z(t, 1))∣∣2
L2

Ft
(Ω;L2)

.

Hence, the following energy estimate holds

E|z(0, ·)|2L2(G) + E|z(0, 1)|2 ≤ C

[
E
∫
G

z2(t, x) dx+ E|z(t, 1)|2
]
. (5.2)
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We finally integrate (5.2) over the time interval (T/4, 3T/4) and combine the resulting inequality with (5.1) to
deduce the desired observability inequality (1.7).

We are now in a position to prove our null controllability result of equation (1.5).

Theorem 5.2. For any given T > 0, G0 ⋐ G a nonempty open subset of G, and for all initial state (y0, y
1
0) ∈

L2
F0

(Ω;L2), there exists a triple of controls

(u, v1, v2) ∈ L2
F (0, T ;L

2(G0))× L2
F (0, T ;L

2(G))× L2
F (0, T ),

such that the corresponding solution (y, y(·, 1)) of (1.5) satisfies that

(y(T, ·), y(T, 1)) = (0, 0) in G, P-a.s.

Proof. Let (y0, y
1
0) ∈ L2

F0
(Ω;L2) be the initial state of (1.5) and let us consider a linear subspace of the space

L2
F (0, T ;L

2(G0))× L2
F (0, T ;L

2(G))× L2
F (0, T ) as follows

H :=
{(
1G0

z, Z, Ẑ
) ∣∣ (z, z(·, 1);Z, Ẑ) be the solution of (1.6) with a1 = −β1, a2 = −β2,

b1 = −η1, b2 = −η2 and a terminal state (zT , z
1
T ) ∈ L2

FT
(Ω;L2)

}
.

Define the following linear functional F on H by

F
(
1G0

z, Z, Ẑ
)
= −E

∫
G

y0(x)z(0, x) dx− E
[
y10z(0, 1)

]
. (5.3)

Using the observability inequality (1.7), it is easy to see that F is a bounded linear functional on H.
Then, by Hahn–Banach theorem, F can be extended to be a bounded linear functional on the whole space
L2
F (0, T ;L

2(G0))×L2
F (0, T ;L

2(G))×L2
F (0, T ). For simplicity, we still use F to denote such an extension. Now,

by Riesz representation theorem, there exists (u, v1, v2) ∈ L2
F (0, T ;L

2(G0))× L2
F (0, T ;L

2(G))× L2
F (0, T ) such

that

F (1G0z, Z, Ẑ) = E
∫ T

0

∫
G0

zudxdt+ E
∫ T

0

∫
G

Zv1 dxdt+ E
∫ T

0

Ẑv2 dt. (5.4)

We claim that the above obtained u, v1, and v2 are our desired controls. Indeed, noting that from (5.3) and
(5.4), we have that

−E
∫
G

y0(x)z(0, x) dx− E
[
y10z(0, 1)

]
= E

∫ T

0

∫
G0

zudxdt+ E
∫ T

0

∫
G

Zv1 dxdt+ E
∫ T

0

Ẑv2 dt. (5.5)

On the other hand, using Itô’s formula for the solutions of (1.5) and the adjoint equation (1.6) with coefficients
(a1, a2, b1, b2) ≡ (−β1,−β2,−η1,−η2), we obtain the following duality relation

E
∫
G

y(T, x)zT (x) dx− E
∫
G

y0(x)z(0, x) dx+ E
[
y(T, 1)z1T

]
− E

[
y10z(0, 1)

]
= E

∫ T

0

∫
G0

zudxdt+ E
∫ T

0

∫
G

Zv1 dxdt+ E
∫ T

0

Ẑv2 dt.

(5.6)
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Combining (5.6) and (5.5), we conclude that

E
∫
G

y(T, x)zT (x) dx+ E
[
y(T, 1)z1T

]
= 0. (5.7)

Since (zT , z
1
T ) can be chosen arbitrarily in L2

FT
(Ω;L2), then (5.7) implies that

(y(T, ·), y(T, 1)) = (0, 0) in G, P-a.s.

This completes the proof of Theorem 5.2.

For the null controllability of equation (1.8), we first establish the key observability inequality (1.10).

Proposition 5.3. Solutions of equation (1.9) satisfy the observability inequality (1.10).

Proof. In the Carleman estimate (4.5), we choose

F0 = a1z, F1 = a2z, H0 = b1z(·, 1), and H1 = b2z(·, 1).

