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LOCAL WELL-POSEDNESS OF THE MORTENSEN OBSERVER

T. BREITEN AND J. SCHRODER®

Abstract. The analytical background of nonlinear observers based on minimal energy estimation is
discussed. It is shown that locally the derivation of the observer equation based on a trajectory with
pointwise minimal energy can be done rigorously. The result is obtained by a local sensitivity analysis
of the value function based on Pontryagin’s maximum principle and the Hamilton-Jacobi-Bellman
equation. The consideration of a differential Riccati equation reveals that locally the second derivative
of the value function is a positive definite matrix. The local convexity ensures existence of a trajectory
minimizing the energy, which is then shown to satisfy the observer equation.
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1. INTRODUCTION

We consider a nonlinear perturbed dynamical system of the form

(1) = Az(t) + G(z(t) @ () + Fu(t), te€ (0,T),

2(0) = xo + 1 (1)

where A € R™", G € R”’"Q,F € R™™ 1y € R" are known and v € L%(0,T;R™),n € R" are assumed to be
(deterministic) disturbances. Let us emphasize that the specific quadratic structure of the nonlinearity is mainly
due to technical simplification rather than a necessary requirement for the results obtained in this article. In
particular, by a process sometimes called lifting, a considerably more general class of nonlinear systems can be
embedded in a structure of the form (1.1), see, e.g., [1, 2]. For the system (1.1), let us consider a (disturbed)
linear observation of the form

y(t) = Cx(t) + p(t), (1.2)

with C € R™™ and p € L?(0,T;R"). The goal of this article is the theoretical analysis of the well-known (see
[3]) Mortensen observer

2(t) = AZ(t) + G(E(t) @ B(t)) + aVE V(L E(t),y) 'O (y(t) — CZ(t)), te (0,T], 13
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2 T. BREITEN AND J. SCHRODER

which can (formally) be derived by pointwise minimization of the minimal value function of an optimal control
problem associated with (1.1). More precisely, for given t € (0,7] and £ € R™ we have that

. 1 1 [t
V(t.Ey)= inf  J(z,vt,y) == [2(0) — 2] + */ [0]* + ally — Cx||* ds,
z€H'(0,6;R™) 2 2 Jo
veL?(0,t;R™)

st. e(z,v;t,8) = (& — Az — Gz ®@x) — Fo,z(t) — &) = 0.

(1.4)

An integral part of our analysis is the discussion of the corresponding time-dependent non-homogeneous
Hamilton-Jacobi-Bellman (HJB) equation

DV(t,6,9) = — (VeV(t,6,), A6 + G ©.8) — 5 |[FTYV( 69| + 5 l(0) - Cel?, s

V(0.6,4) = 3¢ — ol

The observer (1.3) was initially proposed as a mazimum likelihood filter in [3] where the author considered
a more general setup as we do here, also allowing for nonlinear output operators. As was already noted by
Mortensen, it generalizes the Kalman—Bucy filter [4, 5] which is obtained in (1.3) for the special case of linear
dynamics, i.e., when G = 0 in (1.1). In contrast to similar works on nonlinear (stochastic) filtering [6-9],
the maximum likelihood filter relies on a deterministic interpretation of the unknown disturbances n,v and
thereby connecting it to a deterministic optimal control problem of the form (1.4), see also [10] for a thorough
discussion of the linear case. Moreover, the structure (1.3) resembles a state-dependent Luenberger observer
[11]. In the literature, (1.3) is also referred to as a minimum energy estimator [12, 13] or simply the Mortensen
observer/estimator [14, 15]. While initially derived on a formal level, in [14] the author provides a rigorous
analysis of the optimal control problem as well as the value function under the assumption that the arising
nonlinearities are continuously differentiable with globally bounded derivatives, cf. also the more detailed general
exposition in [16]. In [17], it is shown that if the nonlinearities are globally Lipschitz continuous, then the
observer state Z(t) in (1.3) converges asymptotically to the true state x(t) as t — co. Due to the value function
in (1.4) suffering from the curse of dimensionality, different approximations of the Mortensen observer have been
proposed and theoretically analyzed. Let us mention [18] which discusses convergence results for nonlinearities
with a globally bounded second derivative which is used within an approximate minimum energy estimator.
Related to that, in [19] the author discusses convergence results for the extended Kalman filter which is known
to be a (first order) polynomial approximation to the Mortensen observer, see also [3]. More recently, in [15]
a discrete-time version of the Mortensen observer was analyzed under the assumption of affine dynamics. Let
us also point to a numerical realization of the Mortensen observer by a neural network based approximation
approach that was studied in [20].

Looking at the observer equation (1.3) it becomes apparent that for the discussion of well-posedness of
the observer trajectory it is essential to ensure existence of the Hessian vggv and further to show that it is
an invertible matrix. In general however, value functions are notoriously non-smooth, therefore showing the
required smoothness is one of the main challenges of this work. For example, the seminal work [21] displays,
that HJB equations as in (1.5) generally do not allow for a classical notion of a solution. Early works on
regularity of value functions for finite and infinite-dimensional systems can be found in, e.g., [22, 23]. In the
latter references, the considered nonlinearities are assumed to be Lipschitz continuous and exhibit a linear
growth condition w.r.t. the state variable. In view of the term G(x ® x), these results do not directly apply
here. Let us also refer to [24, 25] where the authors show local regularity results for HJB solutions based on
pointwise regularity. In the context of (unconstrained) infinite-horizon control problems, in [26, 27] it has been
shown that the associated (time-independent) value function is infinitely often differentiable. The problem of
finite-horizon control problems under state and control constraints was discussed in [28-30]. Here the authors
were able to show that the solutions of a parameterized problem depend on said parameter in a differentiable
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fashion. However, these results do not yield time-differentiability of the value function considered in this work,
because the controls are assumed to be essentially bounded. Further [29, 30] explicitly assume the parameter
to be independent of time.

