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REGULARITY RESULTS AND OPTIMAL VELOCITY CONTROL OF
THE CONVECTIVE NONLOCAL CAHN-HILLIARD EQUATION IN
3D

ANDREA POIATTIV*® AND ANDREA SIGNORI?

Abstract. In this contribution, we study an optimal control problem for the celebrated nonlocal
Cahn—Hilliard equation endowed with the singular Flory—Huggins potential in the three-dimensional
setting. The control enters the governing state system in a nonlinear fashion in the form of a prescribed
solenoidal, that is a divergence-free, vector field, whereas the cost functional to be minimized is of
tracking-type. The novelties of the present paper are twofold: in addition to the control application,
the intrinsic difficulties of the optimization problem forced us to first establish new regularity results
on the nonlocal Cahn—Hilliard equation that were unknown even without the coupling with a velocity
field and are therefore of independent interest. This happens to be shown using the recently proved
separation property along with ad hoc Holder regularities and a bootstrap method. For the control
problem, the existence of an optimal strategy as well as first-order necessary conditions are then
established.
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1. INTRODUCTION

Let Q C R? be some open, bounded domain with smooth boundary I' := 92 and the outward unit normal
field n. For a prescribed final time 7" > 0, we analyze a suitable optimal control problem, which we are going
to present below, for the following initial-boundary value problem:

O+ Ve -v—divim(p)Vu) =0 in Q@ :=Q x (0,7), (1.1)
p=—eXxpo+e 'F'(p) in Q, (1.2)
(m(p)Vyp)-n=0 on X :=Tx(0,7), (1.3)
©(0) = o in Q. (1.4)

The system represents a convective version of the celebrated nonlocal Cahn—Hilliard equation, where the velocity
field v is prescribed. We briefly describe the primary variables of the system as their complete understanding
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2 A. POIATTI AND A. SIGNORI

will be clarified below through the presentation of the connected literature. The variable ¢ denotes an order
parameter known as the phase field, u1 is the associated chemical potential, m(y) is a mobility function, while € is
a positive physical constant. Finally, v stands for a divergence-free vector field that will play the role of control
later on, g is a suitable initial datum, and F" stands for the derivative of a double-well-shaped nonlinearity.

The above system represents a nonlocal version of the (local) Cahn—Hilliard equation that was originally
introduced in [2] and [6] to model segregation processes in a binary mixture. Despite its original application
related to material science, in the last decades the model has proven to be remarkably flexible in describing
plenty of segregation-driven problems related to cell biology [4, 15] and tumor growth [12] (see also [41] and
the references therein). Given a binary mixture, we indicate with ¢ the phase field variable describing the
relative mass fraction difference. It is assumed that {¢ = 1} := {x € Q: p(x) = 1} and {p = —1} indicate the
regions occupied by the pure phases and that ¢ smoothly transits from —1 to 1 in a narrow transition layer,
approximating the interface, whose thickness scales as € > 0. If the mixture is isothermal, the system evolves
minimizing the Ginzburg-Landau functional reading as

€

S(p) : 5

1
Vel + ¢ [ (o), (15)
Q €Ja
where U(p) is the Flory—Huggins free energy density
_9 o o _ % o
U(s) = 5((1 +s)In(l+s)+ (1 — s)ln(l —s)) — 55 = F(s) — 55 Vs e [-1,1], (1.6)

with constants related to the mixture temperature such that 0 < 6 < 6y. As customary, ¥ is also called log-
arithmic potential and it is extended by continuity at +1 as +oo otherwise. The nonlinearity (1.6) is said to
be singular, since it approaches +o0o as its argument tends to the pure phases +1. To simplify the model, one
often considers a polynomial approximation of ¥ taking the regular potential defined as W,z (s) = $(s* — 1)2,
s € R. It is worth recalling that, in the case of polynomial type potentials, it is not possible to guarantee the
existence of physical solutions, that is, solutions for which —1 < ¢ < 1 throughout the evolution. Therefore, to
stick with the physics of the model, we will concentrate on the singular choice (1.6). With the above ingredients,

the Cahn—Hilliard equation reads as follows:

Opp — divim(e)Vp) =0 in Q, (1.7)
p=—eAp+e W (p) in Q, (1.8)
Onp = (Mm(p)Vu) - n=0 on X, (1.9)
©(0) = o in €, (1.10)

where the no-flux condition for the chemical potential p entails that no mass flux occurs at the boundary.
Noticing that the free energy G introduced in (1.5) only focuses on short range interactions between parti-
cles, Giacomin and Lebowitz observed in [34-36] that a physically more rigorous derivation leads to nonlocal
dynamics, formulating the nonlocal Cahn—Hilliard equation. From the modeling, using general approaches of
statistical mechanics, the mutual short and long-range interactions between particles are described through
convolution integrals weighted by interactions kernels. In this case, the gradient term is replaced by a nonlocal
spatial interaction integral and the free energy G is replaced by the nonlocal Helmholtz free energy

E(p) = —3

5 K= yelaewixdy+ [ P, (111)

Q

where X is a sufficiently smooth symmetric interaction kernel. This functional is characterized by a competition
between the mixing entropy F, a convex function, and a nonlocal demixing term related to X. As shown in [35]
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(see also [29, 30, 43] and the references therein), the energy G can be seen as an approximation of €, as long as
we redefine F as F(z,s) = F(s) — (X x1)(z)s?, € Q,s € [~1,1]. Indeed, we can rewrite & as

E(p) = i K@=yl - ¢($)|2dXdY+/QF(“0) - %/QCKPQ
_ i Kz —y)|e(y) — @(x)|? dxdy —|—/ F(p),
QxQ ¢

upon setting a(z) := (X * 1)(z), © € . We can formally interpret F as the potential U occurring in (1.5),
and observe that the (formal) first-order approximation of the nonlocal interaction is %|Vgp\2, for some k£ > 0,
as long as X is sufficiently peaked around zero. In that case, it is also possible to study the nonlocal-to-local
asymptotics that rigorously justifies the above-sketched intuition: see [13, 14]. In that regard, it is worth noting
the recent contributions [7, 16], which address a similar issue involving degenerate mobility. As we are not
focusing on nonlocal-to-local asymptotics, we select the easier formulation with F' convex and without the term
a, being aware that everything can be straightforwardly reformulated for the other case. The resulting nonlocal
Cahn-Hilliard equation then reads as (see [29, 30]):

O — divim(e)Vp) =0 in Q, (1.12)
p=—-Kxp+e'F(p) inQ, (1.13)
(m(e)Vp) -n=0 on X, (1.14)
©(0) = o in Q. (1.15)

The existence of weak solutions, the uniqueness, and the existence of the connected global attractor were
discussed in [21, 23, 24]. For the local case, without the claim of being exhaustive, we refer to [41, 51] and
the references therein. In the the local case, few results are known for degenerate mobilities, i.e., that vanish
in the pure phases, namely just the existence of weak solutions obtained in [17]. The coupling of the nonlocal
Cahn—Hilliard equation with logarithmic potential with suitably degenerate mobility has instead proven very
effective. Roughly speaking, the idea is to choose the mobility function in such a way that the two degeneracies,
the one of the singular potential and the one of the mobility, compensate providing (1.12)-(1.13) of a parabolic
structure. This also opens the path to obtain the existence of strong solutions and continuous dependence
results: we refer to [19, 20, 22, 26] for more details. However, in contraposition to the local case, less is known
for regularity theory in the nonlocal case with constant mobility and logarithmic potential. Hereby, we aim at
filling this gap by providing new regularity theory for the solutions to (1.1)-(1.4) Further results concerning
well-posedness and regularity of weak solutions for the nonlocal case are studied in [29], where the validity of the
strict separation property in dimension two for system (1.12)-(1.14) with constant mobility and singular potential
were established. This means that if the initial state g is not a pure phase, i.e., nor ¢y = 1 nor ¢y = —1, then
the corresponding solution stays away from the pure states in arbitrarily small positive time, uniformly with
respect to the initial datum. This property in dimension two was crucial to derive further regularity results as
well as the existence of regular finite dimensional attractors, whereas in 3D only the existence of the (possibly
infinite-dimensional) global attractor was proven. In the same work, the convergence of a weak solution to
a single equilibrium was shown as well. Then, in [30], the same authors propose an alternative argument to
prove the strict separation property in dimension two, relying on De Giorgi’s iteration scheme. More recently,
a similar approach was successfully adopted in [43] by the first author to prove for the first time the validity
of the instantaneous strict separation property in dimension three, under weaker assumptions on the singular
potential F' (cf. the forthcoming assumption H3). In particular, it was shown that it is not necessary to assume
the growth condition

F'(s) < CeCHFGN s e (-1,1), ~e(1,2] (1.16)
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for some constant C' > 0. This assumption, fulfilled, e.g., by the logarithmic potential, was essential in [29]
and [30] for the application of the Trudinger-Moser inequality. We also mention that assumption (1.16) has
recently been weakened in a similar way in the case of two-dimensional local Cahn—Hilliard equation as well
(see [32]). Leaning on the result of the separation property for the nonlocal Cahn—Hilliard equation, in [43] the
author derives extra instantaneous regularization of weak solutions showing that, under suitable assumptions
on the interaction kernel X, from any positive time 7 > 0 onward, the solution ¢ becomes Holder continuous in
space-time and it belongs to L3 (1, 0o; H2(€2)). Moreover, it is also shown that any weak solution to (1.12)-(1.14)
converges to a single equilibrium. Finally, it was proved that, given a sufficiently regular initial datum ¢y which
is already strictly separated, the solution ¢ strictly separates for any ¢ > 0. To conclude the literature review,
we point out [37], where, by means of a slightly refined version of the proof proposed in [43] for the validity of
the strict separation property in three dimensions, extra regularity for the associated global attractor is proven.

Let us now move to the control application. To perform the associated analysis, two mathematical ingredients
are essential concerning the solution ¢ to (1.1)-(1.4):

e the validity of the strict separation property for any time ¢ > 0, crucial to deal with the nonlinearity F
and its higher-order derivatives.

e Extra regularity properties on ¢, important when dealing with continuous dependence estimates in stronger
norms. Those will be fundamental to show some differentiability properties of the associated solution
operator.

The former readily follows by [43], Corollary 4.5, Remark 4.7, so that our first aim is to show that, assuming
o and v smooth enough, there exists a suitably regular solution ¢ to (1.1)-(1.4). In particular, extending the
2D result of [31], we show the existence and uniqueness of a weak and a strong solution ¢, according to the
regularity of ¢g.