Now, by taking a large enough λ, we get that

E
∫ T

0

∫
G

θ2φ3z2 dxdt+ E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt ≤ C E
∫ T

0

∫
G0

θ2φ3z2 dxdt,

where C is a positive constant depending only on G, G0, µ0, T , |a1|∞, |a2|∞, |b1|∞, and |b2|∞.
Then, it follows that

E
∫ 3T/4

T/4

∫
G

z2 dxdt+ E
∫ 3T/4

T/4

z2(t, 1) dt ≤ C E
∫ T

0

∫
G0

z2 dxdt. (5.8)

From the estimate (2.3), we have that for any t ∈ (0, T )

|(z(T, ·), z(T, 1))|2L2
FT

(Ω;L2) ≤ C|(z(t, ·), z(t, 1))|2L2
Ft

(Ω;L2),

for a constant C > 0 which depends only on G, T , |a1|∞, |a2|∞, |b1|∞, and |b2|∞. Therefore, we deduce the
following energy estimate

E|z(T, ·)|2L2(G) + E|z(T, 1)|2 ≤ C

[
E
∫
G

z2(t, x) dx+ E|z(t, 1)|2
]
. (5.9)

Integrating (5.9) on (T/4, 3T/4) and combining the obtained estimate with (5.8), we deduce the desired
observability inequality (1.10).

Proceeding as in the proof of Theorem 5.2 and using the observability inequality (1.10), we establish our null
controllability result of equation (1.8).

Theorem 5.4. For any given T > 0, G0 ⋐ G a nonempty open subset of G, and for all terminal state (yT , y
1
T ) ∈

L2
FT

(Ω;L2), there exists a control u ∈ L2
F (0, T ;L

2(G0)) such that the corresponding solution (y, y(·, 1);Y, Ŷ ) of
(1.8) satisfies that

(y(0, ·), y(0, 1)) = (0, 0) in G, P-a.s.
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Appendix A. Proof of Proposition 4.2

Here, we apply the penalized Hilbert Uniqueness method, which involves constructing the control û as the
weak limit of a sequence of controls from an optimal control problem associated with equation (4.3). For
insights and steps regarding this method, we refer to [5, 14]. Within our framework, we consider an optimal
control problem that incorporates our Dirichlet-dynamic boundary conditions.

Proof of Proposition 4.2. The proof is divided into three steps.

Step 1. For any ε > 0, we define the functions

αε ≡ αε(t, x) =
eµ0ψ(x) − e2µ0|ψ|∞

(t+ ε)(T − t+ ε)
, θε = eλαε .

Let us now consider the minimization problem

inf{Jε(u) , u ∈ U}, (A.1)

where

Jε(u) =
1

2
E
∫ T

0

∫
G0

λ−3θ−2φ−3u2 dxdt+
1

2
E
∫ T

0

∫
G

θ−2
ε r2 dxdt+

1

2
E
∫ T

0

θ−2
ε (t, 1)r2(t, 1) dt

+
1

2ε
E
∫
G

r2(0, x) dx+
1

2ε
Er2(0, 1),

and

U =

{
u ∈ L2

F (0, T ;L
2(G0)) , E

∫ T

0

∫
G0

θ−2φ−3u2 dxdt <∞
}
.

It is easy to see that the functional Jε is well-defined, continuous, strictly convex, and coercive. Then, the
minimization problem (A.1) admits a unique optimal solution uε. Therefore, by the Euler–Lagrange equation
(i.e., Fréchet derivative J ′

ε(uε) = 0) and the optimality system (see, e.g., [5, 7, 14]), uε can be characterized by

uε = 1G0λ
3θ2φ3qε in (0, T )×G, P-a.s., (A.2)

where (qε, qε(·, 1)) is the solution of the following random heat equation


dqε − qεxx dt = θ−2

ε rε dt, (t, x) ∈ (0, T )×G,

qε(t, 0) = 0, t ∈ (0, T ),

dqε(t, 1) + qεx(t, 1) dt = θ−2
ε (t, 1)rε(t, 1) dt, t ∈ (0, T ),

(qε(0, x), qε(0, 1)) =
(
1
εr
ε(0, x), 1εr

ε(0, 1)
)
, x ∈ G,

(A.3)

where (rε, rε(·, 1);Rε1, Rε2) is the solution of (4.3) with the control u = uε.



26 M. BAROUN ET AL.

Step 2. By Itô’s formula, computing d⟨(rε, rε(·, 1)), (qε, qε(·, 1))⟩L2 , integrating the equality on (0, T ), taking
the expectation on both sides and recalling (A.2), we obtain that

λ3E
∫ T

0

∫
G0

θ2φ3|qε|2 dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt

+ E
∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt+ 1

ε
E
∫
G

|rε(0, x)|2 dx+
1

ε
E|rε(0, 1)|2

= −λ3E
∫ T

0

∫
G

θ2φ3zqε dxdt− λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z(t, 1)qε(t, 1) dt.