In this article, we will employ some of the ideas from [26, 27] and perform a sensitivity analysis for appro-
priately chosen time-dependent finite-horizon non-homogeneous control problems as in (1.4). Our main results
can be summarized as follows:

(i) Based on a nominal trajectory obtained for the undisturbed dynamics, we define a local neighborhood on
which the HJB equation (1.5) has a classical solution, see Theorem 4.9.

(ii) For the Hessian vggv of the value function V), in Theorem 5.1 we analyze a specific differential Riccati
equation whose solution we show to be positive definite. As a consequence, in Theorem 5.3, we locally
extend this result implying the (local) positive definiteness of VEEV(t, &, y).

(iii) In Lemma 6.1 we establish an upper bound for minimizers of V(t,-,y). Together with the local strict
convexity of V a unique minimizer can be identified as a solution of V V(¢,-,y) = 0, ¢f. Proposition 6.2.

(iv) For continuous y sufficiently close to CZ the observer equation can then be derived in a rigorous man-
ner. Via a density argument the result is transferred to less regular data. The main result is stated in
Theorem 6.6. It shows that if initial perturbation and dynamics as well as output disturbances are
sufficiently small, the Mortensen observer (1.3) is well-defined.

The technique of showing regularity of the value function by an application of the inverse mapping theorem
that we deploy is a well known tool in the context of sensitivity analysis. A thorough display stating general
results can be found for example in [31]. The results presented there could be used to show first order differentia-
bility of the value function with respect to space and time. However, this work further requires time continuity
of the spatial derivatives of the value function up to order three. To the best of the authors’ knowledge this
smoothness can not be obtained directly with any of the available theory, therefore this work contains the
technical sensitivity analysis of the specific problem using only elementary results. The above mentioned time
continuity of V¢V, Vggv and V3,V is shown using an argument of time uniform convergence of the difference
quotients utilizing a bound for the spatial derivatives, see Proposition 4.8. Hence it is crucial that all constants
in this work remain independent of time. While this poses a challenge throughout the article, it also allows for
a stronger result, see Remark 6.7.

Notation. If not mentioned otherwise, || - || will denote the Euclidean norm on R?, where the dimension
d varies. The associated scalar product is denoted by (-,-). The i-th canonical basis vector is denoted by e;.
Further we denote by I the identity matrix of dimension d and the matrix spectral norm is denoted by || - ||2. The
Kronecker product of two matrices A and B or two vectors x and y is denoted by A ® B and x ® y, respectively.
For 1 < p < oo we denote by LP(0,T;R?) the Lebesgue spaces, while H'(0,7;R?) denotes the Sobolev space
of functions with a first weak derivative in L2(0,T;R%). Furthermore C([0,T]; R?) and C*([0, T]; R?) denote
the spaces of functions f: [0, 7] — R< that are continuous and k times continuously differentiable, respectively.
For d = 1 the image space is dropped in the notation. The space of all functions from C*°([0,T];R™) with
compact support is denoted by C§°([0,T];R™). All mentioned spaces are equipped with their standard norms.
The space of solution trajectories will be denoted by V; and is given by H'(0,t;R™) equipped with the norm
I+ llv, = max (|| - g0,y | - |2 (0,6:8m)) -

For two Banach spaces X and Y their Cartesian product is denoted by X x Y and equipped with the norm
Iz, y)|lxxy = max (||z]x, ||y|]ly). Further L(X,Y) denotes the space of linear and bounded mappings from X
to Y. For an element € X and a real number € > 0 the open ball of radius € around x is denoted by U, (z).
The weak convergence of a sequence xry to some x is denoted as xp — x, for £ — oco. For a function f: X — Y
its Fréchet derivative is denoted by Df. For a function f: X; x Xo — Y, where X; and X» are Banach spaces,
the partial Fréchet derivative with respect to the first variable is denoted by D, f. Higher order and mixed
partial derivatives are denoted with appropriate indices, e.g., Dilwz f-

Throughout this work we use ¢ as a generic constant.
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2. PRELIMINARIES
For this entire work let 7' > 0 be fixed. In order to formulate the state equation of interest assume that for

some given initial value o € R™ and matrices A € R™" and G € R™"™ the problem

#(t) = Az(t) + G(z(t) @ z(t)),

2(0) = xo,

admits a unique solution & € Vp. This so-called nominal trajectory x will play an important role throughout
this work. The state equation is formulated on an interval [0, ¢], where ¢t € (0, T is fixed. It reads

Ax(s) + G(z(s) @ x(s)) + Fo(s),
a(t) = 2(t) + ¢,

S
—~
)
N
I

(2.1)

where the matrix F' € R™™ is given. Furthermore the disturbance v € L?(0,¢; R™) is for now fixed. One searches
for a solution = € V; that satisfies the first equation almost everywhere in [0, {]. We point out the subtle difference
of the formulations (1.4) and (2.1). In the former £ denotes the final state of the system while in the latter
it denotes the difference from the model trajectory at the final time. This adjustment can be considered as a
change of coordinates. Instead of considering neighborhoods around Z, we deal with neighborhoods of zero.