Then, we establish additional regularity results for the order parameter. Namely, provided the initial data
and the velocity field are regular enough, we can guarantee the bound

llell L4 0,752 (@) L3 (0,7 w 1 () < C,

for some C' > 0 depending on the data of the system. Actually, we also obtained intermediate regularity results by
adopting minimal assumptions on the prescribed velocity field. Taking inspiration from [20], this is achieved by
performing a delicate bootstrap argument coupled with a maximal regularity result of type L2-L? for parabolic
evolution equations with coefficients continuous in time (and Holder continuous in space) shown in [44].

As anticipated, the velocity field v occurring in (1.18) is now considered as a control variable and it is allowed
to vary in a suitable set, referred to as the control-box, given by

Vaq := {v € L=(0,T; L (Q;R3) NV : vpin < v < Vpax )

with vy, and vyax given bounded functions, the inequalities being intended componentwise, and where the
control space reads as

V.= {L2(0,T;L2(Q;R3)) ‘dive=0inQ, wv-n=0on r}.

The cost functional we want to minimize is a quadratic-type cost functional and it is defined as

T T
dwie) =2 [ [lo-vaP+ 2 [ 1o -waP+ 2 [ [ (117)
0 Q Q 0 Q

where 71,72, and 3 are nonnegative constants, not all zero, whereas ¢g, po denote some prescribed target
functions defined in @ and §2, respectively. Optimal control theory for Cahn—Hilliard type systems is rather
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flourishing and we refer to [39, 52] for optimal control problems related to the classical Cahn—Hilliard equation,
and to [25, 28] for problems connected to the nonlocal convective Cahn—Hilliard equation when coupled with
the Navier—Stokes equation for the velocity field. For nonlocal Cahn—Hilliard type systems with application to
biology, we mention [27, 45] and the references therein (see also [47] and [18]). In all those scenarios, the control
variable linearly enters the system as a given source.

Finally, we point out the very related work [46], where an optimal velocity control problem for the nonlocal
convective Cahn—Hilliard equation with degenerate mobility has been addressed. Here, we consider the case
of constant mobility and logarithmic potential for which regularity theory was unknown before. Moreover, we
highlight that the control-box V.4 we consider does not require the control function to be weakly differentiable
nor in space nor in time, which is a much more natural assumption for controls (compare our definition of V,q4
with [46], (1.7)). Let us also refer to [9] and [10] for optimal velocity control problems connected to Cahn—Hilliard
type systems.

As they will not play any role in the forthcoming mathematical analysis, we set for convenience ¢ = 1 and
m = 1. Thus, the state system we are going to study reads as

dp+Ve-v—Ap=0 inQ, (1.18)
p=—-XKxp+ F(p) in Q, (1.19)
Onp =0 on X, (1.20)
©(0) = o in Q. (1.21)

Hence, the optimal control problem we are going to address consists in solving the following minimization
problem:

(CP) m\i7n J(v; ), subject ¢ solves (1.18)-(1.21).
vEVaq

An interesting extension of the cost functional in (1.17) deals with inserting L!'-penalizations to describe
sparsity effects. For instance, in (1.17) one may consider an additional term of the form -4 fOT fQ |v| for a
suitable nonnegative constant 7,. This extra term would allow proving sparsity effects for the optimal controls,
that is, it may be shown that every optimal control vanishes in a “large” region of the parabolic cylinder: see,
e.g., [11, 33, 48, 49] for optimal control problems related to phase field systems dealing with sparsity.

The rest of the paper is structured this way: in the next section we set the notation and list our main results.
Section 3 is then devoted to the analytical results connected to the state system (1.18)-(1.21). In particular, we
provide the aforementioned regularity results as well as continuous dependence estimates with respect to the
prescribed velocity flow. In the last section, we study the optimal control (CP) by showing the existence of an
optimal strategy and then providing first-order necessary conditions for optimality.

2. NOTATION AND MAIN RESULTS
2.1. Notation

Before diving into the mathematical results, let us set some conventions and notations. First, we indicate
with € the spatial domain where the evolution takes place and postulate it to be a bounded and smooth domain
of R? (the lower-space dimensions can be treated easily), with boundary I' := 9. Then, T > 0 denotes a given
final time and we set

Qi :=Qx (0,t), X;:=Tx(0,t) foreveryte (0,7], and Q := Qr, X :=2Xr.

Next, given a Banach space X, we use || - ||x, X*, and (-, ) x to represent, in the order, its norm, its dual space,
and the associated duality pairing. Then, the classical Lebesgue and Sobolev spaces on €2, for 1 < p < co and
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k > 0, are indicated by LP(Q2) and Wk (), with the standard convention H*(2) := W*2(Q). The corresponding
norms are [|-[|zs() = [I'llp, [I'llwer@) = [-lwee, and [|[[grq) := ||| g+. Similar symbols are employed to
denote spaces and norms constructed on (), ¥ and I', whereas bold letters are employed for vector-valued
spaces. For instance, for Lebesgue spaces, we have

LP(Q) := LP(Q;R?) = {f:Q—>R3:fmeasurable7(/9|fp); <oo}, p>1

For some particular spaces, let us fix specific shorthands

H:=IL*Q), V:=H'Q), W:={vecH*Q): dv=0on I},
H:=L*Q), V:=H'(Q) =H'Y (%R,

as well as the ones for the solenoidal spaces of the velocity field

L? .= {velf(Q):diviv) =0inQ, v-n=0onl}, forp>2 H,:=L?
V, = {v € H}(;R?) : div(v) = 0 in Q}.

We recall that LY and V, correspond to the completion of Cg (Q2) = Cng(Q;R?’), namely the space of
divergence-free vector fields in CJ°(Q) = C§°(Q;R3), in the norm of LP(Q) and V, respectively. The above
spaces are endowed by ||| := ||l = ||ll&, [|-[lvs |I-]lw, and ||||z», ||-||v, , respectively. Moreover, we denote the
duality product in V* by (-,-). We also indicate by P, : H — H, the standard Leray L2-projector onto H,.
In conclusion, we denote by C*(Q2), a € (0, 1), the spaces of a-Holder continuous functions in €, whereas by
CP7(Q), 8,7 € (0,1), we refer to the functions which are 3-Hélder continuous in space and y-Hélder continuous
in time, respectively. Next, for v € V* we set its generalized mean value by

1
vQ ¢t Uv]->a

= —
it
where the symbol 1 denotes the constant function in Q that assumes the constant value 1. This allows us to

define V(o) (H (g, respectively) as the space of functions v € V' (v € H, respectively) such that vg = 0 (notice
that, being v at least in H, vq is the usual integral mean value), whereas with V("(‘)) we denote the space of

v* € V* such that v = (v*,1) = 0. Finally, we recall that H will be identified with its dual as usual. Namely,
we have the continuous, dense, and compact embeddings:

WV HSV?

along with the identification
(u,v) = / w, Yu€ HwvelV.
Q
The Laplace operator

Ao Vioy = Vg defined by <A0“7U>v(g)7v(o) =, Vu-Vu, Vv e Vy),

is a bijective map between Vq) and V(’(‘)). We denote its inverse by N := Ay L. V(’a) — V(o). As a consequence,
for any v* € Vi), we set [[v*|[. := [[VNv*||, which yields a norm in V(o> that is equivalent to the canonical
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1
dual norm. In turn, v — (||v — vol|? + [va|?)? defines a norm in V*, that is equivalent to the standard dual
norm in V*. Moreover, by the regularity theory for the Laplace operator with homogeneous Neumann boundary
conditions, there exists a constant C' > 0 such that

IVNully < Cllofl, Vv e Heyy. (2.1)

In conclusion, we introduce the Besov spaces (see, e.g., [1] and [50] for more details), as the following (real)
interpolation spaces

B,q(2) := (LP(Q), W™P(Q))

P.q
where s = Am, m € N, XA € (0,1), p,q € [1,00). In particular, we recall that

2_2

Bra’ (@) = (LP(Q),W27(Q),_, .

for any p,q > 1.

2.2. Assumptions and main results

Here, we collect our main results and the related hypotheses. The following structural assumptions will be
in order:

H1 The spatial kernel is such that K € W\ (R?), with K(z) = K(—z), = € Q.
H2 The double-well potential fulfills F € C%([-1,1]) N C3(—1,1) and

lim F'(s) = —o0, lim F'(s) =400, F"(s)>a, Vse(-1,1),a>0.

s——1+ s—1—

As usual, we extend F(s) = +oo for any s ¢ [—1, 1]. Without loss of generality, we require F'(0) = 0 and
F'(0) = 0. In particular, those entail that F(s) > 0 for any s € [—1,1].
H3 As § — 07, we assume

1 1 1
Fii-25) ° (|ln(5) ) =z - 00 (2.2)
and analogously that
WW4+%DO(WMH» Fi—itz) 00 (2:3)

H4 Either X € W2!(B,), where B, := {x € R3 : |z| < p}, with p ~ diam(Q) such that @ C B, or X is
admissible in the sense of [3], Def. 1.

Remark 2.1. As remarked in [3], we observe that Newtonian and Bessel potentials do satisfy assumption H4.
Theorem 2.2. Let the assumptions H1-H2 be fulfilled. Assume that v € L*(0,T; LE), o € H with F(py) €
LY () and |(po)a| < 1. Then, there exists a unique weak solution (p, i) to (1.18)-(1.21) in the sense that

o e HY0,T;V)nC°([0,T); H) N L*(0,T;V), (2.4)

peL™(Q): gl <1 ae inQ,

pe L*0,T;V), F'(p) € L*0,T;V),
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and it satisfies

(Orp, ) —/ v - Vv +/ Vu-Vo=0 foreveryv eV, and a.e. in (0,T), (2.7)
Q Q

p=—-Kx*p+ F'(p) a.e. in Q, (2.8)

and ¢(0) = o almost everywhere in Q. The weak solution fulfills the energy identity

E(o(t) + / o0 - Vit / Vil = E(go), Vte[0,T). (2.9)

t t

In addition, given two weak solutions @1 and a corresponding to the initial data ¢§ and 2 assumed to fulfill
the same conditions as above, and a prescribed velocity field v € L*(0, T} Lg), it holds that

1 — LP2||CO([0,T];V*)mL2(o,T;H)
1 1
< (b = @lly- + [(h)a = (D)al® IAIF: 0.z +Cl(0ha — (#D)al ) %

xexp (C (14 ol a0 )) - (2.10)

where A = 2(||F' (1) ||y + | F' (¢2)]l;) and C only depends on o, K, T, and Q.
Furthermore, the following reqularity results hold:

1 also g € V' and it is such that wo) € H an wo)Vo € H, then, additionally,
If al V and h that F' H and F" \% H, th dd Il

4
p € L®(0,T;V) N L0, T; WP (), ¢= 3@{2), ¥p € (2,00), (2.11)
oo € LY0,T; V)N L*0,T; H), (2.12)
pe L0, T;V)NL*0,T; W), (2.13)
F'(p) € L*(0, T3 V), (2.14)

and Opp = 0 almost everywhere on . Moreover, if v € L*(0,T; H,), we also have 0yp € L>=(0,T; V™).