By Young’s inequality, it follows that for any ρ > 0

λ3E
∫ T

0

∫
G0

θ2φ3|qε|2 dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt

+ E
∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt+ 1

ε
E
∫
G

|rε(0, x)|2 dx+
1

ε
E|rε(0, 1)|2

≤ ρ

[
λ3E

∫ T

0

∫
G

θ2φ3|qε|2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)|qε(t, 1)|2 dt
]

+
1

4ρ

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

(A.4)

Noting that θ2θ−2
ε ≤ 1, then by using Lemma 4.1 for solutions of (A.3), there exists λ0 > 1 such that

λ3E
∫ T

0

∫
G0

θ2φ3|qε|2 dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt

+ E
∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt+ 1

ε
E
∫
G

|rε(0, x)|2 dx+
1

ε
E|rε(0, 1)|2

≤ Cρ

[
λ3E

∫ T

0

∫
G0

θ2φ3|qε|2 dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt

]
+

1

4ρ

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
,

(A.5)

for all λ ≥ λ0. Now, by taking a small enough ρ in (A.5) and recalling (A.2), we conclude that

λ−3E
∫ T

0

∫
G

θ−2φ−3u2ε dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt

+ E
∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt+ 1

ε
E
∫
G

|rε(0, x)|2 dx+
1

ε
E|rε(0, 1)|2

≤ C

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

(A.6)
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On the other hand, by Itô’s formula, we compute

E
∫ T

0

∫
G

d(θ−2
ε φ−2|rε|2) dx+ E

∫ T

0

d(θ−2
ε (t, 1)φ−2(t, 1)|rε(t, 1)|2),

then we get that

2E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt

= −E
∫ T

0

∫
G

(θ−2
ε φ−2)t|rε|2 dxdt− E

∫ T

0

(θ−2
ε (t, 1)φ−2(t, 1))t|rε(t, 1)|2 dt

− 2E
∫ T

0

∫
G0

θ−2
ε φ−2rεuε dxdt− 2E

∫ T

0

∫
G

(θ−2
ε φ−2)xr

εrεx dxdt

− 2λ3E
∫ T

0

∫
G

θ−2
ε θ2φzrε dxdt− 2λ3E

∫ T

0

θ−2
ε (t, 1)θ2(t, 1)φ(t, 1)z(t, 1)rε(t, 1) dt.

(A.7)

It is not difficult to see that there exists a constant C = C(G,T ) > 0 and a large λ0 such that

∣∣(θ−2
ε φ−2)t

∣∣ ≤ Cλθ−2
ε and

∣∣(θ−2
ε φ−2)x

∣∣ ≤ Cλθ−2
ε φ−1. (A.8)

Notice that θ−1
ε ≤ θ−1 and combining (A.8) and (A.7), it follows that

2E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt

≤ CλE
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ CλE

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt

+ 2E
∫ T

0

∫
G

θ−1
ε θ−1φ−2|rε||uε|dxdt+ CλE

∫ T

0

∫
G

θ−2
ε φ−1|rε||rεx|dxdt

+ 2λ3E
∫ T

0

∫
G

θ−1
ε θφ|z||rε|dxdt+ 2λ3E

∫ T

0

θ−1
ε (t, 1)θ(t, 1)φ(t, 1)|z(t, 1)||rε(t, 1)|dt.

(A.9)

Applying Young’s inequality for the fourth term on the right-hand side of (A.9), one has that

E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt

≤ CλE
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ CλE

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt

+ 2E
∫ T

0

∫
G

θ−1
ε θ−1φ−2|rε||uε|dxdt+ Cλ2E

∫ T

0

∫
G

θ−2
ε |rε|2 dxdt

+ 2λ3E
∫ T

0

∫
G

θ−1
ε θφ|z||rε|dxdt+ 2λ3E

∫ T

0

θ−1
ε (t, 1)θ(t, 1)φ(t, 1)|z(t, 1)||rε(t, 1)|dt.

(A.10)
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Multiplying (A.10) by λ−2 and using Young’s inequality, we arrive at

λ−2E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ λ−2E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt+ λ−2E

∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt

≤ C

[
λ−1E

∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ λ−1E

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt+ λ−3E

∫ T

0

∫
G

θ−2φ−3u2ε dxdt

+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ λ3E

∫ T

0

∫
G

θ2φ3z2dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

We now take a large enough λ0, it follows that

λ−2E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ λ−2E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt+ λ−2E

∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt

≤ C

[
λ−3E

∫ T

0

∫
G

θ−2φ−3u2ε dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt

+ λ3E
∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

(A.11)

