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NULL CONTROLLABILITY FOR ONE-DIMENSIONAL
STOCHASTIC HEAT EQUATIONS WITH MIXED
DIRICHLET-DYNAMIC BOUNDARY CONDITIONS

MAHMOUD BAROUN!, SAID BOULITE?*®, ABDELLATIF ELGROU!
AND LAHCEN MANIAR!

Abstract. In this paper, we study the null controllability of one-dimensional forward and backward
linear stochastic heat equations with mixed Dirichlet-dynamic boundary conditions. Our equations
incorporate noise not only within the domain but also at the boundary, represented by a two-
dimensional Brownian motion. The primary tool will be global Carleman estimates, which yield the
appropriate observability inequalities for the related adjoint systems. Hence, by classical duality argu-
ments, we establish the corresponding null controllability results. Specifically, we first establish a
Carleman estimate for a general adjoint backward stochastic heat equation using a weighted iden-
tity method. This approach combines two weighted identities: one for a stochastic parabolic operator
and the other for a stochastic transport operator. Subsequently, we derive a Carleman estimate for a
general adjoint forward stochastic heat equation by employing a duality method.
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1. INTRODUCTION

Controllability theory is an active branch of applied mathematics, its main objective is to study the behavior
of differential and evolution equations such as heat, wave, transport, Schrodinger equations, and so on. Roughly
speaking, controllability theory can be divided into two parts, the first one is the controllability theory for
deterministic equations which is still quite an active field containing a huge list of publications, see, e.g., [1-10].
The second part is the controllability for stochastic equations, including stochastic partial differential equations
which started attracting more and more attention only recently (see, for instance, [11-20] and the book [21]),
and the field is still in its beginning development. By a classical duality argument, we know that the null
controllability problem can be reduced to an observability inequality for the corresponding adjoint equation. To
prove such observability inequality, one can use Carleman estimates introduced by Carleman in 1939 to prove
the uniqueness of solutions to second-order elliptic partial differential equations in R? (see [22]). Now, for both
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deterministic and stochastic partial differential equations, Carleman estimates become a powerful tool to study
many problems such as controllability, observability, unique continuation, inverse problems, and so on.

In the existing literature, the null controllability problem of stochastic parabolic equations has been studied
with the standard static boundary conditions, such as Dirichlet, Neumann, and Robin boundary conditions,
see, e.g., [11, 13-15, 17, 19, 21, 23]. Dynamic boundary conditions, characterized by a time derivative, are
employed to describe physical models with dynamics either on the whole boundary or on part of the boundary.
Consequently, dynamic boundary conditions differ qualitatively from the static boundary conditions. For more
details and physical applications of such dynamical boundary conditions, see, for instance, [24-26]. In the
literature, there are some results on the controllability of parabolic equations with dynamic boundary conditions.
For deterministic equations, see, e.g., [1, 8, 9]. For stochastic equations, we refer to [12, 27].

To state our problems, we introduce the following notations. Let T' > 0 and (Q, F, F, P) (with F = {F; }+¢[0,77)
is a fixed complete filtered probability space on which a two-dimensional standard Brownian motion W(-) =

(W(-), W2(o))T is defined such that F is the natural filtration generated by W (-) and augmented by all the
P-null sets in F. Let X be a Banach space, and let L%-} (€; X) denote the Banach space of all X-valued Fi-
measurable random variables X such that E|X |3 < oo, with the canonical norm. L% (0, T’; X) is the Banach space
consisting of all X-valued F-adapted processes X (+) such that E(|X(+) QLQ(OT;X)) < 00, with the canonical norm.
L¥(0,T; X) is the Banach space of all X-valued F-adapted essentially bounded processes, equipped with the
usual norm denoted by | - |o. Subsequently, we further simply denote L%(0,7) (resp., LF(0,T)) for L%(0,T;R)
(resp., LE(0,T;R)). The space L%(Q; C([0,T]; X)) is the Banach space consisting of all X-valued F-adapted
continuous processes X (-) such that E(|X|%([07T];X)) < 00, with the canonical norm, where C([0,T]; X') denotes
the Banach space of all X-valued continuous functions.

The heat equation, also known as the diffusion equation, is one of the most fundamental partial differential
equations. It describes the evolution over time of the density of various quantities such as heat, bacteria popula-
tion, chemical concentration, etc., which exhibit diffusion phenomena in typical applications. By incorporating
a stochastic perturbation generated by the Brownian motion W!(-) over the interval (0,1) C R, we consider
the stochastic heat equation. This equation accounts for all small independent random disturbances that may
occur during the evolution of the density. In this paper, we study the evolution over the domain (0,1), and in
the absence of large-scale migration, the variation of the density is governed by the following linear stochastic
heat equation

dy(ta Z) - yzm(tv ZL’) dt = ﬁl (ta x)y(t, $) dt + 62(t7 x)y(t, Cﬂ) dWl(t)’ (11)

where y(t, z) represents the density at time ¢ € (0,7") and position = € (0,1), for a sample point w € Q. The
coefficients 8; and B are suitable (random) coefficients dependent on the properties of the heat diffusion
medium. The term y,,(t,x) characterizes the diffusion process from regions of high concentration to those of
lower concentration. See [21], Chapter 5 for more details on this model. Now, if we consider the cooling of a
cylindrical, thin, and uniform metal bar with faces positioned at x = 0 and = = 1, we assume that the lateral
surface of the bar is thermally insulated. At the boundary x = 0, the bar is connected to an object maintaining
the temperature at zero. We then focus on cooling the bar by acting on the boundary xz = 1. This can be
achieved by bringing this end of the bar into contact with a liquid, ensuring that the heat gained by the liquid
at the end of the bar equals the heat lost by the bar. This heat transfer phenomenon between the bar and the
liquid gives rise to the following mixed Dirichlet-dynamic boundary conditions

y(t,0)=0, te(0,7T), (1.2)
dy(t, 1) + y. (¢, 1) dt = m1 ()y(t, 1) dt + o (H)y(t, 1) dW?(t),  t € (0,T), (1.3)

where 17 and 7, represent suitable (random) coefficients, and the Brownian motion W?(-) describes the noise
on the boundary x = 1, which may differ from the noise in the domain. In the physical model, dynamic
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boundary conditions (sometimes referred to as Wentzell boundary conditions) are crucial, especially when there
are dynamic interactions between the domain and the boundary. For some applications of this type of boundary
conditions in the stochastic setting, we refer to [28-30].

Let T'> 0, G = (0,1) and Gy € G be any given non-empty open subset which is strictly contained in G (i.e.,
Gy C G). We indicate by 1¢, the characteristic function of Gy. Throughout this paper, C' denotes a positive
constant that may vary from one place to another. In what follows, we denote by

L?:= L*(G) xR,
which is a Hilbert space when equipped with the following standard inner product
((y,a), (z,b))r2 = (y, 2)12(G) + ab.
Subsequently, we also require the following Hilbert spaces
H* = {(¢,¢(1)) € H*(G) xR: ¢(0) =0} for k=1,2, (1.4)
endowed with the usual inner product
((6:6(1), (&, 6(1)))r = (6, 0) v () + (1)(1),
where H”*(G) are the usual Sobolev spaces.

By acting with controls u, vy, and vy, equations (1.1), (1.2) and (1.3) lead us to consider the following
controlled forward stochastic heat equation

dy — Yzo dt = (B1y + Lgou) dt + (B2y + v1) dWl(t)a (t,z) € (0,T) x G,

y(t,0) =0, te(0,7T), (15)
dy(t,1) + (¢, 1) dt = my(t, 1) dt + (n2y(t, 1) +v2)dW2(t)7 t€(0,7), .
(y(0,2),5(0,1)) = (yo(),5); zed,

where (yo,y5) € L%, (€;1L2) is the initial state, 81,82 € LF(0,T; L>(G)), ni,m2 € LF(0,T) and the control
variable consists of the triple

(u,v1,v9) € L%(0,T; L*(Go)) x L%(0,T; L*(G)) x L%(0,T).
In Section 2, we show that (1.5) is well-posed i.e., there exists a unique mild (or weak) solution
(v,y(-,1)) € LE(Q;C([0,T); L) () LF(0, T; HY),
of equation (1.5) such that

|, y( D)z @soo ey + 1@ ¥ D)Lz o,rmm)
<C (|(y0,y(1))\L3TO(Q;L2) + |U|L2F(O,T;L2(Go)) + |U1|L§T(0,T;L2(G)) + |U2|L§T(O,T)> )
where C' is a positive constant depending on G, T, 51, B2, 11, and 7.

The first goal of this paper is to show that the system (1.5) is null controllable at time T i.e., for any initial
state (yo,y5) € L%, (Q;1L?), there exists controls (u,v1,v2) € L%(0,T; L*(Go)) x L3(0,T; L*(G)) x L3(0,T)
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such that the corresponding solution (y,y(-,1)) of (1.5) satisfies that
(y(T7 )7y(T7 1)) = (070) in Ga P-a.s.