(ii) Let the assumptions of (i) hold, together with assumptions H3 and H4. Suppose also that ¢o € L ()
with ||gollee < 1 — 0o, for some §g € (0,1). Then, there exists § € (0,dq] such that

supess |[|[o(t)]|co <1 — 0. (2.15)
te[0,T]

As a consequence, we also have that u € HY(0,T; H) N C°([0,T]; V).

(i) Under the same assumptions of (ii), assume additionally that there exists By € (0,1] such that yo €
CP(Q). Then there exists B € (0, By] such that

peChI(Q) (2.16)
pec®i(Q), (2.17)

where 3 also depends on the L*(0,T; Lg)—norm of v.
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(iv) Let the assumptions in point (iii) and H4 be fulfilled. Then there exists C' > 0, depending also on the
constant § appearing in (2.15) and T, such that

llell 20,1352 (0)) < C. (2.18)
Moreover, let us set
fio == =K * o + F' (o). (2.19)

Then, if po € ‘B%,Q(Q), there exists C' > 0 depending on structural data of the system, such that

|l 1 0,753 (@))n L2 0,m5w23(9)) + 1@l E1 (0,7523 ()AL (0,7 w 18 () < C. (2.20)

(v) Let the assumptions in point (iv) be fulfilled, v € L*(0,T; L), and po € Bg (). Then, there exists
C > 0, depending on structural data of the system, such that

[ 2l| 227 (0,7, L (2)) L3 (0,75 15 ()N L2 (0,73 W26 ()
+ lellmr oo @pynes . rwr () < C. (2.21)

3
Moreover, let instead assume v € L=(0,T; L) and po € B3 4(2), together with the assumptions in point
(iv). Then, there exists C' > 0, depending on structural data of the system, such that

| 12llwia0, 7 1y LS (0,7 W 4 Q)N LA (0,7 2 (92))
+[lellzs o, mswra)nza 0,582 (0) < C. (2.22)
Remark 2.3. We remark that the assumption F’(¢o) € L'(Q) already implies that o € L% () with ||¢o/|eo <

1, due to assumption H2. Furthermore, observe that if oo € V and it is strictly separated, i.e., ||¢ollco < 1 —do,
for some &y € (0, 1), this directly implies F'(¢o) € H and F" (po)Vo € H.

Remark 2.4. We notice that [31], Remark 4.4 still holds also in the three-dimensional setting, i.e., any weak
solution ¢ satisfying (2.4)-(2.5) is instantaneously strictly separated from pure phases. Moreover, under the
assumption of the above theorem, part (iii), thanks to the Holder regularity in (2.16), the inequality (2.15)
reduces to

max x,t — <1-34.
(W)EQHSL’( )HCO(Q)

Remark 2.5. The technical assumption on the initial condition of point (iv) can be avoided by requiring, for
instance, that

po € W2(Q) = B3 ,(Q),
which is nevertheless more restrictive. Indeed, from [1] we have the embedding
B;Q(Q) — WH(Q) — B;Q(Q) Vg > 2,

and thus the space B} ,(Q) is actually not so far from W'?(Q): Besov spaces set somehow a finer scale with
respect to classical Sobolev spaces.
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Remark 2.6. As it will be clear from the proof, points (i) and (i7) of the above theorem can be shown by
arguing along the same lines of arguments as in [31] which analyzes the same system in the two-dimensional
setting. The extension to the 3D case we perform has been made possible by the recent result of the validity of
the strict separation property proven in [43].

Remark 2.7. Observe that, in the case of point (iv), thanks to the regularity in (2.4)-(2.5), it holds ¢ €
C°([0,T]; V), the function t — ||[Vp(t)]|? is AC([0,T]), and that

1d

§a||Vg0(t)H2 =- /Q Op(t)Ap(t)  for almost every t € (0,T).

Remark 2.8. Note that, up to point (iv) it suffices that v € L*(0,T; L%) as long as we assume suitably
regular initial data. This is the minimal summability to get well-posedness of strong solutions and it is enough
to deduce (2.20). Furthermore, using the property ¢ € L*(0,T; W1(Q)) specified in (2.20), one may establish
further regularity results by formally differentiating (2.7) in time and testing it by d;¢ as in the 2D analogue (see,
e.g., [26], Thm. 2 and [29], Lem. 5.7). That will readily prove that d;p € L°(0,T; H) and p € L>(0,T; H?(12)).
Nevertheless, some extra regularity on the time derivative ;v and on the initial data are required. Being the
velocity field v our control variable, we do not want to assume d;v € L?(Q). On the other hand, if one includes
that condition in V,q as done in [46], the above regularities can be easily shown.

Theorem 2.9. Suppose that H1-H4 hold.

(i) Let vy and vy be two given velocity fields such that
v, € L*0,T; LY, i=1,2.

Denote by (pi, pi), i = 1,2, the two corresponding solutions to (1.18)-(1.21) related to initial data @} which
fulfill the assumptions of (i) in Theorem 2.2 and (p})a = (p3)a with

(h)al <1, l@pllee <185 with & € (0,1), i=1,2. (2.23)
Besides, suppose there exists fo2 € (0,1] : 9§ € CP2(Q), and pf == —K * ¢ + F'(p3) € B} ,(Q). The

two solutions ¢1 and o are then intended in the sense of points (ii) and (iv) of Theorem 2.2, respectively.
Then, there exists a positive constant C' such that

llo1 — <P2||L°°(O,T;H)OL2(O,T;V) <C(|lv1 - v2||L2(0,T;Ha) + ||90(1) - <Pg||)7 (2.24)

where C' depends only on the structure of the system.
(i) Moreover, suppose that, additionally,

vy € L¥(0, T LY N LA(0,T; L), pd € BLo(Q), 12 € BS () NBL,(Q),

with pl == —XK * ob + F'(¢h), i = 1,2, and exists Bo1 € (0,1] : p} € CPo1(Q). Then, the two solutions o1
and ps are then intended in the sense of points (iv) and (v) of Theorem 2.2, respectively, and they fulfill

ller — ‘p?HLOO(O,T;V)ﬂL?(O,T;W) < CO(flvg — 'UQHLG(O,T;HU) + ||<P(1) - @3||V) (2.25)

for a positive constant C' which depends only on the structure of the system.

Once the above analytical properties on the solutions of (1.18)-(1.21) have been derived, we can address the
optimal control problem (CP). For such a problem, we postulate the following assumptions:
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C1 The spatial kernel X fulfills H1 and H4.
C2 The initial data fulfill (recall (2.19) and Remark 2.3)

o € VNLZ(Q), [(po)al <1, |¢ollcc <1—46o withdy e (0,1),
exists By € (0,1] : o € CP(Q), o € B2 4(2) N BL4(Q).

C3 The constants 71,72, and ~3 in (1.17) are nonnegative, but not all zero.

C4 The target functions pg and ¢q are such that ¢g € L*(Q), and pq € V.

C5 The prescribed functions vpin and vmax are such that Vmin, Vmax € L (2) and vmin < Ymax component-
wise.

C6 In addition to H2 and H3, the double-well potential is such that F € C*(—1,1).

We now present the two main results on (CP). First, we state the existence of an optimal strategy, and then
the first-order optimality conditions for minimizers.

Theorem 2.10. Assume that C1-C5 are in force. Then, the optimization problem (CP) admits at least one
solution.

In the formulation of the corresponding optimality conditions, we refer to the adjoint variables p an ¢. Those
are the unique solutions to a system, referred to as the adjoint system related to (1.18)-(1.21) (cf. (4.21)-(4.24)).
To keep the presentation as essential as possible, we defer to later their proper introduction (cf. Sect. 4).

Theorem 2.11. Assume that C1-C6 are in force. Let © be an optimal control with corresponding state (@, 1)
and adjoint variables (p,q). Then, it necessarily fulfills the variational inequality

/Q (=P,(pVP) +730) - (v —0) >0 Yo € Vaq. (2.26)

Moreover, whenever v3 # 0, the optimal control T reduces to the L?-orthogonal projection of *}/3_le7 (pV®) onto
the convex set 'Vaq.

Remark 2.12. Observe that, when 3 # 0, (2.26) shows that to identify the optimal T is enough to have access,
for almost any t € (0,7, to the divergence-free projection of pVg(¢), i.e., its L% projection onto H,, whereas
its orthogonal complement can be neglected. We also remark that the standard pointwise characterization of
the projection as a suitable bang-bang control involving the bounds vy,;, and vy« does not work here, since
the result cannot be guaranteed to be divergence-free and thus it may not belong to V,.q.

Without further reference later on, in the forthcoming estimates we are going to perform, the capital letter C'
will denote a generic positive constant that depends only on the structural data of the problem. For this reason,
its meaning may change from line to line and even within the same chain of computations. When it depends
on an additional constant ¢ whose value has to be chosen just at the end of some computations, we use C; to
stress that dependence.