We further want to emphasize that the dynamics considered in this work are given by a disturbed initial
value problem, see (1.1). This specifically means that the dynamics evolve forward in time, as does the observer
trajectory characterized by (1.3). However, the technical discussions of this work are concerned with the state
equation of the optimal control problem which is given as a final value problem and therefore is associated with
dynamics evolving backwards in time, see (1.4) and (2.1). This discrepancy stems from the idea to define the
observer via an energy minimization and sets our discussion apart from the dominant literature. There the value
function and HJB equation is usually discussed in the context of a forward problem.

Before the state equation can be discussed, a result about a general linear equation is presented. It is of the
form

-
—
D)
N
I

By(s)z(s) + f(s), (2.2)

where f € L?(0,t;R") is fixed. The system matrix B; is not only time-dependent, but also depends on the
interval [0,¢] on which the equation is considered. However it will be assumed that the spectral norm of the
system matrix is bounded uniformly in time and in the parameter . Since the right hand side is measurable
and integrable in s, and fulfills a generalized Lipschitz condition in x, this problem admits a unique solution
x € V;. The following lemma presents an estimate for the solution.

Lemma 2.1. Let s — Bi(s) € R™™ be a matriz-valued function depending on the parameter t € (0,T]. Let
t € (0,T) and assume that there exists a constant k > 0 independent of t and s such that for all s € [0,t] it holds
| Bt(s)|l2 < k. Then there exists a constant ¢(k) > 0 independent of t, & and f such that the unique solution
x € Vi of (2.2) satisfies

lzllv. < es) (Il + 1 L2o,6mm)) -

Proof. The proof is done in a standard way by testing the equation with its solution and integrating over time.
Utilizing Young’s inequality, Gronwall’s inequality and the representation of & given by the equation yields the
assertion. 0
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Via a time transformation it can be shown that the same result holds, if one considers a final value problem
instead of the initial value problem.

3. THE OPTIMAL CONTROL PROBLEM

The main result of this work is the proof of existence of a solution to the observer equation

)
=
S~—"

I

A (D)) + G(E(t) @ 2(t) + aVEV( Z(t),w) 'CT(w(t) — CZ(t), te (0,7, 3.1)

where A'(t) = A+ G(Z(t) ® I,) + G(I, ® Z(t)). The function V(¢, £, w) is the value function associated with the
control problem

1 t
inf J(z,v:t,w) = = ||2(0) — o[> + = 2 —C(x—7)|*ds,
e o ) (z,v5t,w) |2(0) — o] +2/0 [v]|* + allw — C(z — ) [|*ds

s.t.e(x,v;t,8) = (& — Ar — Gz @ x) — Fu,x(t) — &(t) — &) =0,

(3.2)

where t € (0,7], a > 0, C € R™™, w € L*(0,+;R") and ¢ € R" are fixed. The given zo € R" is the initial
condition of the nominal trajectory z.

Similar to the coordinate change performed for £, we utilize a transformation for the measured data. The
control problem and the value function are not formulated in terms of the measured data y. Instead they depend
on the difference of measured data and modeled output. More precisely, we introduce the variable w =y — CZ.
Now the undisturbed model considered on [0, ] corresponds to £ = 0 and w = 0 instead of £ = Z(¢) and y = CZ.
In this sense (3.1) can be understood as an adjusted version of (1.3). Specifically, the solution trajectories are
shifted by . Since both formulations are equivalent, it suffices to show results for the shifted one.

The purpose of Sections 3 to 5 is to prove sufficient regularity of V such that vggv exists and is an invertible
matrix. This however can only be achieved in a local sense, which results in the necessity for an upper bound
on ||wl|z2(0,rrr) to ensure solvability of (3.1). More precisely, it will be shown that there exists a constant
d > 0 such that the assertion holds for all w satisfying ||w||z2(0,7;rr) < d. In order to achieve this, it is essential
that all constants describing locality are independent of time. This goal will pose a challenge throughout this
work. We show existence and uniqueness of a solution of the optimal control problem on the time horizon
[0,¢] for any fixed ¢t € (0,7]. Without extra effort one would obtain the results to hold under the assumption
w2 (0,6m) < 0(t), where 6 — 0, for ¢ — 0. This issue carries over to V(t,-,-) being smooth on a domain of
raidus §(t) that vanishes for ¢ — 0. While it takes some additional effort to avoid such time dependencies it
leads to a considerably stronger result. The specific benefits of this effort are summarized in Remark 6.7.

In order to obtain regularity results concerning V), one first has to perform a standard analysis of the optimal
control problem. The remainder of this section is concerned with solvability of the state equation, existence of
minimizers and the first order optimality condition expressed wvia the solution of the adjoint state equation.