The crucial step in establishing the null controllability of (1.5) is to derive an appropriate observability
inequality for the corresponding (adjoint) backward stochastic heat equation

dz + 245 dt = (@12 + a2 Z) dt + Z AW (2), (t,z) € (0,T) x G,

z(t,0) = 0, ~ R te (0,7T), (1.6)
dz(t,1) — 2, (t, 1) dt = (b12(t, 1) + bo Z(t)) dt + Z(t) AW?(t), te€ (0,T), ’
(2(T,z),2(T, 1)) = (21 (x), 25), z € G,

where (zr, 2}) € L% (9;1?) is the terminal state, a1,as € LF(0,T; L(G)), and b1, by € LF(0,7T).
In Section 2, we prove that equation (1.6) admits a unique mild (or weak) solution

(2,2 1): 2, Z) € (L@ C(0, TEL2) (| L30. TiHY) ) x L3(0,T5 L(R% L),
so that
(2, 20 )| L2 uco.miney) + (2 2(o D) iz oy + (2, Z) 20 rec@ezy < Clzr, 280) 2. a2,
F F F Fr

where C' is a positive constant depending on G, T, a1, as, by, and bs.
The observability problem in this case aims to establish the existence of a constant C' > 0 depending only
on G, Go, T, |ai]oe, |a2|oo, [b1]oc, and |ba|oe such that for all (27, 2p) € L%, (Q;1?), the corresponding solution

(2,2(-,1); Z, Z) of equation (1.6) fulfills that
T T T
E/ / zzdzdt+E/ / ZdedtJrE/ Z*dt
0o Ja, o Ja 0

The second goal of this paper is to establish the null controllability of the following backward stochastic heat
equation

EJ2(0, )32y + El2(0, D < C o

Ay + Yoo At = (Bry + BoY + Lg,u) dt + Y dW(2), (t,x) € (0,T) x G,

y(t,0) =0, R R te (0,7), 18)
dy(t,1) — y,(t, 1) dt = (my(t,1) + nY (¢)) dt + Y (t) dW?2(t), t € (0,7T), '
(y(T,2),y(T,1)) = (yr(2), yr), z € G,

where (yr,yr) € L%, (1L2), B1, B2 € LF(0,T; L>(G)), n1,m2 € LF(0,T), and u € L%(0,T; L*(Go)) is the con-
trol function. That is, for all terminal state (yr,y}) € L%, (€;1?), one can find a control u € L%(0,T; L*(Gy))

so that the corresponding solution (y,y(:,1);Y, }7) of (1.8) satisfies that

(y(0,),y(0,1)) = (0,0) in G, P-as.
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For this purpose, we consider the following (adjoint) forward stochastic heat equation

dz — 240 dt = a1z dt + agz dW(2), (t,z) € (0,T) x G,

z(t,0) =0, te(0,7), (1.9)
dz(t, 1) + 2, (t, 1) dt = byz(t, 1) dt + boz(t, 1) dW?2(t), te€ (0,7T),

(2(0,2),2(0,1)) = (20(), 2}), z €@,

where (20, 23) € L%-O (:L2), a1, a2 € LF(0,T; L>=(Q)), by, by € L¥(0,T), and show that there exists a constant
C > 0 depending only on G, Go, T |a1|s0, |a2]oc, [D1]oc, and [b2]s so that for all (2o, 25) € L%, (€;1%), the
corresponding solution (z, z(+, 1)) of (1.9) fulfills the observability inequality

T
E|2(T,")|32(q) + El2(T, 1)[* < CIE/ / 22 dzdt. (1.10)
0 Go

To establish the observability inequality (1.7) (resp., (1.10)), we develop a new global Carleman estimate
for solutions of equation (1.6) (resp., (1.9)). Our methodology for establishing these Carleman estimates fol-
lows the weighted identity method employed in [19, 21] for backward stochastic parabolic equations, and the
duality method used in [14] for forward stochastic parabolic equations. However, our approach encounters some
challenges due to several boundary terms arising from our boundary conditions (1.2)-(1.3), necessitating compu-
tations in a modified form. Additionally, the Carleman estimate for backward stochastic heat equations combines
two weighted identities: one for the stochastic parabolic operator “d + d,,dt” and the other for the stochastic
transport operator “d — d,dt”.

Now, some remarks are in order.

Remark 1.1. Systems (1.5) and (1.8) can be regarded as a coupled system of dynamic equations, where the
coupling is facilitated by the normal derivative term “ y,(-,1)”. Consequently, system (1.5) (resp., (1.8)) is
directly controlled by the action of one localized control u in the drift part of the bulk equation and two
additional controls v; and vy on the diffusion parts of the bulk and boundary equations (resp., by only one
localized control u on the drift part of the bulk equation), while the control over the drift part of the boundary
equation (resp., the whole boundary equation) is mediated through the coupling.

Remark 1.2. It is more natural to use only the control w in the drift part to establish the null controllability
of (1.5). However, achieving this goal remains an open problem for forward stochastic heat equations due to
the challenge of demonstrating the appropriate observability inequality for the corresponding adjoint backward
equation. The primary difficulty stems from the presence of correction terms Z and Z, which are crucial for
the well-posedness of such backward equations but pose challenges in Carleman estimates. In the literature,
using the spectral method (Lebeau-Robbiano strategy), there are some interesting controllability results for this
problem, particularly when the coefficients of the system are space-independent. For further details, we refer to
[17, 31].

Remark 1.3. Applying the Carleman estimate in Theorem 3.3 (resp., Thm. 4.3), one can readily demonstrate
the unique continuation property for equation (1.6) (resp., (1.9)). This property allows us to establish the
approximate controllability of (1.5) (resp., (1.8)). For further details on the unique continuation for stochastic
parabolic equations, see, for instance, [18, 20].

Remark 1.4. In our analysis, we aim to study the behavior of the solution (y7,y"(-,1)) of equation (1.5) (and
also the solution (y7,y7(-,1); Y, Y") of (1.8)) as n tends to infinity, with 7, = 0 and 7, (t) = 7 as a positive
parameter. Our objective is to determine whether this solution converges to the solution of the corresponding
Dirichlet problem on (0, 1), i.e., with y(¢,0) = y(¢,1) = 0. Achieving this convergence result would enable us to
deduce the well-known null controllability of stochastic heat equations with Dirichlet boundary conditions, as
demonstrated in [14, 19]. However, this remains an open question in our research.
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Remark 1.5. It would be interesting to study the controllability problems of equations (1.5) and (1.8) by incor-
porating dynamic boundary conditions alongside other boundary types, such as Neumann or Robin conditions.
Additionally, investigating the controllability of their degenerate and singular forms could also be an interesting
direction of research. For further results about the controllability of some degenerate and/or singular stochastic
parabolic equations, we refer the readers to [15, 32, 33].

The rest of this paper is organized as follows. In the next section, we present the well-posedness results of our
equations. Sections 3 and 4 are devoted to proving a Carleman estimate for the backward and forward stochastic
heat equations, respectively, with Dirichlet-dynamic boundary conditions. Section 5 focuses on establishing our
null controllability results for equations (1.5) and (1.8). Finally, the paper concludes with an appendix where
we provide the proof of Proposition 4.2, which is essential for deriving our main Carleman estimate in Section 4.

2. WELL-POSEDNESS RESULTS

In this section, we establish the well-posedness and regularity of solutions for our linear stochastic heat
equations (1.5) and (1.6). The well-posedness of (1.8) and (1.9) can be deduced similarly. To achieve this, we
will apply the semigroup approach. For more details on the well-posedness of stochastic evolution equations and
backward stochastic evolution equations, we refer to [21, 28, 34, 35].

Let A : D(A) C L? — L? be the linear operator defined by

A(p, $(1)) = (¢zw, —02(1)),  D(A) = H2. (2.1)

We have the following generating result.

Proposition 2.1. The operator A is densely defined, dissipative, self-adjoint, and generates an analytic Co-
semigroup (e4);>¢ on 2.

Proof. Notice that {(y,y(1)) € H! : y € C*°(G)} C H? is dense in L2, so A is densely defined. For any (¢, ¢(1)) €
H2, we have

(A, $(1)), (6 S(1))rr = — /G 6% d < 0,

which implies that A is dissipative.
Following [8], let us introduce the bilinear form a : D(a) x D(a) — R defined by

a [y y(1)), (2. 2(1))] = /G yozoda + /G yzde + y(1)z(1),

with domain D(a) = H! on the Hilbert space 2. From [36], it is easy to show that a is a densely defined, accretive,
continuous, closed, and symmetric bilinear form. Thus, we can associate with the form a an unbounded linear
operator A defined by

D(A) = {(y,y(l)) €H': there exists (¢, &) € L? such that

3l y(1), (2 2(D))] = (&), (2 2())e for all (z,2(1)) € W'},

Aly,y(1)) = (§,€) forall (y,y(1)) € D(A).

It follows from Proposition 1.24 and Theorem 1.52 in [36] that the operator —Ais self-adjoint and generates an

analytic Cy-semigroup on 2. Let us now show that A = Id — A.
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Let (y,y(1)) € H? and (z, 2(1)) € H!'. By integration by parts, we have

af(y,y(1)), (2,2(1))] = /G (Yo +yl zde + [y:(1) + y(1)] 2(1),
= ((Id = A)(y, (1)), (2, 2(1)))L>-

Thus, H2 ¢ D(A) and A(y,y(1)) = (Id — A)(y, y(1)). Therefore, A is an extension of Id — A. Conversely, if

~ ~

(y,y(1)) € D(A), then there exists (£,&) € L? such that for any (z,2(1)) € H!, we have

~

af(y,y(1)), (2, 2(1))] = (£, €), (2, 2(1)))L>- (2.2)

In particular, if z € C§°(G), we deduce from (2.2) that

/ymzwdx—k/yzdx:/gzdx.
G G G

This implies —y,, +y = £ in D'(G), which gives y,, € L*(G). Since y € H'(G), it follows that y € H?(G). On
the other hand, from (2.2), we have

/G [~Yae + 9] 2 dz + [y2(1) + y(D] 2(1) = (A(y, y(1)), (2, 2(1))rz-

Hence, D(A) ¢ H2? and A(y,y(1)) = (Id — A)(y, y(1)). Therefore, we conclude that Id — A = A, and thus the
operator A is self-adjoint and generates an analytic Cyp-semigroup on L2. O

Let us first give the definitions of mild and weak solutions of equation (1.5).