3. MATHEMATICAL ANALYSIS OF THE STATE SYSTEM
3.1. Proof of Theorem 2.2

The proof of the theorem can be mutuated in part from [31], Theorem 4.1 by adapting some crucial estimates
to the three-dimensional case.
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3.1.1. Uniqueness and continuous dependence estimate

Let us consider two weak solutions ¢; and o satisfying (2.4)—(2.5) and originating from two initial data ¢}
and (3, where possibly (p8)a # (p3)a- Setting

o=p1—p2, p=-Kxo+F(p1)—F'(p2),
we have

(Orp, v) —/ ov - Vo +/ Vu-Vo=0, VveV, ae in (0,7). (3.1)
Q Q

Taking v = N(p — pq), we find

1d

iallw—ml\?r/WU-VN(%)—WH/u(@—¢9)=0-
Q Q

By Young’s inequality, arguing as in [31], (4.13), we have

/ wp — pa) > —/<ﬂ< « o) — 0a) + alll® — / (F' (1) — F' (¢2)) 00
Q Q Q

= [ V(X *0) YN(p - pa) +aflgll® — / (F' (1) — F' (92)) ¢n
Q Q

> —[[Kllwra s llell e = eall, + allel® = [(e1)a = (w2)al (IF (@)l + 1F(v2)1)
3o
> IHSDII2 = Clle = pall? = l(e1)a — (p2)al (IF (1)1 + 1F' (p2)ll1) , (3.2)

where B); is a sufficiently large ball containing Q. Concerning the convective term, by Sobolev-Gagliardo—
Nirenberg’s inequality, we obtain

/Q ov - VN (¢ — ¢0)| < [ollellel VN (9 — ea)lls

1 1
< Clollsllell VN (@ = ea)ll* I = eall®
«
glel® + Clol e = eall, (il + Cleal)

IN

IN

o
2l + Cllvlig e = eall + C leal”. (3-3)
Then, recalling the conservation of mass, i.e., p}(t) = (¢})q for all t € [0,T] and i = 1,2, we are led to

d
el +ealel® < ¢ (1 +vli) Il + Alpa(0)] +Cpa(0),

where A = 2(||F’ (p1)]l; + |F' (p2)]l;). Therefore, an application of Gronwall’s Lemma implies (2.10), which,
in particular, entails the uniqueness of the weak solutions ¢. Concerning the uniqueness for the corresponding
chemical potential u, it readily follows upon noticing that ¢ is uniquely determined in L?(Q), hence almost
everywhere in @, along with the fact that F’ is single valued.
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3.1.2. Existence of weak solutions

The proof of the existence of weak solutions can be proven exactly as in [31], Theorem 4.1, since all the
estimates do not depend on the dimension of the domain and are thus valid also for the three-dimensional case.

3.1.3. Ezxistence of strong solutions: parts (i)-(ii)

To derive the existence of strong solutions, we straightforwardly adapt the proof of [31], Theorem 4.1. Let
us consider a sequence of velocity fields {v*} € C5°((0,T); C55,(€2)) such that v* — v strongly in L*(0, T} LY).
For any k € N, we introduce the Lipschitz continuous truncation hy given by

71+%, s<71+%,
hp :R =R, hp(s) =1 s, —1+i<s<1-1

and set f := hy (o). It readily follows that
oF € VN L®(Q) and that Vol = V<p0X[_1+%71_%](<p0) almost everywhere in €,
where X 4(+) denotes the indicator function of a measurable set A. By definition, we have
|06] < lpol, [Vt < [Vo| ae. in Q. (3.4)

Indeed, observe that, for a.a. (z,t) € Q, if po(z,t) < =1+ 1 < 0, then |po(z,t)| = —po(z,t) > 1— 1 = |pf(z,1)].
Estimates (3.4) entail o — g strongly in V' as well as ’(gp’é)g| — [(po)al as k — oo. Then, there exist positive
constants w > 0 and & > 0 such that

[(ef)a| <1-w, VE>E (3.5)

We now notice that [31], Theorem A.1 can be slightly modified to be valid in the three dimensional-case. In
particular, it can be easily seen that there exists a sequence of functions {(¢*, u¥)} satisfying

O e L0, T;VNL®(Q)):  supess||@F(t)]oo <1 — 6, (3.6)
te[0,7
4p
3(p-2)
it € L=(0,T;V*) N L*(0,T; H),
pk e HY(0,T; H) nC°([0,T); V) N L*(0, T; W),

" e L0, T;WHP(Q)), ¢= Vp € (2,00), (3.7)

where ;. € (0,1) depends on k. The solutions satisfy
ot +Vk vk — Ak =0, pF=-KxF+F(O*) inQ. (3.10)

In addition, du* = 0 almost everywhere on ¥ and ¢*(0) = ¢f almost everywhere in €. Notice that the
differences compared to [31], Theorem A.1 are only related to the regularity (3.7), which comes directly from
the fact that (see, e.g., [31], (A.27), (4.48)),

IVe*|l, < C» (14 [IVi*],)  Vp>2, (3.11)
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together with the interpolation inequality
IVEE || Lao,riwry < CIVEF|| oo o, |45 L2 0, 73w)

where ¢ = 7 and p € (2,00) and C' > 0 is independent of k. Indeed, thanks to the recent result in [43] (see

4p
3(p—2)
[43], Cor. 4.5, Rem. 4.7), the strict separation property for ¢* entails the existence of d;, > 0 such that

supess |[@* (1) [loo < 1 — 0. (3.12)
t€[0,77

Now it is immediate to show (see also [31], (4.22), (4.24), (4.27)) that

/|w’“|2+/|w’“|2 / |
Q Q

where C' > 0 does not depend on k, since v* — v strongly in L*(0, T Lg). Observe that the regularity of the
approximated solutions {(¢*, %)} in (3.6) allows us to compute the time and the spatial derivatives of the
second equation in (3.10), which gives

C(1+T) +C/ W*2 < C, (3.13)

oupk = =K % 04 % + F"(")0,0",  Vpk = —VE « ok + F"(pF)VeF  in Q. (3.14)
In addition, the map t — [|[Vu(t)]|? belongs to AC(]0,T]) and the chain rule L VEk|? = [, OuuAp holds

almost everywhere in (0, 7). Thus, testing the first equation in (3.10) by d;u*, integrating over 2, and exploiting
(3.14), we obtain

Sl TP+ [ Frhat = - [ 9ot oot [ xeagt ok, (315)
Q Q Q

We rewrite the key term fQ v* - V*,u” as in the proof of [31], Theorem 4.1. By using (3.14) and the properties
of v* in C§°((0,T); C3%,(€2)), we observe that

/Vgpk~’vk6t,uk :_/ (v@kvk)gc*at@k+/ (V(pk~’vk)F”(<pk)8t<pk
Q Q

Q
= 7/ (Vh - v") K x 0" +/ V (F'(¢")) - v 0p"
Q Q
= 7/ (Vg&k . 'vk) K % 0" +/ (Vuk "l)k) Dyt
Q Q
+ /Q (V% ) - ob) Dy
= / (V(K % 0pp") - o) oF +/ (Vi - o) 9,"
Q Q
+/ (VK ") - o) 90" . (3.16)
Q

By exploiting the uniform L>-bound of ©*, we have, by standard Young’s inequality for convolutions,

< VK [l l0" 110" |

/Q ((vx * gpk) . vk) 8t<pk
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[0}
< NKlwrasan 9° oo l0* 18" | < 102 + Cllv®]12. (3.17)

Similarly, we also find

/Q (V(K % Bug) - v) o | < 1V % B [0 10" oo

«
< NXlwragan 10" [10* Nl oo < 1O + Cllv*1%. (3.18)

To bound the third term on the right-hand side in (3.16), we need a preliminary estimate of the V-norm
of Vu*. To this end, let us first observe from (3.10) that u* — (u¥)q = N(0;p* + V¥ - v¥) noticing that
(0sp" + Vpk - vF)q = 0. The inclusion of (u¥)q is necessary, as the mapping N is defined on elements of V*
possessing a zero mean value. Thus through the application of N on 9,0F 4+ V¥ - vF € V(’g), we can only retrieve

the L2(f2)-projection of p* over the space with zero integral mean. Then, we find, by elliptic regularity,
IV llv < C (18" || + V" -0 . (3.19)
In order to estimate the second term on the right-hand side in (3.19), we deduce from the second in (3.14) that

_ 1
Ry

Vk vk (V,uk P 4 (VK x oF) - vk) in Q. (3.20)

By the strict convexity of F', we notice that F"'(s)™! < a~! for any s € (—1,1). Thus, using Sobolev—Gagliardo—
Nirenbeg’s inequality and the uniform L>-bound of ¢¥, we obtain

[V6F ot < 2 (IVa¥ - b + | (VK * ) - o)
< IVl s + O ool
< IV NI I 0¥l + Clwe oy " o o
< CIVRH IV oo + Cllot]. (321)

Then, by exploiting (3.19) and (3.21), we infer that
IVt llv < C (10" | + IV E (10" 1F + 10*])) - (3.22)

Now, again by Sobolev—Gagliardo—Nirenberg’s inequality and (3.22), we find

1 1
/Q(Vu'“-v’“) au® | < IVEFIIZ IV E (13 0 (61180 |

1 3
< IVEIIZ 106" 12 10" 6 + IV 1" HIOee® 1l 0° 13
+ I VE(Z |12 (0" 610" |
«
< g0 + CIVaF P08 [ls + Cllv® 1> (3.23)

Concerning the last term in (3.15), we get

«
/QUC # 0" Dot < VICx 0™ [[[VNOw® || < 10" + C (IloF 17 + [VAEI17) - (3.24)
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Indeed, from the first in (3.10), it holds that

[9NGH ] = 1916 = 9 v~ < € (0¥ |+ Vi) (3.25)
Inserting the estimates (3.17), (3.18), (3.23) and (3.24) in (3.15), we end up with

1d e
LI + S0t < O (14 M) IV + Ol (3.26)
Arguing as in [31], (4.49), we then obtain

IV )]l = | = VX % g0 + F"(¢0)Vepol|  as k — oo. (3.27)

Therefore, since we know that v* — v strongly in L*(0,T;L%) and thus it is bounded in the same space,
Gronwall’s lemma then entails

IV 1* || Lo o,7500) + 000" || 20,1511y < C, (3.28)

from which, recalling that it is standard to obtain ||u*||y < C(1 + ||[VuF]|), from (3.22), we also deduce
¥ o< (0,722 0,7 < C, (3.29)

uniformly in k. Concerning the concentration o, we deduce from (3.11), (3.29) and interpolation, that

4p

||90kHL°°(Q) <1, H(pk||L°°(O,T;V)OLQ(O,T;WLP(Q)) <C, ¢q= 73(17 5y (3.30)
In a similar fashion, by comparison in (3.10), we are led to
HF/(QO’C)”L°°(O,T;V)OLCI(O,T;WLP(Q)) <C, (3.31)

with the same ¢ as above. Furthermore, recalling (3.25), we obtain from v € L*(0,T; LS (Q)) and (3.29) that
18e™ | L0, 75v+) < C. (3.32)

Exploiting the above uniform estimates, by a standard compactness argument, we pass to the limit in a suitable
weak form of (3.10) as k — oo obtaining that the limit function ¢ is a strong solution to (1.18)-(1.21). In
particular, (1.18) and (1.19) hold almost everywhere in @, and (1.20) holds almost everywhere on X. Finally, if
we also assume v € L*(0,T;H,) (cf. (3.25)) it is easily seen that d,p € L°°(0,T; V*). This concludes the proof
of part (4).