3.1. State equation

First it will be shown that for £ € R® and v € L?(0,t;R™) with sufficiently small norms the state
equation (2.1) admits a unique solution. For this subsection let ¢ € (0,T] be fixed. First consider

t=—-Ar— G, @%)x —GE:I,)r - Glaxex)— f, (0)=¢, (3.3)

on the interval [0,¢], where Z;(s) := Z(t — s) is a time transformation of the nominal trajectory on [0, ¢].
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Proposition 3.1. Let t € (0,7] and let ¢ = ¢(||All2 + 2||G||2||Z]| Lo (0,7;r")) be the constant from Lemma 2.1.
Then there exists a constant 87 > 0 independent of t such that for all ¢ € R™ and f € L*(0,t;R™) satisfying

€I+ 112 (0,6:7) < 03

there exists a unique solution x € V; of (3.3). It satisfies

lzllve < 2 (€l + 11|20, -

Proof. The proof of existence and the bound is carried out via a fixed point argument on the set

M= {z eV |lzllv. < 2e(lEll + /22 0,6mm)) } -

Such a strategy to prove existence of a solution can be found for example in [26], Lemma 5. Uniqueness of the
solution in V; is proven in a standard manner. O

Remark 3.2. For an appropriate estimation of the quadratic term the estimates for both the sup norm and the
H'-norm are required. The need for the estimate of the sup norm can not be circumvented by the continuous
embedding

|z — &l oo (0,mm) <€)z — Tl 11 (0,6:m7)-

This is due to the unboundedness of the optimal embedding constant ¢(t) = sinh(t)_% (see [32]) for t approaching
zero. Without the estimate for the sup norm J; would depend on time ¢ with the property d;(t) — 0 for ¢ — 0.
This issue will come up frequently in the following discussions. Therefore estimates are presented for the V;-norm
instead of the H'-norm.

The unique solvability of the state equation follows immediately.

Corollary 3.3. There exist constants 61 > 0 and ¢ > 0 independent of t such that for any pair (§,v) € R™ X
L2(0,;R™) satisfying ||€]| + [[v]|20,mm) < 01 the state equation (2.1) admits a unique solution x € V. It
satisfies

lz = 2l < e (llEll + lvllz20,em)) -

Proof. Let & and v be sufficiently small. According to Proposition 3.1 system (3.3) with f(s) = Fv(t — s) admits
a unique solution z. It follows that e(s) := z(¢ — s) is the unique solution to

e=Ae+ G, @%)e+G@E®I,)e+ Gle®e)+ Fu, e(t) =¢.
Then x = T + e is the desired solution and satisfies the estimate of the assertion. O

3.2. Existence of a minimizer

Next it will be shown that for sufficiently small data the control problem admits a solution. Again the proof
can be done using well known techniques and we limit its discussion to a rough sketch. For the general result
we refer to [33], Theorem 1.45 and for a very similar statement see [26], Lemma 8.

Proposition 3.4. Let t € (0,T]. There exists a constant d2 € (0,61] independent of t such that for all (§,w) €
R™ x L*(0,t;R") satisfying max (||€]], |w||2(0,6r)) < 02 the optimal control problem (3.2) admits a solution
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(2,9) € V; x L?(0,t;R™). Furthermore, there exists a constant My > 0 independent of t, & and w such that any
minimizing pair (z,u) € V; x L?(0,t;R™) satisfies

max (|| = Z[lvi, llull 2 (0,6m)) < Mimax ([I€]l, lwllz2(o,emr)) -

Proof. For now set o = d;. With Corollary 3.3 it follows that the uncontrolled state equation associated with
¢ admits a unique solution. Hence one obtains an upper bound for the infimum in (3.2) of the form j < c63.
For a minimizing sequence (zj,v;) one can assume J(zy, vy t,w) < 2¢65 which yields [|vg||r2(0,6rm) < V2¢0s.
A reduction of & leads to [|€]| + [[vg||z2(0,emm) < 02 + V2¢d2 < 61 allowing the application of Corollary 3.3 to
the state equation controlled by vg. Going over to appropriate subsequences of the bounded sequences (zy) and
(vk) implies the existence of weak limits Z and . Passing to the weak limit it is shown that e(z,v,£,t) = 0.
In order to pass to the weak limit in the quadratic term one has to go over to a subsequence that converges
strongly in L?(0,¢;R™). This is possible because H! is compactly embedded in L?. Since the cost functional is
weakly sequentially lower semi continuous, (Z, ¥) is a minimizer. The estimate can be derived with the strategies
applied to show boundedness of the minimizing sequence. O

3.3. Necessary optimality condition

In this subsection a first order necessary optimality condition of the optimal control problem will be derived.

Proposition 3.5. Let t € (0,T] be fized and assume max(||§\|,||w||Lz(0’t;Rr)) < 6y and let (z,9) € Vi x
L?(0,t;R™) be a minimizer of the corresponding optimal control problem (3.2). Then there exists a unique
adjoint state p € Vy satisfying

p=-Ap— (3" 0L)G p—([,®2" )G p+al’(w—C(z - 7)), (3.4)
p(0) = zo — 2(0),
T4+ F p=0,

where (3.4) is fulfilled almost everywhere in [0,t], (3.5) is fulfilled in R™ and (3.6) holds in L?(0,t;R™).
Furthermore there exists a constant My > 0 independent of t, T, v, and w such that it holds

Ipllv: < Mz max ([I&]], [lw]| 2 0,mr)) -

Proof. This standard result can be shown for example by an application of [34], Proposition 1, Section 4.14. [

4. SENSITIVITY ANALYSIS

For (¢,w) satisfying max (||¢]], [|w|lr2(0,r;r")) < 62 and t € (0,7] the value function corresponding to the
control problem (3.2) is defined as

V(t, & w) = mi‘gl J(z,v;t,w), subject to: e(z,v;t,&) =0
pAS
veLQ(O,tt;]R"")

with initialization defined by V(0,¢,w) = 3|¢||?. Note that due to Proposition 3.4 it is well-defined.
The goal of this section is to show sufficient regularity of the value function to ensure that its Hessian VEEV
is well-defined and differentiable in ¢.