Definition 2.2. a) A process YV = (y,y(+,1)) is called a mild solution of (1.5) if for any ¢ € [0,T], we have

that
t t
V() = eV +/ AR (5, )(s)) ds +/ =IAR (s, V(s))dW (s), P-as.,
0 0
where
_ (% _ (By+1g.u ([ Bay+n 0
yO - (yé) ) Fl(say(s)) - ( nly('7 1) ) ) and F2(S7y(«9)) - ( O 'r)zy(~7 1) + ’[}2> .

b) A process (y,y(-,1)) is said to be a weak solution of (1.5) if for any ¢ € [0,T] and any (¢, ¢(1)) € H!, it
holds that

/G (u(t,2) — yo())é(x) d + (y(t, 1) — 12)6(1)

:—/O /ny(s,xww(a:)dxds—k/o /Gﬂl(s,a:)y(s,x)(b(x)dxds
+ [ [ 1@ as@ards+ [ ] glsats.)o draw o
+ [ [ wtsao@asawi o)+ [ mots Do) as

+ /0 n2(s)y(s, 1)p(1) AW?(s) + /O vy (s)p(1) dW?(s), P-a.s.



8 M. BAROUN ET AL.

Similar to (1.5), we also provide the following definitions of mild and weak solutions for the backward
equation (1.6).

Definition 2.3.  a) We say that (Z, Z\) =(z,2(+,1); Z, 2) is a mild solution of (1.6) if for any ¢ € [0, T

Z(t) = e T-DAzZ, _ / U A (s. 2(s), B (s)) ds / =DAZ () AW (s), P-as.,

t t

where

2= (1) reze20=(, 100 7). = 20=(] 7).

b) A process (z,2(-,1); Z, Z) is called a weak solution of (1.6) if for any ¢ € [0,T] and all (¢, $(1)) € H!, we
have that

/G (o) — 2(t,2))d(x) dz + (25 — 2(t, 1))$(1)

:/tT/Gzl(s,x)qu(a:) dmds—|—/T/ a1(s,)z(s, z)p(x) dx ds
—&—/tT/Gag(s,x)Z(s x) dxds—i—/ / (s,2)p(z) dz dW*(s)

+/th1(s)z( ds+/ ba(s )ds+/t Z(s)p(1) AW?(s), P-as.

We have the following well-posedness result for equation (1.5).

Proposition 2.4. 1. Let (yo,y}) € L% (2 L?) and (u,v1,v2) € L%(0,T;L*(Go)) x L%(0,T; L*(G)) x
L%(0,T). Then, there exists a unique mzld solution

(v,y(-, 1)) € L(;C([0, T); L2)) () L3 (0, T; HY),
of equation (1.5) such that

|y, y(, DIz ooy + 1@, y( 1)) Lz 0,7
. (2.3)
<C (|(y0,yo)|L2 @2y + ulp2 2.(0,T;L2(Go)) T [v1] 2 2 0,1;02(a) T [v2| 12 2.(0, T))

where C' is a positive constant depending on G, T, 51, B2, m, and ns.
2. A process (y,y(-,1)) is a weak solution of (1.5) if and only if it is a mild solution to the same equation.

Proof. Tt is easy to see that the system (1.5) can be written as the following abstract Cauchy problem

dy = (AY + Fi(t,Y)) dt + F(t,Y) dW (t),
Y(0) = o,

where Yo = (vo,y$) and A is the operator defined by (2.1).
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The function F} : [0,7] x Q x L? — L2 is given by

A v.2) = (7o),

mz

and Fy : [0,7] x Q x L? — L£(R?%*L?) is defined as

Let t € [0,T] and (y,z), (y',2') € L2 It is easy to verify that
[Pt (y,2)) — Fi(t, (' 2)) 2 < max(|B1oc, [m1]oo) (v, 2) — (¥',2)) 12, P-aus.
and

|F2(t> (y’ Z)) - FQ(ta (y/7 Z/))lﬁ(RQ;ILZ) < max(|ﬁ2|007 |n2|00)|(Y7 Z) - (ylv Z/)‘ILQ’ P-a.s.

Thus, F; and F, are globally Lipschitz. Applying the abstract well-posedness result from [21], Theorem 3.24 to
equation (2.4), we conclude that there exists a unique mild solution

Y = (y.2) € LE(;:C((0,T);L%)) (L% (0, T; D((—A)1/2)),

such that
Vlz @icorizy) T Y1z o.rm(—ay2))

(2.5)
<C (|y0|L3TO(Q;L2 + |ulpe 2.(0,T;L2(Go)) T vl g2 2.(0,1502(G)) T |U2|L2 (0 T))

where C'is a positive constant depending on the data of the problem. On the other hand, Theorem 4.36 of [37]
yields that

D((—A)Y?) = (L, D(A))1/2,2 = (L* H?)1 /20 = H', (2.6)

where (-,-)1/2,2 denotes the real interpolation functor (see [37, 38] for more details). Therefore, the solution
(y,2) € H! in space and from the definition of H! in (1.4), we deduce that z = y(-, 1). Moreover, the estimate
(2.3) immediately follows from (2.5). This completes the proof of the well-posedness result for equation (1.5).
The equivalence between mild and weak solutions for equation (1.5) is established for any abstract equation of
the form (2.4). For this result, we refer to [21], Theorem 3.1. O

The following result shows the well-posedness of equation (1.6).

Proposition 2.5. 1. Let (z2p,z2}) € L%, (€;1L%). Then, there exists a unique mild solution
(2,2(51): 2, Z) € (L3(@: €0, THL2) (LF(0, T3 H') ) x L3(0,T; £(R%L2),
of equation (1.6) such that

(2, 2(: ))\L? @c(o,riL2)) + 1z 2, ))|L2 o) + [(Z, Z)|L2 (0,T:L(R2;1L2)) < O|(ZT7ZT)|L2 L (12))
(2.7)

where C' is a positive constant depending on G, T, a1, asz, by, and by.
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2. A process (z,2(-,1); Z, 2) is a weak solution of (1.6) if and only if it is a mild solution to the same
equation.

Proof. Notice that equation (1.6) can be rewritten as the following abstract backward Cauchy problem

dZ = (~AZ +F(t,2,2))dt + ZdW (1), 28
Z(T) = Zr, '
where Z7 = (27, 2+) and A is the same operator defined in (2.1).
The function F : [0,7] x Q x L? x £(R?;1L?) — L? is defined by
~ a1z + as Z
F(t,2,Z) = 5
with
5 Z
Z=(2y) €L? and Z= (0 %) L(R%1L2).
We first note that
Ft,2,7) = (1 V) z+7(%).
B 0 b by
Thus, for Z1,Zs € L2 and Z,, Zy € £(R?;12), we can easily show that
|F(t, Z17 21) — F(t, Z27 22)‘]12 < C (|Z1 - Z2|]LQ + |21 — 22|£(R2;]L2)) s P—a.s., (29)

where C is a positive constant depending on |a1|so, |@2]c0, [b1]co, and |b2]eo. Now, using the well-posedness result
from [21], Theorem 4.11 for equation (2.8), we deduce that there exists a unique mild solution

(2.2) € (L%<9;0<[07T};L2>>ﬂLi(o,T;D((—AW») x L%(0,T; L(R* 1)),
so that

|Z‘L§_(Q;C([0,T];IL?)) + ‘Z‘Lg__(O,T;D((—A)l/‘Z)) + 12|tz 0.mic@eney < C (2, Z%)‘LZ}_T(Q;L2) ) (2.10)

where C' is a positive constant depending on the data. Let us denote (Z, ZA’) by (z,y; Z, 2) Recalling (2.6) and
(1.4), we have D((—A)Y/?) = H', and it follows that y = z(-,1). The estimate (2.7) is a direct consequence of
(2.10). This completes the proof of the well-posedness of equation (1.6). The second point of the proposition is
deduced from [21], Theorem 4.8, which provides an abstract result of the equivalence between weak and mild
solutions of backward stochastic evolution equations. O

Remark 2.6. In Section 3, the Carleman estimate requires the space regularity H? for solutions instead of H?.
However, the mild (or weak) solution of (1.6) does not have enough space regularity. Therefore, to address this
issue, one can employ an approximating approach for (1.6) and then follow some results in [21], Theorem 4.12
for backward stochastic evolution equations. Here, without loss of generality and for the sake of presentation
simplicity, we assume that the solutions have H2-space regularity.
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3. GLOBAL CARLEMAN ESTIMATE FOR BACKWARD STOCHASTIC
HEAT EQUATIONS

In this section, we derive a Carleman estimate for the general backward stochastic heat equation

dz + 2z dt = Fodt + ZdW(2), (t,z) € (0,T) x G,

2(t,0) = 0, R te (0,T), 3.1)
dz(t, 1) — 2z, (t, 1) dt = Fy dt + ZdW?2(t), t € (0,T), '
(2(T,2),2(T, 1)) = (21 (x), 2}), z €Gq,

where (27, 2}) € L% (Q;L?), Fy € L%(0,T; L*(G)), and Fy € L3(0,T).
We first introduce the following known result. See [4] or [39], Lemma 2.68 for the proof.