Concerning part (i7), as already noticed for the approximating sequence, it is a consequence of [43], Corollary
4.5, Remark 4.7. Indeed, if the initial datum is strictly separated from pure phases, then the strict separation
property for ¢ holds as well, thanks to the regularity of the solution ¢ and the divergence-free property of the
advective vector field v, so that there exists 6 > 0, depending on g, such that

supess ||o(t)]|oo <1 —0. (3.33)
te[0,T)

Arguing by means of the difference quotients (see [31], Thm. 4.1, part (ii)), it is then easy to show that
Oy € L2(0,T; H). In turn, thanks to u € L2(0,T; W), we also obtain u € C°([0,T]; V) via compact embeddings.
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3.1.4. Extra reqularity results for separated initial data: part (iii)

We perform the proof in the same spirit of [21], Lemma 2. Let x € [-1+ 6,1 — d] and n = n(x,t) € [0,1] be a
continuous piecewise-smooth function which is supported on the space-time cylinders Qy, ¢+ (p) := B,(xo) X
(to,to + 7), where Bp(xo) denotes the ball centered at xy of radius p > 0, and 7 > 0 is given. According to
the type of Holder regularity we consider (interior or boundary regularity), we set xg € Q or xg € I' and then
by standard compactness arguments we gain the validity for any ball of Q. We thus test (2.7) by n%¢;, where
o = max{0, ¢ — K}, integrate the resulting identity over Qy, ; := Q x (to,t), where 0 < tg <t <to+7<T,
to infer that, for any s < t,

1 1
Sinet ()P + / FU @)Vt - V(rtet) = < lnet to)]]? + / (VK * @) - V(iPph)

2
/(?

In the above identity, we exploited some properties of the positive part function. For instance, we used that

J

tg,s tg,s

oo Vi) + / (&) 0. (3.34)

tp,s Qto,s

F'(o)Ve- V(fe) = / F' (o) V- V(i (g — )

t0,# {(z,7)€Q1y,s: w(z,m)>K}

= / F'" @)Vl - V(nel),
Q

to,s

and that

1
/ dppin® = / Qple — k)N = / 5@(%)2772
Q {(#:7)€Qug ¢ 9(xr)>K} Qi

tg,s
1 1
St I = Slmet ol = [ (o
tg,s

Now, we point out the identity

Vet -Vnel) = Vet — [Vnel 1,

whence (3.34) entails, using again H2, that

1
5 5w lnel () +a [ VP
S€E[to,t] Qtg,t

< Yingr )2 + / (VK % o) - VPl

to.t

/Q otv-V(ein?)

t,s

+ sup
s€[to,t]

+ [ imoa+ [ @l )
Qtg,t Qtg,t
Using the separation property (3.33), it holds that || F" (@)L (o) < C. Thus,

/Q F"(@)|Vne/|? < C/Q [Vn? (o).
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Moreover, we readily deduce that

/Q (VK % @) - Vingi )]

<NVE * ol L (o) </ \ansoivﬁ/ nIV(soin))
Qto,t Qto,t

«
<3 [ Waehrsc[ e[ waPe:
tg,t Qig,t Qig.t

0

In conclusion, we observe that

J

and, by the assumption ||v| 14,6y < C and standard inequalities, we get

+)2
otv-V(ein?) :*/ V((@“) )-v772 :/ n(et)?v - Vn,
Q 2 Q

tg,s tg,s tg,s

sup
s€E[to,t]

< / [n(e)*v - V)
Qg .t

/Q otv-V(gin?)

tg.s

< lIne il aceo i@ llen Vall @i o [0l s, rine)

1
t 1
<c[ / ||nso:||2(|nso:||2+||v<nso:>||2)} et Vllon o
0
[0}

1
<$ [ NoehP+ s et G)IP+C [ (vaP)
Qto,t t] Qto,t

s€lto,

Summarizing, putting everything together in (3.35), we deduce

1 o
L sup et (a)? + & / Y (ng?)P
4 2 Qugt

selto,t]

1
< gt +c [ walentee [ wt [ o (3.30

to.t

Arguing in a similar way, inequality (3.36) also holds with ¢ when replaced by —¢ leading us to consider ¢, =
(—¢ — k)T In particular, for any fixed e > 0 such inequalities imply that ¢ is an element of B2(Q, 1 —6,v.w, e, X)
in the sense of [40], Chapter II, Section 7, for some 7,w, X > 0 possibly depending on ¢ (¢f., in particular, the
inequalities in [40], Ch. V, (1.12)—(1.13)). Therefore, on account of [40], Chapter V, Theorem 1.1, the Holder
regularity (2.16) holds. Then, by the regularity of F' and by (3.33), we immediately deduce the same result
(2.17) for the chemical potential y, concluding the proof.

3.1.5. LfWQ}’G reqularity on ¢ for separated initial data: part (iv)

Let us now prove point (iv) of Theorem 2.2. The proof can be carried out by carefully combining a version
of a maximal regularity theorem in [44] with a bootstrap argument, based upon the Hélder regularity in (2.16)-
(2.17). Being the equations (1.18)-(1.19) satisfied by our unique solution (¢, 1) almost everywhere in @, and
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being d;p € L?(Q) as a consequence of point (ii), we may rewrite (1.18)-(1.21) in the form

O — F"(0)Ap = —Kx 0o — F'(¢)Ve-v=:f inQ,
Onpt =0 on Y,

where (19 is defined through (2.19). From the regularity (2.16)-(2.17), we obtain, for some 8 € (0,1) as in the
statement, that

.1 € CP5(Q) = L%(0,T; C°(Q)). (3.37)

Moreover, owing to (2.13), and using the limit version of (3.11) (which is also valid in the limit as k& — o), we
get

1
lellwie < C7 (14 [lplwre), p=2. (3.38)
We recall the following embedding (see, e.g., [20],p. 318): for any g € C#(9),
lgllwos < Cliglos): 0 e(0,8), se(lo00). (3.39)

Moreover, for any g € W%5(Q) N W27(Q), with

1 1 1 U
—_ = — — 4+ — [, 1 > 9 A4
55~ ¢ 27+6, €(0,8), s€(l,00), 7v2=>2, (3.40)

it holds the inequality (see, e.g., [5])

lglwe < Cllgllyo .« lglly=n- (3.41)

Let us fix ¥ € (0,3) and assume that % = % — %, e, q= 61_2,719 > 27 > 4. Then, to accomplish (3.40) for

*9
any 2 <y < %, notice that % > 6, it suffices fixing s = % € (6,00). We then introduce the real sequence {q¢y}
recursively by setting

12 12 _ N 6

(3.42)
where the usefulness of the auxiliary sequence {g,} will be clarified below. Letting n — oo, we find that

6 6
n— ——>6 d ¢, — ——>3.
q—>1_19> an q—>2_19>

Besides, being ¢ € (0,1), it holds that 4 < ¢, < % for every n > 1 and it is monotone increasing: whence it
possesses a limit that we claim to be finite. If that is not the case, meaning that ¢, — 400 as n — oo, we would

get a contradiction since by construction ¢, — 6 and ¢, — % < 00. Therefore, the finite value g := % is the

limit of the sequence and we also notice that g,, — % as n — oo. From (3.39)-(3.41), along with the regularity
of  in (3.37), we thus get

Il zao,mmran ) < Cllil e o000 11l F20,751202)) < C (3.43)
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so that, from (3.38), we deduce
ol Laco,rswran ()) < C. (3.44)

Following the same arguments as in the proof of [43], Lemma 5.4, being now ¢ bounded in L*(0,T; W14(Q))
since g1 > 4, we immediately infer (2.18) without extra assumptions on the initial data g, go with respect to
point (427).

Furthermore, if pg € Bég (Q), we can apply a regularity result presented in [44], Section 4. Namely, recalling
(2.16), we have, with the notation of the quoted paper,

B
2

ag] ‘= (5le”(90) e Ch (@), ar =0, by=0, by=ng, ki1=1,23
fi==Kx*0p—F"(o)Ve- v,
where ny is the k-th component of the outward unit normal 7, which is smooth by assumption, and dy; are the
Kronecker delta symbols. Clearly, {ax;}r; is uniformly elliptic since F”/ > a > 0 by H2. Observe now that, for
any p < 6, we have

||j<: * atQDHLZ(O’T;Lp(Q)) < C”K * 8tg0||L2(07T;V) < CH&t@”[}(Q) < C, (345)

by previous bounds. Furthermore, we have from the separation property (2.15) that |[F" (¢)||e < C, and so for
any n > 2

IF"(@)Ve -0l L2 (0,03 () < ClIV@llLao,riman-1 @) |l L0718 (3.46)
where g, is the n-th element of the sequence introduced above. Consider n = 2: we have
IF"(¢)Vep - U||L2(0,T;L‘72(Q)) < C||V<P||L4(0,T;Lru (Q))HU||L4(0,T;L§) <, (3.47)
and thus, together with (3.45), it yields that
£l 20,7502 () < C-

Then, recalling that g € B3 5(Q) < B 5(Q), for any ¢ < 3 (as long as g, < 3, otherwise we would be already
done), applying the same result as above (cf. [44], Sect. 4), we get

[eell 121 0,7 132 (2))nL2 (0,13 w2032 () < C (3.48)
Coming back to (3.41), holding with v = g3 € [2, %), we now infer
el 2o 0,700 02 )y < ClBIT o 0,090 o 1l 2 0, 1wr222 (02 < € (3.49)
which then entails, by (3.38), that

lell ago,rwraz (@y) < C. (3.50)

Then, we are essentially ready to iterate. Namely, by the same arguments as above, we infer that

||f||L2(0,T;L‘73(Q)) <0,
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so that by [44], Section 4, (3.38) and (3.41) (as long as g3 < 3, otherwise we would be already done), we get

lell 11 0,713 (2))n 20, 73w20s () T+ 1@l Lago, e () < C. (3.51)

Finally, by extending this bootstrap argument, at a general step n for which ¢, < 6 and g,, < 3, we obtain that

2ll 1 0,75 130 (@))nL2 (0, w2 3n (2)) + 1@l 220, 73w 1 an () < C. (3.52)
According to (3.42), we have ¢, — % > 6 and ¢, — % > 3, so that there exists @ > 0 such that
lgn] =6, lam] =3,
where |-] denotes the floor function. Therefore, we can iterate the arguments leading to (3.52) starting from
step m — 1, with the above two quantities in the resulting summability exponents, recall that pg € Bé’Q(Q), and

thus prove (2.20). This concludes the proof of the theorem since by comparison we immediately deduce the
desired regularity on 0y as well.