Combining (A.6) and (A.11), we end up with

λ−3E
∫ T

0

∫
G

θ−2φ−3u2ε dxdt+ E
∫ T

0

∫
G

θ−2
ε |rε|2 dxdt+ E

∫ T

0

θ−2
ε (t, 1)|rε(t, 1)|2 dt

+ λ−2E
∫ T

0

∫
G

θ−2
ε φ−2|rεx|2 dxdt+ λ−2E

∫ T

0

∫
G

θ−2
ε φ−2|Rε1|2 dxdt

+ λ−2E
∫ T

0

θ−2
ε (t, 1)φ−2(t, 1)|Rε2(t)|2 dt+

1

ε
E
∫
G

|rε(0, x)|2 dx+
1

ε
E|rε(0, 1)|2

≤ C

[
λ3E

∫ T

0

∫
G

θ2φ3z2 dxdt+ λ3E
∫ T

0

θ2(t, 1)φ3(t, 1)z2(t, 1) dt

]
.

(A.12)

Step 3. From (A.12), we conclude that there exist(
û, r̂, r̂(·, 1), R̂1, R̂2

)
∈ L2

F (0, T ;L
2(G0))× L2

F (0, T ;H
1(G))× L2

F (0, T )× L2
F (0, T ;L

2(G))× L2
F (0, T ),

such that as ε→ 0,

uε −→ û weakly in L2((0, T )× Ω;L2(G0));

rε −→ r̂ weakly in L2((0, T )× Ω;H1(G));

rε(·, 1) −→ r̂(·, 1) weakly in L2((0, T )× Ω);

Rε1 −→ R̂1 weakly in L2((0, T )× Ω;L2(G));

Rε2 −→ R̂2 weakly in L2((0, T )× Ω).

(A.13)

Let us now show that (r̂, r̂(·, 1); R̂1, R̂2) is the solution of (4.3) associated to the control û. To prove this fact,

let us assume that (r̃, r̃(·, 1); R̃1, R̃2) is the unique solution of (4.3) with u = û. Set f1, f2 ∈ L2
F (0, T ;L

2(G)),
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g1, g2 ∈ L2
F (0, T ) and let (ζ, ζ(·, 1)) be the solution of the forward stochastic heat equation


dζ − ζxx dt = f1 dt+ f2 dW

1(t), (t, x) ∈ (0, T )×G,

ζ(t, 0) = 0, t ∈ (0, T ),

dζ(t, 1) + ζx(t, 1)dt = g1 dt+ g2 dW
2(t), t ∈ (0, T ),

(ζ(0, x), ζ(0, 1)) = (0, 0), x ∈ G.

(A.14)

Computing d⟨(ζ, ζ(·, 1)), (r̃, r̃(·, 1))⟩L2 , integrating the equality on (0, T ) and taking the expectation on both
sides, we arrive at

E
∫ T

0

∫
G

(λ3θ2φ3z + 1G0
û)ζ dxdt+ λ3E

∫ T

0

θ2(t, 1)φ3(t, 1)ζ(t, 1)z(t, 1) dt

+ E
∫ T

0

∫
G

(r̃f1 + R̃1f2) dxdt+ E
∫ T

0

(r̃(t, 1)g1(t) + R̃2(t)g2(t)) dt = 0.

(A.15)

Similarly to (A.15), computing d⟨(ζ, ζ(·, 1)), (rε, rε(·, 1))⟩L2 , we obtain that

E
∫ T

0

∫
G

(λ3θ2φ3z + 1G0
uε)ζ dxdt+ λ3E

∫ T

0

θ2(t, 1)φ3(t, 1)ζ(t, 1)z(t, 1) dt

+ E
∫ T

0

∫
G

(rεf1 +Rε1f2) dxdt+ E
∫ T

0

(rε(t, 1)g1(t) +Rε2(t)g2(t)) dt = 0.

(A.16)

Letting ε→ 0 in (A.16), and combining the obtained equality with (A.15), we find that

E
∫ T

0

∫
G

[
(r̃ − r̂)f1 + (R̃1 − R̂1)f2

]
dxdt

+ E
∫ T

0

[
(r̃(t, 1)− r̂(t, 1))g1(t) + (R̃2(t)− R̂2(t))g2(t)

]
dt = 0,

which provides that (r̃, R̃1) = (r̂, R̂1) in (0, T )×G, P-a.s., and (r̃(·, 1), R̃2) = (r̂(·, 1), R̂2) in (0, T ), P-a.s. Finally,
we conclude that (r̂, r̂(·, 1); R̂1, R̂2) is the unique solution of equation (4.3) associated to the control û. Now, by
combining the uniform estimate (A.12) and the weak convergence result (A.13), we deduce the null controllability
result of (4.3) with the desired estimate (4.4). This completes the proof of Proposition 4.2.
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