Lemma 3.1. For any nonempty open subset G € G, there exists a function 1 € C*(G) such that

v>0inG, 0)=9%(1)=0, |[(z)]>0 forall z€G\G. (3.2)

Notice that from the above lemma, we deduce that

¥(0)>0 and  ¥,(1) <0O. (3.3)

Remark 3.2. In the 1-D case, it is possible to provide an explicit formula for a function 1 that satisfies
properties (3.2). For example:

o If 1 € Gy, we can readily choose ¥(z) = z(1 — z).
e For the general case, let a € (G; then we construct the function v as follows

R e e LT !

(1—a)® - (x —a)?, x € [a,1].
For any parameters A > 1 and p > 1, we choose the following weight functions

el»“/’(w) — eQU'lwloo e/“b(w)
—moy 0 T 0=¢" o=0ptz)= (3.4)

a=qat,x) =

where 9 is the function defined in Lemma 3.1. It is easy to check that there exists a constant C' > 0 depending
on G and T such that

e>C, o SC%,  pul < C,

(3.5)
| < Ce2u\w\oo@27 | < Ce2u|¢\oo(p3.
In the rest of this section, let 1) be the function given in Lemma 3.1 with G; being any fixed nonempty open

subset of G such that G; € Gy. Then, the desired global Carleman estimate for equation (3.1) is stated as
follows.

Theorem 3.3. There exists a constant ug > 1 depending only on G, Gy and T such that for all i > pg, one can
find two constants C = C(u) > 0 and Ao = Xo(p) > 1 such that for all X > \g and for any Fy € L%(0,T; L*(G)),
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Fy € L3(0,T), and (21, 2}) € L%, (Q;1L?), the corresponding solution (z,z(-,1); Z, Z) of (3.1) satisfies that

T T T
A3u4IE/ /92g03z2 dxdt—i—)\?’u?’E/ 92(15,1)<p3(t,1)z2(t,1)dt+)\u2E/ / 0222 dedt
0o Ja 0 o Ja
T T T
< O[A%‘*E/ / 023 2* dxdt—i—E/ /021?02 dxdt—i—E/ 02 (t, 1)F7(t) dt (3.6)
0o Jao o Ja 0

T T
+>\2u2]E/ /02¢222dxdt+>\2uE/ 92(t,1)¢2(t,1)z2(t)dt}
0 G 0

To prove Theorem 3.3, we employ two weighted identities: one for the stochastic parabolic operator “dz +
2z2dt” and the other for the stochastic transport operator “dz — z,d¢”. For simplicity, we denote by z, (resp.,
Zzz) the first (resp., the second) partial derivative of the function z w.r.t the variable x and so on. In this context
and subsequently, z2 denotes |z,|?. Let us now consider an auxiliary function ¥ € C12((0,T) x G) and let

A=02 —lyy — U — 4y, B =2[AV + (Al,),] — Ay + Uy, (3.7)

where £ is the function defined in (3.4). We have the following weighted identities, which are derived from [21],
Theorem 9.26 and [21], Proposition 8.9, respectively. These identities will play a key role in establishing the
estimate (3.6).

Lemma 3.4. 1. Let z be an H?(G)-valued It6 process. Set § = e’ and v = 0z. Then, for any (t,x) € (0,T) x

G, we have that

v,
20(Vge + Av)(d2 + 242dt) — 2(v,dv), + 2 {vag — Wov, + (Afw + 2)1}1 dt
= 20,,02dt — 2U0idt + Bo?dt — d(v: — Av?) + 2(vee + Av)?dt (3.8)

+ 02|dz, + Ldz]? — 02 A(d2)?,  P-as.

2. Let z be an H'(G)-valued Ité process. Set 0 = e’ and v = 0z. Then, for all (t,z) € (0,T) x G, we have

1 1
=06 = Lr)v(dz — zpdt) = = 5d[(6: — 0)0] + (b — £3)vvgdt + 5 (b — lpp)v2dt
1 1
+ iwtt + lyy — 205 ]0%dt + 5(& —£,)(dv)? (3.9)

+ (4 — £)*0%dt, P-as.

Let us now give the proof of our Carleman estimate (3.6).

Proof of Theorem 3.3. The proof is divided into four steps.
Step 1. Choosing the auxiliary function ¥ = —2¢,, in (3.7) and (3.8), integrating (3.8) on (0,7) x G and
taking the expectation on both sides, we get that

T T
6E / / lyzv? dadt + E / / Bv? dzdt
0 G 0 G

T T T
<E / / 6?F? dadt — 2K / / (vpdv)y dz + E / / 0?AZ* dxdt (3.10)
0 G 0 G 0 G

T
+9E / / [mfc 20,00, + (Aly — ém)UZ] dzdt.
0 G x
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Using the identity (3.9) for x = 1, integrating the resulting equality on (0,7) and taking the expectation on
both sides, it follows that

T T
QE/ (e(t, 1) — L (t, 1)) %02 (¢, 1)dt+IE/ (O (t,1) — Leg(t, 1))02(t, 1) dt
0 0
T T
= —2]E/ (€4(t, 1) —Ex(t,1))v(t,1)@m(t,1)dt—ZE/ O(t, 1) (€(t,1) — Lo (t,1))v(t, 1) Fy(t) dt (3.11)
0 0

T
+ E/ 02(t, 1) (L, 1) — €5(t, 1)) Z2(t) dt.
0

Applying Young’s inequality for the second term on the right-hand side of (3.11), we find that

T T
E/ (0o (t,1) — L (£, 1))02 (¢, 1) dE < —2]E/ (Ce(t, 1) — Lo (t, 1)) o(t, Dy (t, 1) dt
0 0
T
+1E/ 02(t, 1) F2(t) dt (3.12)
0

T
+ IE/ 0%(t, 1) (L (t, 1) — £, (t, 1)) Z2(t) dt.
0

Adding (3.10) and (3.12), we obtain that

T T T
GIE/ /emvg dxdt+]E/ /szdxdt—i—E/ (G (1) — £y (£, 1))02(E, 1) it
0 G 0 G 0

T T T
<E / / 0?F¢ dadt — 2 / / (vpdv), dz + B / / 02 AZ?* dxdt
0 G 0 G 0 G

T T (3.13)
+2E / / [mg 20,00, + (Al — em)uﬂ dadt + E / 02(, 1) F2(t) dt
o JG z 0
T T N
fQE/ (0(t, 1) fEm(t,l))v(t,l)vx(t,1)dt+IE/ 02 (t, 1) (Le(t, 1) — L (t, 1)) Z2(t) dt.
0 0
Step 2. It is easy to check that
b = Ay, Ly = M)y, by = Ao,
etm = A/Mﬂ/&, é’I"I' = /\.UQQm/i + )\MO%M (314)

Ewwz = )\Mg‘pwwd]?g + 3)\,”2@%1/)” + AMW/me-

In what follows, for a positive integer n, we denote by O(u™) a function of order u™ for a sufficiently large
v (which is independent of ). Similarly, we use the notation O(e¥!=) and so on. According to [21],
Theorem 9.27, it is evident that when |¢,(z)| > 0, for a sufficiently large p and for any ¢ € [0, 7], one has

{A = N2 2% 2 + MNP oh2 + Appthes + Ap? O (¥l (3.15)

B > 20t 0%y + NP0 (i?) + NP0 1V1=) + ApO(e21V1=).
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Step 3. By some computations, we have that

T T T
_9E / / (adv)odz = — 2B [ 0u(t, 1) (t, 1)02(1,1)22(t, 1) dt — 2B / 62t 1)22(t, 1) dt
0 G 0

0

— 2R /T(Et(t, 1)+ Lo (t,1)0%(t, 1) 2(8, 1) 2, (¢, 1) dt (3.16)
0T T

—QE/ 92(t,1)z$(t,1)Fl(t)dt—2]E/ (¢, 1)0%(t, 1)2(t, 1) Fy (¢) dt.
0 0

From (3.14) and (3.5), there exists a large po > 1 such that for all g > o, the equality (3.16) implies

—QIE/ / (v dv),

2, 211l 2 - ?
< ONp ]E/o 3, 1)0%(t, 1)2%(t, 1) dt QE/ 62(t,1)z2(t,1) dt (3.17)

T
+C/\62“'w'°°1E/ ©*(t, 1)0%(t,1)]2(t, 1) |2t l)ldt+21E/ 02(t,1)|zo(t, )| Fa (t)] dt
0 0

+CAM]E/O o(t, )0 (t,1)|2(t, 1)|| Fy ()| dt.

Using Young’s inequality for the last three terms on the right-hand side of (3.17), we get that

T
- QE/ / (vzdv), dz
0o Ja

T
< C/\2ue2l‘|¢‘°°]E/ (t,1)0%(t,1)z (t,l)dt+C]E/ 0%(t, 1)F2(t) dt
0 . (3.18)
+CON? eQW\wE/ 3(¢,1)02(t, 1)z (t,l)dt+0)\2u2E/ O3 (t,1)0%(t,1)22(t, 1) dt
0

T
+Ce2ﬂl¢‘wE/ o(t,1)6%(t,1) x(t,l)dt+C’E/ o(t, 1)62(t,1)22(t, 1) dt.
0 0

Now, by choosing a large enough pg in (3.18), we arrive at

T T T
sz/ /(vxdv)md:c < C)\zueww“”]E/ 0%(t, 1)3(t, 1)z2(t,1)dt+CE/ 02(t, 1) F2(t) dt
o Ja 0 0 (3.19)

T
+Ce2mw\w]g/ 6°(t,1)p(t, 1)22(t, 1) dt.
0

It is easy to see that

—2]E/T(£t(t,1) — Lo (t, 1))v(t, Vv (t, 1) dt = —2E/T£m(t, 1) (€(t,1) — £,(t,1))0%(t,1)2%(¢, 1) dt
0 0 (3.20)

T
—2IE/ (Gt 1) — Lt 1)02(8, 1)2(E, 1)z (£, 1) dt.
0



NULL CONTROLLABILITY FOR ONE-DIMENSIONAL STOCHASTIC HEAT EQUATIONS 15
Using (3.14) and taking a large enough pg, the equality (3.20) provides that
T T
—2E/ (Ce(t, 1) — Lo (t, 1)) o(t, Vv, (t, 1) dt < C’)\2,ue2“|w|°°E/ ©3(t,1)0%(t,1)22(t, 1) dt
0 0
- (3.21)
Lo eQ“W"“E/ G2t 1)02(E 1)[2(t 1|2 (+ 1) d.