8.1.6. LH? N L?W;’oo reqularity on ¢ for separated initial data: part (v)

We are left to prove point (v) of Theorem 2.2. Recall that we are additionally assuming v € L*(0,T; L*) as
well as p19 € B 5(Q2). Then, by exploiting the results of the previous section, the regularity in (2.20) is fulfilled
and we easily reach

IE"(0)Ve - v120,75000)) < CIVOlLaorms@pllvllporre) < C.
Going back to (3.45), with the same notation as the previous section, we infer that
f=-Kx8ip— F'(p)Ve-v e L*0,T; L°(Q)),
so that, owing to the same result as above ([44], Section 4), we immediately infer that
1l 52 0,738 ())nz2 (0, w28 () < C. (3.53)

We now recall (see, e.g., [5]) that it holds the inequality

e, (3.54)

il < Cllulwo.:

where, as in the previous section, § € (0, 8) with 8 being the Holder exponent in (2.17), and s = %. This entails,
using (3.37) and (3.53), that

114l 23 (0,715 ()) < C,
so that, by letting p — oo in (3.38), this implies that
el L3 0,7w 1. )y < C.

Then, by comparison, we immediately deduce the required regularity on J;p as well. Next, assume v €
3
L>®(0,T; L) N L*(0,T; LY) and p € B3 4(£2). In this case we have

[ F" (@)Y - vl Lao,r:m) < ClIV@l Lao, sVl e 0, rLs @) < C,
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again thanks to (2.20). Furthermore, being X symmetric, for any ¢ € V,

0 a0}l = | [ 38| = | [ aup x| < Clowll % x v < Clorel v,
entailing that
15 * Oroll oo (0,75v+) < CllOsll o< 0,157+
Therefore, by standard interpolation, recalling the regularity of X and Young’s inequality for convolutions,

1 1
1€ * Oppl 0,31y < ClIK * Oepll 7 e K * Oppl 72

0,T5V*) (0,T3V)

1
875%0”22 (0,T;H) S 07

1
< C||6t<PHzoc(o,T;v*)

where the last constant C' > 0 appears exploiting the regularity given in part (i), since v € L>(0,T; Li) —
L>(0,T; H,). We thus have

f=-X*00—F'"(¢)Vp-veL*0,T;H),
so that, by the result in [44], Section 4 as above, we immediately infer
lllw.a0,7: L2 0,152 () < C. (3.55)
Now it holds (see, e.g., [5]) that
illSys < Cllally o« llall 2, (3.56)

where ¢ € (0,3) and s = 2, so that by (3.37) and (3.55), u € L¥(0,T; W'*(Q)) and thus, by (3.38), also
0 € L3(0,T; Wh*(Q)). This allows to argue as in the proof [43], Lemma 5.4, to deduce that

el zao,7;m2(0)) < C,
concluding the proof of the theorem.

3.2. Continuous dependence results

In this subsection, we aim at proving the continuous dependence results stated in Theorem 2.9 with respect
to the velocity field v. This will be crucial to establish some differentiability properties of the control-to-state
mapping associated to the control problem that will allow us to identify the first-order optimality conditions
for minimizers.

Proof of Theorem 2.9. To begin with, we recall the notation of the statement and set
Vi=U1 vy, Pi= Q1 -y, = — fla, 9o = 9 — o,
and write the system of the differences using (1.18)-(1.21). This leads us to

Oip+Ve-v1+ Ve -v—Ap=0 inQ, (3.57)
p=-Kxp+(F'(p1) = F'(p2)) inQ, (3.58)
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Onpt =0 on %, (3.59)
©(0) = o in . (3.60)

First estimate: part (i)

We now observe that, thanks to the regularity of the two solutions under consideration, the following estimates
are actually rigorous (see also Rem. 2.7). In particular, by the assumptions, we have, for some ¢ > 0,

||()07,||OO S 1-— 5, 1= 1,2, and H()DQHLAL((LT;WI,G(Q)) S C, (361)

thanks to (2.20), holding for s.
We test (3.57) by ¢, take the gradient of (3.58) and test it by V. In those computations, let us highlight
that

V(F'(¢1) = F'(p2)) = F"(¢1)V1 — F"(02) Voo
= (F"(p1) = F"(2)) V2 + F" (1) V.

Then, adding the resulting identities and rearranging the terms, we obtain

1d
2 dt

- /Q (F" (1) — F"(2))Vepa - V.

loll? + /Q F' ()| Vel = — /Q (Vion - v) + /Q (VK *0) - Vig

Here, we also account of the fact that one term vanishes as

/QVgo-vl(p:/QV(SD;)-vlz—/ﬂ(@;>divvl+/r<(p2)vl-nzo.

Moreover, we owe to H2 to infer that

/Q F"(01)|Vl? > af| Vo2,

Then, for a positive constant € yet to be selected, we have

—/Q(Vm “v)p = /szv Vo < el vlliVell < ellVel® + Celvl?,
/Q(VU< %) - Vo < [ Kllwra s 2l Vell < el Voll* + Cellel,

- / (F" (1) — F"(2))Vig2 - Voo < |lollsl| Voslls [V

< e Vol® + Cellell Vellllezllf o
< el Vel + Cellelllzllwe-

In the above computations, we employed integration by parts, the Holder, Young and Gagliardo—Nirenberg
inequalities, as well as the Lipschitz continuity of F” which follows from the separation property (2.15). We
then collect the above estimates, selecting € small enough and integrate over time. Using the regularity (3.61)
and applying the Gronwall lemma, we obtain the first continuous dependence result (2.24).
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Second estimate: part (ii)

We now move to the second continuous dependence estimate. Due to Theorem 2.2, it follows that

t = [l ivrs + o) lfre € L'0,T), = llp2(t)ll3= € L'(0,T), (3.62)
t = o2 (8) 1. € L0, T). (3.63)

Then, we take the gradient of (3.57) and the laplacian of (3.58) to obtain the corresponding identities
V(0ip) + V(Ve - v1)+V(Vez - v) = VAL =0 in Q,

Ap = —div(VK * ) + F"(01)Ap + (F" (1) = F"(p2)) A
+ (FO (1) = F® (02))|Vepo|® + F® (1) Ve - (Vo1 + Vipa)  in Q.

We test the first one by Vg, the second one by —Ay, and add the resulting equalities leading to a cancellation
to infer that

1d
2dt

- / (F" (1) — F"(2)) AgpaAp — / (FD(p1) — FO) (02)) Vol A
Q Q

||V<PH2+/QF"(¢1)IA90|2=/QVs0-v1A<p+ QV¢2-0A¢+ QdiV(VUC*w)Aw

6
- / F®(p1)Ve- (Vo1 + Vo) Ap = Y I
Q

=1

Notice that this estimate is indeed rigorous thanks to (2.20). We now recall the following elliptic inequality

el < C(llell + [|Ael)-

Exploiting it, together with the Hélder, Young and Agmon inequalities, for a positive constant € yet to be
selected, we infer that

L+ I < |[Vollsllvillell Aell + [IVezlloo o[l A

< IVelE lelzalloillsl Al + 1Vez loollw 1A
< CIVellz(lell® + [Ag)?)villsl Agll + Vel vl Ag]
< el|Apl? + Co(IV el 2o [+l o112 + llp2lFs lv]12),
I < CliglllAgl < ellAg]? + Celloll?,
Iy < Clollool| Al Ag]]

1 1
< Cllellvliel falleell a2 | Agll
1 1 1 3
< Cllellvllellz le2ll a2 1Al + Cllelli lpall a2 | Apll2
i 3
< ClelvliezllazAel + Cllelly leallmz | Apll?

< e Al? + Cellglly lo2lizr + Celleliy llezllze,
I < Cllells Vel A¢] < el Apll? + Cellgallell ol

Is < |F@ (1)l (IVerlls + 1V 02]l6) | Veollsl| Al
< ellAg)? + Cellleallivrs + llozllivr ) Vellliel e
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< 2| A¢|* + Cellen e + llallfee + llerllire + el el
Observe that, to handle I3, we have used the inequality
[div(VE = p)|| < Clle]l,

which is valid recalling assumption H4 and [3], Lemma 2. Collecting all the estimates above, recalling assumption
H2, applying Poincaré’s inequality where necessary, recall that we are assuming (¢)q = 0, and choosing a
consequently small € > 0, we end up, after integrating over time for an arbitrary ¢ € [0,7"), with

1 o 1 k k
5 [1ver+5 [ 1aer<; [ vl +c [ 196l +C [ lealfinelol?
Q Qt Q 0 0
t
+ [ IVl (el +lealin)
t
+€ [ erlivno + lealiro + lerliyro + lealiyroHlonl + for [ 17l (3.64)

All the terms are in the usual form in order to apply Gronwall’s lemma but the following one that can be
controlled by Holder’s inequality as

t t
[ eatfostol < [ (el [ for=02P) < el <canlolscrr,

We then use the regularity (3.62)-(3.63) together with the assumptions on vy, v2, and apply the Gronwall lemma
to deduce (2.25) concluding the proof.
O

4. THE CONTROL PROBLEM

This section is devoted to the analysis of the optimal control (CP). As mentioned, the control variable
consists of a prescribed solenoidal velocity flow occurring in equation (1.18). From the mathematical properties
of the state system (1.18)-(1.21) addressed in Section 3, the associated control-to-state operator 8, also referred
to as the solution operator, is well-defined and continuous between suitable Banach spaces. For convenience, let
us repeat here some notation. First, the tracking-type cost functional we aim at minimizing is defined by (1.17)
subject to admissible controls v belonging to

Vaq := {v € L=(0,T; L) N L*(0,T; Hy) : Vmin < U < Upax}- (4.1)
The specific assumptions on the constants and target functions in (1.17) and (4.1) are expressed by C4-C5.
From now on, as the velocity v will be constrained in V,q, notice that all the technical requirements in Theorem

2.2 and 2.9 are fulfilled. Besides, as we will address some differentiability properties of 8, let us take an open
ball in the L°°-topology containing the set of admissible controls V,4. Namely, we fix R > 0 such that

Vi © Vi = {v € L0, T, L¥(Q) N L2(0, T5 Hy) ¢ |[o] oo min) < R}
Then, the control-to-state operator S is the well-posed map

§:Vr—Y, S:ve (o) =(81(v),82(v)),
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where (p, 1) is the unique solution to (1.18)-(1.21) corresponding to v and Y indicates the state space which
arises from Theorem 2.2 and it is defined as

Y=Yy x Yo o= (H(0,73L5@) N L=(0,T:V) 0 L0, Ts W) 1 L2(0, T3 W (92)))

X (W“(O, T, H) 0 CO([0,T]; V) N L3(0, T; Wh4(2)) 0 LA(0, T W)). (4.2)
Besides, as a consequence of Theorem 2.9, § is also Lipschitz continuous in the sense expressed in the theorem
and we also recall that ¢ = 81 (v) enjoys the separation property (2.15)

The solution operator given above allows us to reduce the optimization problem (CP) in the usual manner
via the reduced cost functional

rea(v) := J(v; 81 (v)), (4.3)
leading to the minimization problem

Jnin Jrea(v).