4.1. Regularity in space and measurement

The regularity of the value function with respect to the last two variables will be shown using the chain rule.
To that end it is shown that for sufficiently small data there exists a unique minimizing pair which depends on
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the data in a smooth fashion. For a fixed ¢ € (0,T] this is achieved by an application of the implicit function
theorem to the function P;: Y; x Xy — Y, (w, h) = ®,(h) — w, where

X, =V, x L*(0,t;R™) x V; x L*(0,;R"),
Y, == L?(0,£;R") x L?(0,;R™) x R™ x L?(0,t;R™) x R™ x L*(0,t;R™),

and ®; : X; — Y; is defined by

d:—Ax—GL;x~®x)—Fv
o _oE - . b (4.1)
p+Ap+(z' 1,)G p+ ([, ®z" )G p—aC’ (w—C(x— %))
p(0) — o + x(0)
v+ FTp

(I)t(xvvapvw) =

Note that it holds ®;(x, v, p,w) = (w,0,£,0,0,0) if and only if the triple (z, v, p) satisfies the first order necessary
optimality condition of the optimal control problem (3.2) associated with £ and w.

The strategy of applying the implicit function to the mapping P; is equivalent to an application of the inverse
mapping theorem to ®;. The specific version of the implicit function theorem that we apply is presented in [35].
It gives sufficient conditions under which the obtained neighborhoods are given explicitly, which is necessary
for the resulting constants to be independent of time. The following technical lemma is needed when verifying
the assumptions made in [35]. The proof requires the discussion of a linear quadratic optimal control problem
which can be found in Appendix A.

Lemma 4.1. Denote hy = (£,0,0,0) € X;. Further let h = (ag,v,p, w) € X; be fized but arbitrary. Then
D®;(ho): X: — Yy is bijective. Further there exist constants M, M > 0 independent of t such that

1D®+(ho) — D®:(h)||(x, vy < M|lho — bl x, and
ID®¢(ho) M1y, x,) < M.

Proof. First note that for h = (z,v,p,w) € X; and w = (y,f,a,—l1,b,—ls) € Y; it holds
D@t(i,0,0,0)(x,v,p, w) = (/~L7f7aa _llabv _ZZ) if and Only if

w = i
z = Az +GEL)xr+GI,®%)xr+ Fv+ f,
x(t) = a, 19)
P = -ATp-EF"®L)Gp—(I,23")G'p+aC’(w—Cx) -1, (4.
v+ FTp+ly = 0.

We now employ results presented in Appendix A. System (4.2) is equivalent to w = p and (z,v,p) being the
solution of (A.3) associated with Z; = Z|jp 4, p = 0 and the data given by w € Y;. Since [|Z]j 4| Lo (0,1r7) <
| Z]| oo (0,7;rn) and 0 < 3, Proposition A.1 yields the unique solvability of the system and hence shows that
D®,(ho) is bijective. The estimate presented in Proposition A.1 together with the definition of the operator norm
further shows the bound for ||[D®;(ho)~*||1(v;,x,)- To show the first estimate note that for any (z,u,q,n) € X;
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satistying ||(z,u,q,n)||x, = 1 it holds

1D®:(ho)(2,u,q,n) — D®y(h)(2,u, 4,0y,

0
Glz—2)®2)+G(z® (z — 7))
0
(@ -2)T L)+ (@@ —2)")GTa— (T ® L)+ (In®2"))GTp
0
0 Yi
< 2[|Gllz max (|| z[lv; |z — Zlvi: lallvi |z = Zllvi + llz[lvi lIpllv;)
<2(Gll2 (lz — Z|lvi, + lIpllvi) < 4[IGll2[|h = hollx, -
Taking the supremum over all such (z,u,q,n) € X, yields the existence of M. O

It follows the proof that ®; has a local inverse, with a domain and image space that are independent of time.

Lemma 4.2. Let t € (0,T] be arbitrary. Then there exist constants 63 > 0 and §5 > 0 independent of t and
three C° functions Xy, Uy and Py such that for all (§,w) € Us,(0) the quadruple (Xy(§,w), Us(&,w), Pr(&,w),w)
s the unique solution to

@t(‘xﬁ U}p7w) = (w70’£’ 0’0’0)7 ({E’U’p,w) Eu&é(i'7 0’ 070)' (4'3)

Proof. Let t € (0,T] be fixed. The proof will be carried out by an application of the implicit function theorem
presented in [35] to the C*°-mapping P;(w, h) = ®4(h) — w. With wy = 0 € Y; and hy = (£,0,0,0) € X, it holds
Pi(wo, hg) = 0. According to Lemma 4.1 Dy P, = D®, exists, is continuous in ¥; x X; and has a bounded linear
inverse. Note that the upper bound of the norm of the inverse M is independent of t. With the non-decreasing
functions g1 (s, i) = Mi and go(s) = s and the constants a = 3, J3 = Tite and 05 = s all assumptions are
fulfilled and the assertion holds for the chosen, time-independent constants d3 and 5. Here the functions ¢;
and g and the parameter « correspond to the functions and constant with the same name used in [35]. The
constants 03 and 04 correspond to § and € in [35] respectively.