0

Applying Young’s inequality for the last term on the right-hand side of (3.21), and taking a large enough puy,
we get that

T T
—QIE/ (0 (8, 1) — £t D)o(t, Dva(£,1) diE < CAQ;LeQ"W“’IE/ 62(t, )03 (1,1)22(4, 1) dt
0 0

- (3.22)
+Ce2u|¢‘w1E/ 0%(t, 1) p(t,1)22(t, 1) dt.
0
From (3.14), we also have
T T
E / (Gt 1) — Lo (£, 1))02 (4, 1) dE = / Dane(t, 1) — Age(t, Db (1)]62(t, 1)22(8, 1) dt.
0 0
Recalling (3.5) and taking a large pg, it follows that
T T
E / (Gt 1) — L (£, 1)02(E 1) dE > —CA2I¥I=E / 62(t, 1) (1, 1)22(t, 1) dt. (3.23)
0 0
On the other hand, by (3.14) and (3.15), it is easy to see that
T T
6 / / lppv? dadt + E / / Bv? dzdt
0 G 0 G
g 24
> E/ / [6(/\#2@1#5 + Mg )07 + 2Nt Py + NP0 (1) (3:24)
0 G

+ A2%0(p2e?HVley )«p?’O(eQ“lw'”))vQ} dzdt.

From Lemma 3.1, we know that min |[¢,| > 0. Then, there exists a large o > 1 such that for all u > pg, one
z€G\G1

can find A\g = Ag(p) > 0 so that for any A > A, it holds that

T
E / / [G(Au% min 7 + Mipee ) v + (20%u1 % min ¢
0 G\G1 z€G\G1 z€G\G1

+ X3030(u®) + A2pP0(u2eH V) 4 /\L,OBO(QQHW‘OO))’UQ} dadt (3.25)

T
> CO)\[}J2E/ / go(vfc + A2u2<p202) dxdt,
0o Ja\a:
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where ¢y = min ( min 1/)925 , min 1/{1) > 0. By some direct computations, we obtain that
2€G\G1 z€G\G1

1
602(,2% + N2 p2p?22) <02+ N2 pPp?0? < OO (22 + N2 p?2?). (3.26)

Now, from (3.24), (3.25) and (3.26), we conclude that

T T T
CA\E / / 02p(22 + N2 u?p?2?) dadt < 6 / / lppv? dxdt + E / / Bv? dadt. (3.27)
0 JG\G: 0o Ja 0o Ja

It is easy to see that

T
o / / [mg 200, + (Al — em)v?} dadt
0 G r
T

_ 2]E/ [/zi(t, 1) + 205 (£, 1) o (£, 1) + A(t, 1)0p(£,1) — Loga(t, 1)}92@, 1)22(t,1) dt
0 (3.28)

T T

+2]Ei/ 2[53(::,1)+em(t,1)}92@,1)2@,1)zw(t,1)dt+2E/ (8, 1)0%(1,1)22(¢, 1) dt
0 0

—2E /T . (t,0)0%(t,0)22(t,0) dt.
0

Note that the last term on the right-hand side of (3.28) is non-positive, thanks to (3.3). Then, by using (3.14)
and (3.15), and taking a large enough Ao, we arrive at

T
QE/ / [@vi + 20,00, + (AL, — &;m)vﬂ dzdt
0 G z
T T
< IVUCE [ DS D0 1) e 2B [ (e D (D86 D220 1) e (3.29)
0 0

T T
+4A2ﬂ2153/ g02(t,1)1/;§(1)02(t,1)|z(t,1)||zm(t,1)|dt+C)\u2IE/ o(t, 1)0%(t, 1) 2(t,1)|| 22 (t, 1)] dt.
0 0

Recalling (3.3) and using the inequality “4ab < %aQ + §b2”, it is easy to check that

T T
DE [ DU Dl Dl (6 D] d < 2B [ G DB )01 de
0 2 0 (3.30)

T
_ gw/o ot 1)wa (D02(E, 1)22(,1) dt.

By Young’s inequality, we have that

T T
C/\;RE/ o(t, )0 (t,1)|2(t, 1)]| 22 (t, 1) dt < CA%?’]E/ O3 (t,1)0%(t,1)2%(t, 1) dt
0 0
(3.31)

T
+CuE/ o(t, 1)0%(t,1)22(t, 1) dt.
0
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Now, combining (3.29), (3.30) and (3.31) and taking a large A\g, we obtain

T
9E / / [mi 20,00, + (Al — emw] dadt
0 G x

T T (332)
< —CA3M3]E/ 02 (t, 1)<p3(t,1)z2(t,1)dt—C)\uE/ 02(t, 1)p(t, 1)22(t, 1) dt.
0 0
From (3.15), by taking a large enough ), it is easy to see that
T T
E / / 02AZ% dzdt < CN?°E / / 62272 dadt. (3.33)
o Ja o Ja
Using (3.14) and (3.5), we also have for a large A\ that
T N T N
IE/ 02 (4, 1) (€ (t, 1) — £, (t, 1)) Z2(t) dt < C/\Q,U,IE/ 02 (t, 1) (t, 1) Z3(t) dt. (3.34)
0 0

Combining (3.13), (3.19), (3.22), (3.23), (3.27), (3.32), (3.33), (3.34) and taking a large enough \g, we conclude
that

T T T
/\3,u4]E/ / 023 2% dadt + N2 1i°E 02 (t, 1) (t,1)2%(¢, 1) dt + )\,LL2E/ / 0?22 dxdt
o Ja 0 0o Ja

T T T
< C[A%‘*E / 020322 dodt + A\u*E / 0?22 dedt + E / / 0?F? dxdt (3.35)
0 Go 0 0 G

G1

T T T
—I—IE/ 02, 1) F2 (1) dt+A2u2E/ /92<p222dxdt—|—)\2u1[<3/ 02t )2 (t, 1) 72 (1) dt]
0 0 G 0

Step 4. We follow a classical strategy to eliminate the second undesired term on the right-hand side of (3.35).
Let £ € C§°(Go; [0,1]) be a cut-off function chosen such that £ =1 in G;. Applying It6’s formula, we have

d(0%pz?) = (0%p)22dt + 20%pzdz + 6%p(d2)2. (3.36)

From (3.1), (3.4) and (3.36), we find that
T T
0=E / / 0262 (2 pay + 1) 2% dadt — 2B / / 6262 p2 2y, dadt
0 G 0 G
p - (3.37)
+2F / / 0%¢%pzFydzdt + E / / 022 7% dadt.
0 G 0 G

Then, employing integration by parts for the second term on the right-hand side of (3.37), we get

T
0=E / / 07200 + 202 4+ 2uE%0(1 + 20 )ha 22, + 467
0 G

262022 + 26202 Fy + 5%22} dadt,
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which provides that
T T T
2K / / 02022 dedt = — E / / 0262 (1 + 2Mpay) 22 dadt — 4R / / 02E€, 022, dadt
0 G 0 G 0 G
T
- 2uIE/ / 022 0(1 4 20Q) Y, 22, dadt (3.38)
0 G

T T
—2E / / 0?2 p2Fydedt — E / / 6262072 dadt.
0 G 0 G

Using (3.5) and taking a large enough Ag > 1, we obtain

T T
—IE/ / 026%(py + 2 pay)2? daxdt < C)\e2“|w|°CIE/ / 0232 ddt. (3.39)
0o Ja 0 Ja,

On the other hand, it is easy to see that

T T T
C
—2FE / / 02¢%p2Fy dedt < CN?p’E / / 02322 dadt + 3z SE / / 62 F? dxdt. (3.40)
0o Ja 0 JGo H 0o Ja

Note also that for any € > 0

T T
—2uE / / 026%0(1 + 2XQ)p 22, dadt — 4R / / 0%¢€pzzy dadt
0 G 0 G
c " " (3.41)
< —)\Z;LQE/ / 623 2? dxdtJreE/ / 02¢% 022 dadt.
€ 0 G(] 0 GO

Combining (3.38), (3.39), (3.40), (3.41) and taking a small enough ¢ and a large Ao, it is straightforward to
deduce that

T T T
1
E/ 92cpz§dmdt§0[)\2,u2]E/ / %% 2" dedt + — 2JE/ /92F02dscdt
0o JGu 0 JGo A o Ja

T
—HE/ /02¢2Z2dxdt}.
0 G

Finally, by combining (3.35) and (3.42), we obtain our desired Carleman estimate (3.6). This completes the
proof of Theorem 3.3. O

(3.42)

4. GLOBAL CARLEMAN ESTIMATE FOR FORWARD STOCHASTIC
HEAT EQUATIONS

This section is addressed to proving a Carleman estimate for the forward stochastic heat equation

dz — 24, dt = Fydt + Fy dW(2), (t,z) € (0,T) x G,

z(t,0) = 0, te (0,7T), (4.1)
dz(t,1) + 2,(t, 1) dt = Hodt + H; dW?2(t), te€ (0,7),

(2(0,2),2(0,1)) = (20(), 23), r € G,

where (Z(),Zé) S LQJ_—O (Q,]L2), Fy, Fy € LQJ_—(O,T, L2(G)) and Hy, H, € L_%_—(O,T)
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Note that when F; = Hy = 0, equation (4.1) becomes a random heat equation with mixed random Dirichlet-
dynamic boundary conditions. Then, from the known Carleman estimate for deterministic parabolic equations
in [9], Theorem A.2 and (3.4), we deduce the following Carleman estimate.