4.1. Existence of optimal controls

The first step consists in proving Theorem 2.10. This can be done by a straightforward application of the
direct method of calculus of variations.

Proof of Theorem 2.10. First, we notice that J is bounded from below as it is nonnegative. Let {v,}, C Vag
be a minimizing sequence for Jcq and let (¢, pn) := 8(v,,) denote the sequence of the corresponding states,
n € N. Then, up to nonrelabeled subsequences, there exists v € V,q such that

v, — 0 weakly* in L>(0,T; L>) N L*(0,T; H,). (4.4)

By the results of Theorem 2.2, since the sequence {(¢n, iin)} is associated to the same initial datum ¢y and v,
is uniformly bounded, we immediately infer the following uniform bounds

[enllyinre@) + llunlly, < C.

This implies, by standard weak and weak* compactness arguments, that there exists (g, %) such that, up to
subsequences,

on = @ weakly* in Y4 N L>®(Q), pn — 1 weakly™ in Yo,

which imply, by the Aubin—Lions—Simon lemma, that
©n — @ strongly in C°([0,T]; H"(Q)) N L*(0, T; W*%(Q)), Vs € [0,2),r €]0,1).

Note now that, for any n € N, (¢, p,) satisfies (2.7)-(2.8) with v := v,,. From these convergences and (4.4)
we can easily pass to the limit as n — oo in the weak formulation (2.7)-(2.8) and deduce that (@, ) is a weak
solution according to the definition of Theorem 2.2 with v := ©. Therefore, by the uniqueness of weak solutions,
we immediately infer 8(v) = (@, f), i.e., the pair (v,%) is admissible for the minimization problem (CP). By
weak lower sequential semicontinuity of norms, it readily follows that (U, %) is optimal for J. Indeed, recall that
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the above convergences also imply ¢, (T) — B(T) strongly in H as n — oo. Therefore, (v, ) yields a solution
to (CP) and the proof is concluded. O

4.2. Differentiability properties of the solution operator

The natural subsequent step is providing some optimality conditions for the minimizers of (CP). Since the set
of admissible controls V,q is convex, it is well-known that the first-order optimality conditions are characterized
by a suitable variational inequality of the form

<D3red(ﬁ)7v - 6> >0 Vv € Vadv (45)

where Jyeq is the reduced cost functional introduced above, and DJ,eq stands for its Fréchet derivative in a
suitable mathematical framework. The aim of this section is to set the ground to rigorously justify the above
formula. In this direction, the first step is to obtain some differentiability properties of the control-to-state
operator 8.

We then fix a control © € Vi and denote by (p, %) := 8(v) the corresponding state. Then, the linearized
system to (1.18)-(1.21) at @, for any w € L?(0,T; H,), reads (in strong form) as

O+ VE-T+VE-w—An=0 inQ, (4.6)
n=-Xx{+F"(@)¢ in Q, (4.7)
Onn =20 on X, (4.8)
£&0)=0 in . (4.9)

The weak well-posedness of the above system follows.

Theorem 4.1. Suppose that H2-H3 and C1-C2 and C5 are fulfilled. Then, for every w € L?(0,T; H,), there
exists a unique solution (§,9) to the linearized system (4.6)-(4.9) in the sense that

€€ HY(0,T;VF) N CO([0,T); H) N L2(0, T3 V), o € L2(0,T;V),
and it fulfills
(01&, v) /ﬁv Vv-l—/Vgo wv+/Vn Vo =0
for everyv € V, and a.e. in (0,T), (4.10)

/ nu = —/ K * v Jr/ F'(@)¢v  for everyv € V, and a.e. in (0,T), (4.11)
Q Q Q

as well as the initial condition
£0)=0 1nQ.

Proof. The proof of existence is standard and can be performed by approximation argument, for instance, using a
Faedo—Galerkin scheme. For this reason, we proceed formally by avoiding the introduction of any approximation
scheme and limiting ourselves to provide formal estimates.

First estimate. We test (4.6) by N¢ (observe that £, = 0), (4.7) by —¢ and add the resulting identities to
obtain

sl + [ Pl = [ eo-vne— [ (Vo we+ [ e



28 A. POIATTI AND A. SIGNORI

From H2, we readily get

/ FI@)¢ > all].

Let us now move to bound the terms on the right-hand side. In this direction, we use the definition of N
introduced in Section 2.1, the Holder and Young inequalities, and the regularity of @ as solution to (1.18)-(1.21)
in the sense of Theorem 2.2. Recalling that @ € [—1, 1], we have that

| &5 INE < Ielpllil. < IR + Clel?,
- (V- wNe = [ - VNG < [l VNE] < Clol? + O
J @06 = ®reo < welvliel. < lelliell < Slel® + el
where we also owe to

[+ Ellv < O K+ £ + [VE = £[]) < Clell,

which follows from Young’s inequality for convolutions and C1. Integrating over time and employing Gronwall’s
lemma, recalling the regularity on w, yield

1]l Lo 0, 73v )Lz 0,10y < Cllwl|p20,11,) < C- (4.12)

Second estimate. Using the above estimate (4.12), it is not difficult to realize, from a comparison argument
n (4.7), that also

Il 220,70y < CllwllL20,7:8,) < C-

Third estimate. Next, we test (4.6) by & Then, we consider the gradient of equation (4.7) and test it by
—V¢. Adding the identities leads us to

sl + [ Prover = - [ veve- [ vooue
VK &) -VeE— | FO@)WVee- VE.
+/Q< €)- Ve /Q (@)Vee - Ve

The second term on the left-hand side is bounded from below, again, due to H2. Next, we observe that, being
v € Vg divergence-free,

2 2 2
f/(zvg.ﬁng/QV(%>~ /Q(g)dlvvf F%F'nzo.

To bound the other terms, we owe to the Holder, Gagliardo—Nirenberg and Young inequalities. Namely, we find
that

[ (955 €) - 9 < 1Ko 111981 < SUTEIR +CeI



REGULARITY RESULTS AND OPTIMAL VELOCITY CONTROL 29

- / Ve wé = / Pw - Ve < Bl lwll|VE] < EIVEN? + Cllaw]?,
Q Q
- / FO@)Vpe - Ve < |FO @) ool VBl €llsl VE]

« _
SIVEIE + ClBlly o i€ Ve

« _
< S IVEl® + Clizllwa s lIE]1.

IN

We then integrate over time, recalling also that t — [|&(t)||f16 € L*(0,T) and w € L?*(0,T; H,), and apply
the Gronwall’s lemma to conclude that

€1l o< 0,722 0,7:v) < Cllwl|L20,7:0,) < C.

As before, comparison in (4.7) readily produces

7l z20,7;v) < Cllwl|L20,7:1,) < C-

Fourth estimate. From a comparison argument in (4.6) it is a standard matter to infer that

191 22 0,7;v+) < Cllw|lz20,1,81,) < C.

Finally, the continuity property of ¢ can be easily deduced due to the continuous embedding H*(0,7;V*) N
L?(0,T;V) < C°([0,T]; H).

As far as uniqueness is concerned, we notice that system (4.6)-(4.9) is linear. Thus, the above estimates
readily entail uniqueness. Indeed, for two special solutions (&;,7;), ¢ = 1,2, we set (§,7) := (&1 — &2,m1 — 12) and
observe that the above estimates hold for (£,7) with C' = 0. Hence, the claimed uniqueness follows. O

It is now naturally expected that, provided we select the correct Banach spaces, the linearized system captures
the behavior of the Fréchet derivative of the solution operator, that is, the identity D8(T)[w] = (§,7n) holds in
a suitable mathematical setting. This is rigorously stated in the following result, where the following Banach
space appears

X := (H"(0,T;V*)nC°[0,T); H) N L*(0,T;V)) x L*(0,T; V).

Theorem 4.2. Suppose that H2-H3 and C1-C2 and C5 are in force. Then, the solution mapping 8 is Fréchet
differentiable at every © € Vi as a mapping from L°(0,T; H,) into X. In addition, it holds that

DS8(v) € L(L°(0,T; H,),X) and DS(w)w] = (£,n)

with (§,1n) being the unique solution to the linearized system (4.6)-(4.9) corresponding to w as given by Theorem

4.1.