At this point let us note that the implicit function theorem presented in [35] only yields continuity of the
three functions, but not differentiability. However, comparing the assumptions and the proof with the ones of
more classical versions (see for example [34], Thm. 4.E) shows that the neighborhoods are only adjusted within
the application of the fixed point argument. The part of the proof that shows that differentiability of order k£ of
P, carries over to Xy, Uy and P, does not alter the neighborhoods at all. Hence the assertion of higher regularity
holds for the chosen constants. O

Note that this result does not yet imply that the pair (X}, ;) minimizes the cost functional. It has only been
shown that the triple (X:(&,w),Us(&,w), Pe(§,w)) satisfies the first order optimality condition. The following
proposition ensures that it actually solves the optimal control problem.

Proposition 4.3. Let t € (0,T]. Then there exists 64 € (0,min(d2,ds,04)] independent of t such that for
all (§,w) € Us,(0) the optimal control problem (3.2) admits exactly one solution. It is given by (Z,0) =
(X (&, w), U (§,w)) . The associated adjoint state is given by Py(&,w).

Proof. For now set 4 = min(dz,d3). According to Proposition 3.4 there exists a minimizer (Z, ) and it holds

max (|12 — Z[lv, 1]l 2 (0,6m)) < Mymax (€], |wllz20,6m)) < Midas.
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Furthermore, from Proposition 3.5 we obtain existence of the associated adjoint state p which satisfies
Ipllvi < Mzmax (€], llwll 22 (0,6%)) < Mada.

After a suitable reduction of §4 one obtains

max (|Z — Z[|v;, 0]l L2(0,68m), IPIIvis Wl L2 (0,687)) < 5.

Since (Z,7,p) is an optimal triple for the control problem (3.2) given by w and &, it holds ®.(Z,7,p,w) =
(w,0,£,0,0,0). Because (§,w) € Us,(0), Lemma 4.2 yields the assertion. O

With the smoothness of the cost functional an application of the chain rule immediately yields regularity of
the value function with respect to & and w.

Corollary 4.4. For any fized t € (0,T] the value function V(t,-,-): Us,(0) — R associated with the optimal
control problem (3.2) is of class C*.

We conclude this subsection by a representation of the optimal control evaluated in the final time in terms
of the gradient of the value function. Since the proof can be done using well-known techniques, see [22], it is
omitted here.

Corollary 4.5. Let t € (0,T] and (§,w) € Ui, (0). Then the adjoint p(t) = P,(§,w)(t) and the minimizing
2 4
control O(t) = U(§,w)(t) evaluated in the final time t are characterized by

p(t) = —VeV(t, & w) and 5(t) = FTVV(t, € w).

4.2. Regularity in time

This subsection aims at showing time regularity of the value function. One of the essential steps is to prove
time uniform bounds for the partial derivatives of the value function V. This will be done by a characterization
of the triples of partial derivatives of &}, U; and P; as solutions of linear quadratic optimal control problems
which is presented in Appendix A.

Proposition 4.6. Let t € (0,T] and (§,w) € Us,(0). Let p € L*(0,t;R") and z1, 22, 23,24 € R™ and for i =
1,...,4 denote z* = (21,...,2;). Then there erist My, My, M3, My, Ms, Mg > 0 independent of t such that for
1=1,...,4 it holds

’DiiV(t,ﬁ,w z

|D2eV(t, & w) (s 21)| < Ms ||l 220,62 121 ],
|DZe2V(t, € w) (1, 22, 21) | < Me||pll L2 (0,627 |21 |22

Proof. For any t € (0,T] and (£, w) € Us,(0) it holds

V(t, & w) = J(X (& w), U (&, w); t, w).

Forming the appropriate derivatives of this equation, applying the chain rule to the derivative on the right hand
side and utilizing the bounds from Proposition 3.4 and Lemma B.1 yields the assertion for ¢ > 0. Noting that
V(0,&,w) = 1] concludes the proof. O

With these tools at hand it is now possible to show time continuity of the value function. To obtain this
result we assume w to be essentially bounded.
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Proposition 4.7. Let ({,w) € U, (0) C R™ x L2(0,T;R") and assume w € L>(0,T;R"). Then the mapping
5 4
t— V(t,&, w) is continuous in [0,T)].

Proof. Let t € [0,T) be arbitrary. Then for sufficiently small 7 > 0 it holds ¢t + 7 € (0,T) and with Bellman’s
principle it holds

V(t + 7, §7w) - V(ta faw) = V(t, Xt+7’(£’ w)(t) - i'(t)’ OJ) - V(tv ga w)

o 4.4
+1/t [ty (& w)|° + @ w = C (Xigr (&, w) — 2)|| ds. 4

2

To see that for 7\, 0 the first summand converges to zero, note that X; (£, w) € C1([0,t + 7]; R™). This is due
to the fact that the optimal control Uy, (£, w) = —F TP, (&,w) is continuous. It follows

e (6.0)0) = 00) — €1l = [Hesr (e 7) - | T R € w)(s)ds — 2(0) {

<2t +7) = O] + 7 Xitr (&, )| Loo (0,047 -

(4.5)

For any s € [0,t + 7] it holds

117 (& @) (8)]] < [[AXs 4 (&, w) ()| + 1 G(Xrr (6, w) (5) © Ko (& w) ()] + [ FUy1r (&, w) ()
< ||A||2||Xt+7'(§7w)||L°°(O,t+T;R") + ||G||2HXt+T(§7w)”%x(o,t-i-r;]R")
+ [|F 31 Pear (&, w) | Lo (0,475 -