Lemma 4.1. There exist constants C > 0, ug > 1, and A\g > 1 depending only on G, Gy and T such that for all
w> po and X > No, Fo € L%(0,T; L*(G)), Hy € L%(0,T), and (20, 25) € L%, (;1L2), the corresponding solution
(z,2(+,1)) of (4.1) (with Fy = Hy = 0) satisfies that

T T T
ASM4E/ / 62322 dadt + >\3u3E/ 62 (t, 1)p3(t,1)2%(¢, 1) dt + )\u]E/ / 0222 dadt
o Ja 0 o Ja

- - - (4.2)
< C[/\?’M‘*E/ / 02322 d:vdt—HE/ /921«"02 dmdt+E/ 02 (t, 1)HZ (1) dt}
0 Go 0 G 0

Throughout this section, let = po and A > Ao where pg and \g are given in Lemma 4.1. We also choose
the same weight functions «, ¢ and 6 defined in (3.4). Here, we will employ a duality technique to prove the
desired Carleman estimate for solutions of (4.1). To begin, we first consider the following controlled backward
stochastic heat equation

dr + 1. dt = (X30%032 + 1g,u) dt + Ry dAWL(2), (t,z) € (0,T) x G,

r(t,0) =0, t€(0,7), (4.3)
dr(t, 1) — ro(t, 1) dt = N302(t, 1)@3(¢,1)2(¢, 1) dt + Ro(t) dW?2(t), t € (0,T), '
(r(T,x),r(T,1)) = (0,0), z € G,

where (z,z(-,1)) is the solution of (4.1), u € L%(0,T; L?*(Gy)) is the control variable and (r,r(-,1); Ry, Rz) is
the state variable. Then, by applying the Carleman inequality (4.2), we will show the following controllability
result for equation (4.3).

Proposition 4.2. There exists a control u € L%(0,T;L*(Go)) such that the associated solution
(7, 7(-,1); R1, R2) of (4.3) with uw=u satisfies that

(7(0,-),7(0,1)) = (0,0) in G, P-as.

Moreover, there exist constants C' > 0 and Ay > 1 depending only on G, Go, po and T such that for all A > Ao,

we have that
T T
P / / 072 30% dzdt + E / / 67272 dadt
0 G 0 G

T T
+E/ 9—2(t,1)?2(t,1)dt+x21E/ /9—%—2?5 dzdt
0 0 G
T N T ~
+A*2]E/ /9*%*21%% dxdt+x21E/ 072(t, 1) 2(t, 1)R3(t) dt
0 G 0
T T
< C[)\?’E/ /9%%2 dxdt+)\3E/ 02 (t, 1) (¢, 1)2%(t, 1) dt |
0 G 0

The proof of Proposition 4.2 is provided in the appendix at the end of this paper. Now, based on this result,
we prove the following main Carleman estimate for equation (4.1).



20 M. BAROUN ET AL.

Theorem 4.3. There exist constants C' > 0 and Ag > 1 depending only on G, Go, po and T such that for
all X > Xo, Fo, Fy € L%(0,T; L*(G)), Ho,Hy € L%(0,T), and (20,2}) € L%_-O(Q;ILQ), the associated solution
(z,2(+,1)) of (4.1) satisfies that

0

T T T
)\3IE/ /02¢3z2dxdt+/\3E/ 02(t,1)¢3(t,1)z2(t,1)dt+AE/ /02<ng dadt
0 G 0 G
T T T
< C{)\?’E / 0*¢*2* dadt + E / / 0> F§ dodt + \’E / / 02> FE dzdt (4.5)
0 Go 0 G 0 G

+]E/T 02(t, 1) HZ(t) dt + AQE/T 02 (t, 1) (t, 1) HE (t) dt].
0 0

Proof. Let (z,2(-,1)) be the solution of (4.1) and (7,7(-,1); Ry, R2) be the solution of (4.3) with the control
u = U obtained in Proposition 4.2. Applying It&’s formula, we compute d((z, z(-, 1)), (7, 7(-, 1)))Lz2, integrate the
resulting equality over (0,7"), and then take the expectation on both sides. This yields

T T
NE / / 020322 dadt + NE / 02t 1) (1, 1)22(¢, 1) dt
0 G 0

T T
- E / / [ngozm Fof + FlRl]dxdt—]E / [Ho(t)?(t,l)—i—Hl(t)Rg(t) dt.
0 G 0

It follows that for all € > 0, we have

T T
)\3]E/ /92@322 dxdt+)\3E/ 02(t, 1) (t,1)2%(t, 1) dt
0 G 0
T T T
< 5[/\3E / / 025332 dzdt + E / / 6272 dzdt + E / 0=2(1,1)[7(t,1)|2 dt
0 G 0 G 0
T N T N
+)\_2E/ /9—%—233 dxdt+)\_2E/ 072(t, 1)~ 2(t, 1) Ra(t) dt} (4.7)
0 G 0
1 T T T
+ [)\311*3/ / 023 2> d:cdt—i—E/ /92F02 dxdt—i—E/ 02 (t, 1)HZ(t) dt
de 0 JGo 0o Ja 0
T T
+A21E/ /02<p2F12 dmdt+>\2E/ 0%(t, 1) (t, 1) HE(t) dt}
0 G 0

Combining (4.4) and (4.7), there exists A\g > 1 depending only on G, Gy, uo and T so that

T T
NE / / 020% 22 dwdt + NE / 62(t, 1) (1, 1)22(t, 1) dt
0 G 0

T T
< Ce [A3E/ /9%322 dxdt+>\3]E/ Gz(t,l)gog(t,l)zQ(t,l)dt]
0 G 0

1[.. (T , T T
+ [A“E / / 02032 dedt + / / 0?F2 dzdt + E / 02(t, 1) HZ(t) dt
de 0 JGo o Ja 0

(4.8)

T T
+>\2E/0 /G<92<p2Ffdmdt+)\2E/O 02 (t, 1)<p2(t,1)H12(t)dt],
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for all A > A\g. Now, choosing a small enough ¢ in (4.8), we end up with

T T
)\3IE/ /02¢3z2dxdt+/\31€,/ 02(t, 1) (t,1)2%(t, 1) dt
0 G 0
T T T
< C{)\?’E/ / 623 2> d:cdt—i—E/ /92F02 dxdt—HE/ 62 (t, 1)HZ(t) dt (4.9)
0 Go 0 G 0
T T
+)\21E/ /92¢2F3 dxdt+/\2E/ 0%(t,1)*(t, 1) HE(t) dt}
0 G 0

On the other hand, we apply 1t6’s formula to compute d(6%¢z?) and d(62(¢,1)p(t, 1)22(t,1)). We then proceed
to compute

T T
2 2 2 2
E/O /Gd(a 0z )dz+]E/0 d(0(t, Dp(t, 1)2%(t, 1)).

Thus, we get

T T T
2E/ / 0?22 dadt :E/ / (6%) 2% dadt — ZE/ / (02) 22, dadt
o Ja o Ja o Ja

T T
+2E / / 0%¢zFy dedt + E / / 02pF? dxdt
0 G 0 G

s - (4.10)

+ E/ (02(, 1)p(t, 1)) 22(8,1) dt + ]E/ 02(t 1)o(t, 1) H2(E) dit
0 0
T

+2E/ 02 (t, 1)p(t, 1)2(t, 1) Ho(t) dt.

0

Tt is easy to see that there is a constant C' = C(G,T) > 0 and a large Ag such that
[(60%¢):| < CAO*pP and 1(6%0) .| < ONO*p2. (4.11)

Using Young’s inequality and (4.11), the equality (4.10) implies that

T T T
2F / / 02pz2 dzdt <E / / 622> da:dtJrC{)\]E / / 623 2% dzdt
0 G 0 G 0 G

T T
+ )\QE/ / 0?32 dadt + )\]E/ / 0?22 dadt
o Ja o Ja

T T
+)\‘1E/ /eQngdeA—lE/ 02 (t, 1) HA(t) dt
0 G 0
T T
+>\]E/ 62 (t, 1) (t, 1)z2(t,1)dt+1E/ /02<pF12dacdt
0 0 G

+E /T 02(t, 1)p(t, 1) HE(t) dt] :
0
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Therefore, taking a large enough ), it follows that

T T T
A\E / / 0222 dxdtgc{vﬂa / / 0?2322 dedt + E / / 0?FZ dedt
0 G 0 G 0 G
T T
+JE/ 02 (t, 1)HZ (1) dt+/\E/ /92¢F12 dzdt (4.12)
0 0 G

T T
+>\2]E/ 02(t,l)ap?’(t,l)zQ(t,l)dt—i—)\E/ 02(t, 1)(t, 1)HE(t)dt|.
0 0

Combining (4.9) and (4.12) and taking a large Ag, we finally deduce the desired Carleman estimate (4.5). This
concludes the proof of Theorem 4.3. O
5. NULL CONTROLLABILITY OF EQUATIONS (1.5) AND (1.8)

This section is devoted to establishing the null controllability results of equations (1.5) and (1.8). To achieve
this, we first show the observability inequality (1.7), which is a consequence of the Carleman estimate (3.6) and
an energy estimate for equation (1.6).