Proof of Theorem 4.2. Suppose the identity DS(v)[w] = (£, 1) has been proven. Then, it readily follows from
Theorem 4.1 that D8(v) € L(L%(0,T; H,),X) as w > (£, n) is linear and continuous from L?(0,T; H,) to X.
Let us then show that D8(v)[w] = (£,n) by checking that

[§(@ +w) —8(v) — (£, n)llx
|wll s 0,7:8.,)

— 0 as ||lw|rso,rm,) — 0. (4.13)
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As a matter of fact, what we are going to prove is a specific estimate that will imply the above property. Namely,
we aim at showing that

18( +w) = 8(%) — (& )llx < Cllwll7oor:8,)

for a suitable positive constant C' > 0. Without loss of generality, we tacitly assume from now on that the norm
of the increment w is small enough so that ¥ + w remains in the open set V. Upon setting

(@aﬁ) :S(ﬁ—i_w)v (@aﬂ) 28(6)7 ¢:$_¢_§7 ﬁ:ﬂ_ﬁ_rh
the above inequality (4.13) amounts proving the existence of a constant C' > 0 such that
1. )l < CllwllZoo,ri.)-
In the direction of checking the above estimate, we write the system solved by (v, 1), noticing that, by the pre-

vious regularity results, we have (¢, ) € X. Namely, we consider the difference between (1.18)-(1.21) considered
at U+ w and at U, together with (4.6)-(4.9). We thus infer that the pair (1,9) is a (weak) solution to

Oop+VY-v+V(@E—-9) - w—-—A)=0 in Q, (4.14)
D= —Kxv+ [F'(P) - F'@) - '@ i, (4.15)
Ont¥ =0 on X, (4.16)
$(0) =0 in Q. (4.17)

Before proceeding, it is worth noticing that, as a consequence of Theorem 2.2, recall v € Vi and C1- C2 are
in force, we have that

e (0,1): e C’B’g(@% and || s 0,7,w 14 (Q))n L4 0,75 52 Q)N L3 (0, Tsw e () < C,
with ¢ € {@, P}, as well as the validity of the strict separation property
36 >0: max{|@(x,t)|,[@(x, )]} <1-6 V(z,t) €Q.
Thus, using also C6, there exists a positive constant C such that
’F(k)((ﬁ(x,t)) - F(k)(é(x,t)ﬂ < O1p(z,t) —p(z,t)| V(z,t)€Q, k=0,..,3.
Besides, from Theorem 2.9, it holds the continuous dependence result
1@ = @llL=(0.7v)nz0.m:w) < ClwllLso1;8,)- (4.18)
Finally, we recall Taylor’s formula with integral remainder for a generic regular function f € C?(R):
f@) — @)~ F®)E = f @9 +RE-9)° (4.19)

where the remainder R is defined as

R = / 7+ 5B - 7)1 —s)ds.
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For our purposes, f = F*) with k = 1,2 and we abuse notation by denoting the corresponding remainders with
the same symbol R. Due to the regularity assumed in H2, along with the separation property (3.33), it holds
that the associated remainders are uniformly bounded. We are now ready to show the claimed estimate.

First estimate. Below, we are going to consider the gradient of equation (4.15). Hence, we highlight the
identity

VIF'(§) - F' (%) — F"(®)¢] = F"(§)Ve — F'(@)Ve — FO(3)Vge — F'(3)VE
=[F"(@) - F"(®) - F®®)¢ Ve
+ (F"(@) = F"(@)V(¢ —9) + F'(@)Vy = © + F"(7) V.

Next, we test (4.14) by Nty 4 1 (observe that g = 0), (4.15) by 1, the gradient of (4.15) by Vi, and add the
resulting equalities to obtain that

1d 2 2 1 (— 2
53 Ve 11D+ [ F@Ivs

— [ Vo-wNe - [ VE-9) we+u)+ [ (Kxv)
Q Q Q
6
IO — F'(3) — F'(5 XK . _ 0.V = I,
+ @ -PE - FEdes (5 vo- [0 ve=3
where we recall that, arguing as previously done,

P
Q
Using similar computations as in the other proofs, for a positive constant ¢ yet to be chosen, we infer that

L+ LI < [[9]|[[0llco[VND|| + ClI K lwraan 1911+ VL)
< el VoI + Ce(Iel + [1v1?),
I < ||V(& = D)llsllwll(INvlle + [ ls) < el VEI* + CIV(@ — D)3 ]lw]®
+Ce([ 113+ 1911%)
< el VoI + ClIV(@ = D)1 = DI +IAG = D) D llwl*+Ce (112 + 91
< el VYl + llwl* + Cell@ = BllL 0.0 (12 = DIV +IA@ - 2)P)
+C(lwlZ + w1,
I < | F"®@)lloo I¥1 + 1Rl 12 = BlZ 101 < CUIP + 18 = 2Iy),

where we applied also Poincaré’s inequality and Taylor’s formula (4.19) with f = F’ and integrated by parts
the first integral I;. As for Ig, using the above definition of O, we infer that

Is < |I8lllIVell < e Vel* + Cc Ol
< e Vo) + C| FO @)% 1 31VPIE + CIRIZNE — 2l vVl
< el VoI + Cellwl3I@liye + Cel@ = Blv @l
< 2e[[VY|1* + CellplP (@l + Cell@ = Blv @,
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owing to Taylor’s formula (4.19) with f = F”. Collecting all the above estimates, recalling H2 and choosing ¢
suitably small, we get

1d .
5 77 (I + 10%) + al Vel < CQIE + 1117) + 118 = 21y + [lw]l*
+ & = Blli~ 0.1 (12 = BIV+IAG = D))

We now apply Gronwall’s lemma, noticing that ¢ — [|[@(t)[|31.6 € L*(0,T) and recalling the stability estimate
(4.18) and obtain that

191 Lo (0,735 L2 (0, T3v) < CHwH%G(O,T;HU)'

Second estimate. From the above estimate it readily follows, from a comparison argument in (4.15), that

191 L20,73v) < C”w”zLG(O,T;H,,)'

Third estimate. We finally go back to equation (4.6) to infer by comparison, using the above bounds, that
10e] L2 (0,75v+) < C”w”%G(O,T;HG)'

This latter also entails ||1[|co(jo,7);m) < C’H'w||2L6(0 7.1,y due to standard compactness embeddings. This
concludes the proof as the above estimates imply (4.13), whence the claim. O

4.3. Optimality conditions

The final step consists in proving Theorem 2.11, but first we point out the following intermediate result.

Theorem 4.3. Assume that C1-C6 are in force. Let © € V.4 be an optimal control with corresponding state
(@, ;) = 8(v). Then, it holds that

" /Q (@ - 0Q)€ + 2 / (B(T) — pa)e(T) + 75 /Q T (w-D)>0 VoV, (4.20)

where (€,n) stands for the unique linearized variables associated to w = v — U as given by Theorem 4.1.

Proof of Theorem 4.3. This is a straightforward consequence of the abstract result (4.5) along with Theorem
4.1, the definition of the cost functional J, and the chain rule. O

As customary, (4.20) is not helpful in numeric schemes and have to be somehow simplified. This is done by
the help of an additional problem related to (1.18)-(1.21) called adjoint system. It consists of a backward-in-time
parabolic system in the variables (p,q) and, in its strong form, it reads as

—Op—Kxq+F'(D)g—Vp-v=7(P—pqg) inQ, (4.21)
qg=—-Ap in Q, (4.22)
Onp =0 on ¥, (4.23)
p(T) =2(2(T) — ¢a) in Q. (4.24)
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Theorem 4.4. Suppose that C1-C6 hold. Let © be an optimal control with corresponding state (g, 1) := 8(v).
Then, there exists a unique solution (p,q) to the adjoint system (4.21)-(4.24) in the sense that

p € H'(0, TV )N CO([0,T); V)N L*(0,T:W), g€ L*(0,T; H),
and it solves
(w0~ [ Kxqut [ F@aw- [ (T = [ 1@ - o
Q Q Q Q
for everyv € V, and a.e. in (0,T), (4.25)

/ qu = / Vp-Vu for everyv € V, and a.e. in (0,T), (4.26)
Q Q

as well as the terminal condition
p(T) =7@(T) —va) in.

Proof of Theorem 4.4. Again, we proceed formally. The rigorous proof can be performed, e.g., by using a Faedo—
Galerkin approximation scheme.

First estimate. We test (4.21) by ¢, (4.22) by 9;p and add the resulting identities to infer that

1d

—§%||Vpll2+/QF”(¢)\QIQ=/Q(JC*q)qﬂL/Q(Vp-?)qu/Q%(@—wQ)q-

As done several times, we owe to the convexity of F' in H2 to derive that the second term on the left-hand side
is bounded from below by «l|g||?. As for the terms on the right-hand side, we use basic computations by means
of Young’s inequality for convolutions to obtain

(0% «
/Q(UC #a)q = (X xq,q) < [1Xxqllvall- < Zlall* + CllallZ < Zllall* + VPl
/Q(Vpi)qu/Q%(@—sOQ)q < [IVell®lleligl + C([@lle + llvallllall
«
< gllal® + CA+ (VeI + lleel®).

Observe that, exploiting (4.26), in the first estimate we have used the bound
lall« < 1IVpll.

Next, we integrate over (¢,T) for an arbitrary ¢ € [0,7) to infer that
T
IVp0)1* +allal < V(D +C [ (93 +C.

Then, we recall (4.24), C4 and the fact that 3 € CY([0,T]; V) as strong solution in the sense of Theorem 2.2,
whence the terminal condition on the right-hand side of the above inequality can be bounded. The backward-
in-time Gronwall lemma then entails that

Il o< 0,7:v) + gl 20,7y < C-
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Second estimate. A comparison argument in (4.22) and elliptic regularity theory produce

I/l L2 0,7w) < C.

Third estimate. Finally, it is a standard matter to derive from (4.21) that

9epl L2 0,7:v+) < C.

In conclusion, we recall that (4.21)-(4.24) is linear: thus, the above computations already entail uniqueness.
O

Proof of Theorem 2.11. To prove the theorem, we compare the variational inequalities (2.26) with (4.20). We
then realize that it suffices to check that

- / P,(5VP) (v —7) =m / (7 — vQ)€ + / (B(T) — )€ (T) (4.27)
Q Q Q

with £ being the first component of the unique solution to (4.6)-(4.9) associated to w = v — ©. In this direction,
we multiply (4.10) by p with w = v — v, (4.11) by —q and integrate over (0,7"). We then owe to the well-known
integration-by-parts formula for functions belonging to H*(0,T; V*) N L%(0, T; H) as well as to (4.25) and (4.26)
to obtain that

0:/0t<6tf,p>—/va-Vp+/QVso-<v—v)p+/QV§-Vp

+ /Q n— K x &+ F'(@)elg
=— 1815, —K * "(p)g—Vp-v —qg—A
/0<p§>+/Q§[9<q+F(<p)q vp H/Qn[q 7l

+ [ o) - [ 900+ [ Ve (0-9).

Q

Using the initial and terminal conditions in (4.9) and (4.24), we are led to (4.27). In particular, we notice that,
since w = v — U € H, and the projector P, is selfadjoint, it holds that

/pro«vv)/QPo(pw»(vv),

concluding the proof. O
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