By Proposition 3.4 and Proposition 3.5 it follows

14 (& @) ()| < [[All (N0 £oe 0,647y + My max (€]l 1wl 2 (0,e4+,7)) )
+ 210Gl (13 = 0,047z + MEmax (€13 1032 0.04r.2) ) )

+ Mo Fl3 ma (€12, 1] 0,04mzr)) -
Since t + 7 < T, there exists some ¢ > 0 independent of 7 such that

([ X (€, W) Loo (0,p4riRm) < €

holds for all sufficiently small 7. Therefore the right hand side of (4.5) tends to zero for 7 N\, 0. The fact that
v V(t,v,w) is continuous in v = £ then implies that the first summand of (4.4) goes to zero for 7\ 0.
For the second summand it holds

t+7
[ e €l + oo - € (Risrlw) = D) ds
t
i 2 2 2 2 2
< /t [ F112[Petr (& )l 4 2a]|wl| T 0, 7mry + 20| Cl3][ X7 (& w) — 27 ds
<7 (HFH%HPHT(&W)H%w(o,wﬂ;u@n) + 20wl 3 0, 7m) + 201 C3 ]| Xipr (€, w) — ‘%”%W(O,t—kr;R")) .

With Proposition 3.4 and Proposition 3.5 all terms on the right hand side can be estimated from above by a
constant independent of 7. Hence the right hand side goes to zero for 7 N\, 0. This shows that for all ¢ € [0,T)
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it holds
V(t+T1,&w) = V(tEw), for 7N\,0. (4.6)

Now let ¢t € (0, 7] be fixed but arbitrary. Then for sufficiently small 7 > 0 it holds ¢t — 7 € (0, 7). With Bellman’s
principle it follows

V(t’£7w)_ ( Tfa ) (t_T Xt(§7 )(t_T)_j(t_T)7w)_V(t_T7£’w)
+ [ (P + alw - O (€.w) — 2) P ds.

To see convergence of the first summand note that
X&) - 7) =3l - 1) = Kl )) ~ [ AEw)s)ds -2l -7
=¢+a(t)—z(t—7)— / X, (&, w)(s)ds
t—7

Since &;(¢,w) € C*([0,t]; R™), one has that ||X‘t(§,w)”Loo(0’t;Rn) is finite. From here on assume that 7 is small
enough such that t — 7 € (0,7") and

1 (€, w) (¢ —7) = &(t = 7)|| < €]l + [12(8) = (¢ =) | + T X (E )| L= 0,0mm) < ba.
With Taylor there exists some 6 € [0, 1] such that

Vit —7,X(Ew)(t—7)—2(t—7),w -7,¢w)

=<V5V(t—7',§+9<~( )=t —7) / X6, w ) )(i‘(t)—xt—T / A6, w >>

Then Proposition 4.6 yields

Vit —7XEw)(t—7)—2(t—7),w) =Vt —T1,w)]

(t)— 2t —71)— Xy (&, w)(s)ds

t—7

< My < My|@(t) = 2(t = 7)|| + Mar | X (€, w) | o (0,87 -

Therefore the first summand in (4.7) tends to zero for 7 N\, 0. The second summand can be treated with the
same arguments as the second summand of (4.4). This finally shows that for all ¢ € (0, 7] it holds

V(it—r1&w) =V, Ew), for  7N0

and the assertion is shown. O

Because all constants are independent of time the continuity of the value function carries over to its spatial
derivatives. In the following proofs we frequently apply Taylor’s theorem as presented in [34], Theorem 4.C
and characterize the integral remainder term using the mean value theorem for real valued functions, cf., [36],
Section 18 Satz 7

Proposition 4.8. Let ({,w) € Uy, (0) CR™ x L?(0,T;R") and assume w € L>(0,T;R"). Then the mappings
5 4
t—= VeV(t, 6 w), t VggV(t,g,w) and t — VE’SV(t,E,w) are continuous in [0,T)].
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Proof. First, let us show that for any ¢ € {1,...,n} the partial derivative ¢ — %V(t,&w) has the claimed

regularity. Note that for any h with |h| small enough, we have ||£ + he;|| < %64. Then Proposition 4.7 shows
that for such h it holds f;, € C([0,T1]), where

fh(t) = ( (t f‘i‘ hez, ) V(t7£7w)) .

3\'—‘

By definition f;, converges pointwise to 0— V(-,&,w) for h — 0. Let us show that f;, is a Cauchy sequence
in C([0,T7). The fact that C([0,T]) is a complete space then implies the uniform convergence of f; and the
pointwise limit coincides with the uniform limit, which is an element of C([0,T7).