Proposition 5.1. Solutions of equation (1.6) satisfy the observability inequality (1.7).
Proof. Let us take

~

Fo :a12+(122 and Fl :blz(',1)+b22,

in the Carleman estimate (3.6). Then, by choosing 1 = ug and a large enough A, it is easy to see that there
exists a constant C' > 0 depending only on G, Gy, uo, T, |a1|oo, |@2]cos |b1]oo, and |be|s such that

T T
E/ /62<p322da:dt+E/ 02t 1) (1, 1)22(t, 1) dt
0 G 0

T T T
<C IE/ / 62322 dxdt—i—IE/ /92@222 dxdt—i—]E/ 02 (t, 1)p2(t, 1) Z%(t) dt] .
0 Go 0 G 0

Then, it follows that

3T/4

37T/4
E /szxdt—i—E/ 22(t, 1) dt
T/4 G T/4

T T T _
IE/ / zzdxdt+E/ /szdeE/ Z2(t)dt| .
0 Go 0 G 0

On the other hand, using the estimate (2.7), we can find a positive constant C' depending only on G, T, |a1 |0,
|a2]00s |b1]co, and |b2|so, such that for all ¢ € (0,7)

(5.1)
<C

2 2
. < . .
(2(0,9:20. D)3 ez < Ol 2 D)3 g0

Hence, the following energy estimate holds
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We finally integrate (5.2) over the time interval (7'/4,37/4) and combine the resulting inequality with (5.1) to
deduce the desired observability inequality (1.7). O

We are now in a position to prove our null controllability result of equation (1.5).

Theorem 5.2. For any given T > 0, Go € G a nonempty open subset of G, and for all initial state (yo,ys) €
L%_-O(Q;]]_?), there exists a triple of controls

(u,v1,v29) € L%(0,T; L*(Gy)) x L%(0,T; L*(G)) x L%(0,T),
such that the corresponding solution (y,y(-,1)) of (1.5) satisfies that
(y(T7 )7y(T7 1)) = (070) in Ga P-a.s.

Proof. Let (yo,y) € L%, (Q; 1) be the initial state of (1.5) and let us consider a linear subspace of the space
L%.(0,T; L*(Gy)) x L%(0,T; L*(G)) x L%(0,T) as follows

H ::{(ILGOZ,Z, 2) | (z,z(o, 1); Z, 2) be the solution of (1.6) with ay = =01, a2 = —fa,

by = —n1, by = —1p and a terminal state (z7, 21) € LZFT(Q;]LQ)}.

Define the following linear functional F' on ‘H by

F(lg,z, Z, 2) = —IE/GyO(x)z(O,x) dz — E [y52(0,1)] . (5.3)

Using the observability inequality (1.7), it is easy to see that F is a bounded linear functional on H.
Then, by Hahn-Banach theorem, F' can be extended to be a bounded linear functional on the whole space
L%(0,T; L*(Gy)) x L%(0,T; L*(@)) x L%(0,T). For simplicity, we still use F to denote such an extension. Now,
by Riesz representation theorem, there exists (u,v1,v2) € L%(0,T; L*(Go)) x L%(0,T; L*(G)) x L%(0,T) such
that

F(lg,z, Z, Z) / / zudxdt+E/ /Zvl dxdt—HE/ Zvy dt. (5.4)
Go

We claim that the above obtained w, v1, and vy are our desired controls. Indeed, noting that from (5.3) and
(5.4), we have that

—]E/ yo(2)2(0,2) dz — E[y)2(0,1)] / / zudxdt—i—E/ / Zv dxdt+]E/ Zv, dt. (5.5)
G Go

On the other hand, using It6’s formula for the solutions of (1.5) and the adjoint equation (1.6) with coefficients
(a1,a2,b1,b3) = (—B1, —P2,—1n1, —12), we obtain the following duality relation

E/Gy(T, x)zp(z) da —IE/GyO(:E)z(Qx) dz + E[y(T, 1)z} — E[ys2(0,1)]

T T T _
= ]E/ / zudxdt+E/ /Zvl dxdt—HE/ Zvy dt.
0 Go 0 G 0
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Combining (5.6) and (5.5), we conclude that
]E/ y(T,z)2r(z) dz + E[y(T,1)2z1] = 0. (5.7)
el

Since (zr, zp) can be chosen arbitrarily in L%, (Q;1?), then (5.7) implies that
(y(T,-),y(T,1)) = (0,0) in G, P-as.

This completes the proof of Theorem 5.2. O
For the null controllability of equation (1.8), we first establish the key observability inequality (1.10).
Proposition 5.3. Solutions of equation (1.9) satisfy the observability inequality (1.10).

Proof. In the Carleman estimate (4.5), we choose
FO = a1z, F1 = a2z, HO :blz(~,1), and H1 :bQZ(,l)

Now, by taking a large enough A, we get that

T T T
IE/ /9%3,22 dxdt+E/ 02(t, 1) (t,1)2%(t, 1) dt < CE/ / 023 2* dadt,
0 G 0 0 Go

where C' is a positive constant depending only on G, Go, po, T, |61]co, 2|00, |01]00, and |b2]so-
Then, it follows that

3T /4

3T/4 T
E / 2?2 dxdt + E/ 22(t, 1) dt < C’E/ / 22 dadt. (5.8)
T/4a Ja T/4 0o Ja,

From the estimate (2.3), we have that for any t € (0,7
|(2(T> ')7 Z(T7 1))@,3% (£;1.2) < C‘(Z(t’ ')7 Z(t’ 1))|2L'j’ft (1L2)>

for a constant C' > 0 which depends only on G, T, |a1]co, |@2|ccs |b1]co, and |b2|ec. Therefore, we deduce the
following energy estimate

E|2(T,)}2(q) +El2(T,1)]> < C {E/GZQ(t,x) dz +E|z(t, 1)?] . (5.9)

Integrating (5.9) on (7'/4,3T/4) and combining the obtained estimate with (5.8), we deduce the desired
observability inequality (1.10). O

Proceeding as in the proof of Theorem 5.2 and using the observability inequality (1.10), we establish our null
controllability result of equation (1.8).

Theorem 5.4. For any given T > 0, Gy € G a nonempty open subset of G, and for all terminal state (yr,y+) €
L%_—T (§;1L2), there exists a control u € L%(0,T; L*(Go)) such that the corresponding solution (y,y(-,1);Y,Y) of
(1.8) satisfies that

(y(0,),y(0,1)) = (0,0) in G, P-as.
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APPENDIX A. PROOF OF PROPOSITION 4.2

Here, we apply the penalized Hilbert Uniqueness method, which involves constructing the control @ as the
weak limit of a sequence of controls from an optimal control problem associated with equation (4.3). For
insights and steps regarding this method, we refer to [5, 14]. Within our framework, we consider an optimal
control problem that incorporates our Dirichlet-dynamic boundary conditions.

Proof of Proposition 4.2. The proof is divided into three steps.

Step 1. For any € > 0, we define the functions

e“()w(w) — 62/"‘0"‘“00

e = aclt, = ) e = Aoe
R (S T ¢
Let us now consider the minimization problem
inf{J.(u), vwel}, (A.1)
where
T
71@/ / A0 23 dadt + IE/ /9 2 dedt + IE/ 02(t, 1)r?(t, 1) dt
L2

+ 25]E/ 2(0,z) dx + 2€Er (0,1),

and

T
U= {u € L%(0,T; L*(Gy)), ]E/ 020 3u? dadt < oo}.
0 Go

It is easy to see that the functional J. is well-defined, continuous, strictly convex, and coercive. Then, the
minimization problem (A.1) admits a unique optimal solution u.. Therefore, by the Euler-Lagrange equation
(i.e., Fréchet derivative J.(u.) = 0) and the optimality system (see, e.g., [5, 7, 14]), u. can be characterized by

u. = 1g,\*0*0%¢° in (0,T) x G, P-as., (A.2)
where (¢, ¢°(+, 1)) is the solution of the following random heat equation

dq® — ¢c, dt = 672r¢ dt, (t,z) € (0,T) x G,
¢ (t,0) =0, te(0,7),
dg®(t,1) + g5 (t, 1) dt = 072(¢, 1)re(t, 1) dt, t e (0,7T),
(¢°(0,2),¢°(0,1)) = (£r(0,2), 1r5(0,1)), =€ G,

where (r¢,r¢(-,1); RS, R5) is the solution of (4.3) with the control u = u..
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Step 2. By It6’s formula, computing d{(r¢,r°(-, 1)), (¢°,¢°(-, 1)) )2, integrating the equality on (0,7, taking
the expectation on both sides and recalling (A.2), we obtain that

T T
/\3E/ 0203 |¢°|? da:dt—l—E/ /9;2|r5|2 dzdt
0 Ja, 0o Ja
g -2 € 2 1 € 2 1 € 2
+E [ 0-°@% D@, ))*dt + EE [r¢(0, z)|* dz + EE|’I" (0,1)]
G

0
T T
= —)\3E/ / 6?3 2¢° dadt — )\3E/ 02 (t,1)p3(t,1)2(t, 1)g° (¢, 1) dt.
0o Ja 0

By Young’s inequality, it follows that for any p > 0

T T
/\3E/ / 6203 |¢°|? dxdtJrE/ /HQQ\TEF dzdt
0 Ja, o Ja

T 1 1
VE [0 DI P e+ ZE [ (0.0 do+ ZER (0,1
0 G
T T )
Sp[m | [ e asaesxm | o?(t,1>so3<t,1>|q€<t,1>|2dt]
G 0

T T
+4p[>\3E / / 620322 dadt + \°E / 62(t, )03 (1,1)22(t, 1) dt].
G 0

Noting that #260-2 < 1, then by using Lemma 4.1 for solutions of (A.3), there exists g > 1 such that

)\3E/ / 0?03 |q° |2dxdt—HE/ /9 21r?|? dadt
Go

+E/ 02(t, 1)|r=(¢, 1)[* dt + E/ [r<(0, x)|* dz + E|r (0,1)?

[)\3]E/ / 023 |q° |2dxdt+E/ /9 2|r5|2dxdt—|—IE/ 02(t, 1)|re (¢, 1) > dt
Go

+[A3n«:/ /92 2dxdt+)\3]E/ 92(t,1)<p3(t,1)z2(t,1)dt],
0

(A.5)

for all A > A\g. Now, by taking a small enough p in (A.5) and recalling (A.2), we conclude that

T T
AR / / 020 3u2 dadt + E / / 0-2|r°|? dadt
0 G 0 G

T
1 1
+E/ 0-2(t, 1)|r (¢, 1)|2dt+gJE/ (0, ) do + TEr(0, 1) (A.6)
0 G

T T
< C{X"E/ /9%322 dxdt+>\3IE/ 02(t, 1) (t,1)2%(t, 1) dt|.
0 G

0
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On the other hand, by It6’s formula, we compute

T T
B[ a0 P+ [ e et e e P,

then we get that

T T T
21@/ /9;2¢‘2|r;\2dxdt+E/ /9;2@_2|R§|2dxdt+E/ 0-2(t, 1)2(t, 1)| RS ()2 dt
0
:—E/‘/e 20-2), 1< dudt — B /(@%unwﬂanMPwnﬁw

(A7)
—2]E/ 020 %r¢ uadxdt—QE/ / (07207 2) prorS dadt
0o Jao
] T
72>\3E/ /9;202<pzr6 dxdt72/\3E/ 02(t, 1)6%(t, 1)p(t, 1)2(¢, 1)re(t, 1) dt.
o Ja 0
It is not difficult to see that there exists a constant C' = C(G,T) > 0 and a large ¢ such that
|(6-207%) | < CNZ* and |02 )| < ONOT 2t (A.8)
Notice that -1 < #~! and combining (A.8) and (A.7), it follows that
T T T
2E/ /0;2<p—2|r;\2dmdt+E/ /9;2¢—2|R§|2dxdt+E/ 072(t, 1) 2(t, 1)|R5(t)|* dt
o Ja o Ja 0
T T
< cm/ / 9;2|r€|2dxdt+cm/ 0-2(t, 1)[re (1, 1) dt
0 G 0
- - (A.9)
+ 2]E/ / 010 o 2|r¢|u.| dedt + C’)\E/ / 0207 |r¥||rs | dedt
o Ja o Ja
T T
+2>\3E/ /leﬁcp\z||r€|dxdt+2A3E/ 01 (¢, 1)O(E, 1)t 1)]=(¢, 1)][r (£, 1)] dt.
o Ja 0
Applying Young’s inequality for the fourth term on the right-hand side of (A.9), one has that
T T T
]E/ / 9;2<p*2\r;|2dxdt+E/ / 0207 2|R5|* dadt + ]E/ 02(t, 1) 2(t, 1)|R5(t)[* dt
o Ja o Ja 0
T T
< CA]E/ /9;2|r6|2dxdt+CA1E/ O2(t,1)|re (¢, 1)* dt
0o Ja 0 (A.10)

T T
+2]E/ /9;19*1<p*2|r6|\u5\dxdt+0A2E/ /0;2|r6\2dg:dt
0 G 0 G

T T
+2>\3E/ /Ha_legp\z||r8|dxdt+2)\3E/ 01 (¢, 1)0(E, 1)t 1)] (2, 1)][r (£, 1)] dt.
0 G 0
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Multiplying (A.10) by A~2 and using Young’s inequality, we arrive at
T T T
)\‘QE/ /9;2cp_2\r§,\2dxdt+)\_2E/ /05_2@_2|R§|2dxdt+)\_2E/ 0-2(t, 1) 2(t, 1)|R5(t)|* dt
0 G 0 G 0
T T ) T )
< C[AlE/ /9;2\r5|2dxdt+)ﬁlE/ 9;2(t,1)|r€(t,1)|2dt+x3E/ /9*%*%5 daxdt
0 G 0 0 G
T T T
+E / / 6-21r|? dwdt + \°E / / 62032 dudt + NE / 62(1,1)6% (1, 1)z2(t,1)dt].
0 G 0 G 0
We now take a large enough A, it follows that
T T T
A*2E/ /9;2@*2\r;\2dxdt+x2151/ /0;2¢*2|R§|2dxdt+x2E/ 02(t, ) 2(t, 1)|R5 (1) dt
0 G 0 G 0
T T T
< C[/\‘gE/ /9—%—3@@ dxdt+E/ /9;2\r6|2dxdt+1@/ 0=2(t, 1)[r (¢, D)2 dt
0 G 0 G 0

T T
+)\3]E/ /92<p3z2dxdt+)\3]E/ 02 (t, 1)<p3(t,1)22(t71)dt}
0 G 0

(A.11)
Combining (A.6) and (A.11), we end up with
T T T
)\_SE/ / 02 3u? dadt + E/ / 0 2r¢|* dedt + E/ O2(t, 1)|re (¢, 1)* dt
o Ja o Ja 0
T T
+ /\721@/ / 020 2|r|? dadt + /\72[[*]/ / 020 2| RS |* dadt
00 0 e (A.12)

T

+ A_QE/ 072(t, 1) 2(t, 1)|R5(t)|* dt + %]E/ 1r°(0,2)|* dz + 2E|ra(0, 1)?

0 G
T T
< C[A?’E/ /92<p3z2 da:dt+)\3IE/ 62 (t, 1) (t, 1)z2(t,1)dt].
o Ja 0
Step 3. From (A.12), we conclude that there exist
(@,7,7(, 1), R, Ra) € L3(0,T; L*(Go)) x L5(0,T; HY(G)) x L3(0,T) x L3(0, T; L*(G)) x L%(0,T),

such that as e — 0,

u. — 0 weakly in L?((0,T) x Q; L*(Go));

r® — 7 weakly in L*((0,T) x Q; HY(Q));

(-, 1) — 7(-,1)  weakly in L*((0,T) x Q); (A.13)
R; — Ry weakly in L2((0,T) x € L*(G));

R, — Ry weakly in L2((0,T) x ).

Let us now show that (7,7(-,1); Ry, R2) is the solution of (4.3) associated to the control 4. To prove this fact,
let us assume that (7,7(-,1); Ry, Ra) is the unique solution of (4.3) with u = @. Set f1, fo € L%(0,T; L*(G)),
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g1,92 € L%(0,T) and let (¢,((+,1)) be the solution of the forward stochastic heat equation

d¢ = Cop At = f1 At + fo dW(2), (t,z) € (0,T) x G,
¢(t,0) =0, te(0,7),
(A.14)
dC(t,1) + Cu(t, 1)dt = gy dt + g2 dW2(t), t € (0,T),
(¢(0,2),¢(0,1)) = (0,0), r€G.

Computing d{(¢,¢(+,1)), (¥,7(-,1)))L2, integrating the equality on (0,7) and taking the expectation on both
sides, we arrive at

T T
E / / (A3620%: + 16, 0)C dadt + NE / 62(t, 1)03 (1, 1)C(E 1)2(t, 1) dt
0o Ja 0 (A.15)

T ~ T R R
+IE/0 /G(’f'fl + R1f2)dmdt+E/0 (7F(t, 1)g1(t) + Ro(t)g2(t)) dt = 0.

Similarly to (A.15), computing d{(¢,¢(+,1)), (r,7¢(-,1)))rL2, we obtain that

T T
]E/ /(A302<p32+]lgous)gdxdt+/\3]E/ 02(t, 1) (t, 1) (t, 1)2(t, 1) dt
0o Ja 0 (A.16)

T T
+E/0 /G(rffl + RS f2) dadt +E/O (r°(t, 1)g1(t) + R5(t)g2(t)) dt = 0.

Letting € — 0 in (A.16), and combining the obtained equality with (A.15), we find that

E/OT/G {(F—?)fﬁ(le —ﬁl)fz} dadt
T

~

+E [ [7(0.1) =700, 10)1 (0 + (Ra) = Ba(0)(0)] at = 0

which provides that (7, Ry ) = (7, R1) in (0,T) x G, P-a.s., and (7(-,1), Ry) = (7(-,1), Ry) in (0, T), P-a.s. Finally,
we conclude that (7,7(-,1); Ry, ég) is the unique solution of equation (4.3) associated to the control u. Now, by
combining the uniform estimate (A.12) and the weak convergence result (A.13), we deduce the null controllability
result of (4.3) with the desired estimate (4.4). This completes the proof of Proposition 4.2. O

~
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