Specifically we need to show that for any € > 0 there exists hg > 0 such that for all hq, he with ||, |ha| < ho
it follows

I fry = fralleqom < e

Taylor’s Theorem yields existence of 61, 62 € [0, 1] such that

1 1
sup  |7— (V(87 f + h1€i7 CO) - V(S7 fvw» - 7 (V(S, § + h2eiaw) - V(S, 67 w))
s€[0,T] hy ha
1 1
= 8up fV&V(S,f + 91hlei,w)hlei — fV&V(S,f + 92hgei,w)h26i
s€[0,7) ha
= su V(s,€&+ 01hie;,w) — 0 V(s, & + Oahse; )‘
se[OPT] 6‘& 11164, w 5‘51 2M2€q, W

After another application of Taylor’s Theorem it follows the existence of 63 € [0, 1] such that

0
I foy = fralleqory) = SElp ] ’Vg%v(saf + O2hoe; + 03(01hie; — Oahoe;), w)(B1hie; — Oahoe;)
s€(0,T 7

2

0
= (01hy — b3hs) sup 852

s€[0,7

(S,E—F (92h2 + 9193h1 - 9293]’1‘2)61‘,&})‘

A sufficiently small upper bound hg for |h1| and |he| yields
€ + (B2h2 + 0105h1 — B203ho)e;|| < ||| + 2|ha| + |h1] < 504
With the bound from Proposition 4.6 and a possible further decrease of hg it follows

I fn = frslleqo < (Jha| + |hal) Ma < e.

This concludes the proof that f;, is a Cauchy sequence in a complete space. Hence the pointwise limit V(-, &, w)
is also the uniform limit and an element of C([0,T7).

Since Proposition 4.6 includes bounds for the spatial derivatives of V up to order four, the assertion for
derivatives of order two and three can be shown analogously. O

We can finally show that for sufficiently small (§,w) the value function is classically differentiable in time.
This implies in particular that locally there exists a strong solution to the HJB which is given by the derivative
of the value function. For some of the technical proofs, we refer to Appendix B.
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Theorem 4.9. Let (§,w) € Uy (0) C R™ X L2(0,T;R") and assume w to be continuous. Then the mapping
5 4
t— V(t,&,w) is differentiable in (0,T). Its derivative in t € (0,T] is given by

V(€ w) = — (VeV(t, & w), h(t, €)) —fHFTvgwa )|® +in() cel?, (4.8)

where h(t, &) = AL+ G(Z(t) ®&) + GERE(t)) + G(E®E).

Proof. For sufficiently small 7 > 0 it holds

X o (€, 0)() — 3(t) = Xy o (€, w)(E+7) — / Apr (€, w) ds — 2(1)

7§+x(t+7— 7‘% / Xt+‘r€a

Hence with Bellman’s principle it follows

Lt me0) =Vt € w) = 2y t§+§:(t+r)—£(t)—/t+TX (€,w)ds w)—l]}(tfw)
T S ’ Sy _7_ ) ] t+7\S» ) = 'S

1 t+7 _
+5- / e+ (&, )|? + allw — C(Xepr (&, w) — 2)]* ds.
t
With Lemma B.5 for 7\, 0 the second term converges to

S (€ )7 + llt) — CCH(E,w) (1) — 20

A Taylor expansion shows that there exists some 0(7) € [0,1] such that the first term is equal to

t+7

Frarl60)ds) ) (0 4+ 7) - 3(0) - :M Frsr(€)ds )

T =~ ~ t+7
" Xt_‘_.,-(g,W) dS) ,(JJ) ,w — 1 ’ Xt+f(§,W) ds > .

% < VeV (t, ¢+ () (:z(t +r)— () —

t

T T J¢

- < VeV (t, £+0(1) <£(t +7)—Z(t) -

t

Due to Lemma B.4 and the continuity of V¢V with respect to { (shown in Cor. 4.4) the right hand side converges
to

(VeV(t£,w),5(t) - B w)(®)).

It remains to show convergence of L (V(t,&,w) — V(t — 7,§,w)). First note that it holds

t t

X(&w)(t—T7)—E(t—7) = X (& w)(t) —E(t—7) — Xy (&, w)(s)ds = E+E(t) —E(t—T) — X, (&, w)(s) ds.

t—7 t—1
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With Bellman’s principle it follows

%(V(t,f,w) - V(t - T’§7w)) = % (V (t =T, Xt(fvw)(t - T) - 'i(t - T)vw) - V(t - T,f,w))
1t (4.9)
+§/t_7 ede (&, w)I* + atllw = C(Xe (&, w) — 2)[| ds.

A second order Taylor expansion shows that the first term of the right hand side is equal to

- %v <t ) —F(t—T) — /:T Xy (& w)(s) ds,u)> - %V(t 7§ w)

= % <V5V(t —7,6w),E({t) —T(t—T)— ttT X, (€, w)(s) ds>
+ i/ol(l —0) (:z(t) — it —T)— t X, (&, w)(s) dS>T

ViV <t —7,64+06 (;z(t) —F(t—7) iT/ttT X, (&, w)(s) ds> ,w>

(:z(t) —E(t—7)— X, (&, w)(s) ds> de.

t—7

Since s+ VeV(s, & w) and s = X;(€,w)(s) are continuous in s = ¢, for 7\, 0 the first order term converges to

(VeVit. € w),a(t) - Rulg,w)())

For sufficiently small 7 Proposition 4.6 yields that the absolute value of the second order term is bounded from

above by
1 ~
T/ MQ
0

Since the term in the integral converges for 7 ™\, 0, it is bounded. Therefore the right hand side converges to
zero for 7 N\, 0. Since Uy (§,w)(s), Xe(&,w)(s), w(s) and Z(s) are continuous in s = ¢, the second term in the right
hand side of (4.9) converges to

2

O —2t-7) 1 [ 5 sas| ae.

T

t—7

1
SIE )OI + 5 Jw(t) = C(AUE @) () = FEI,
for 7\ 0. This finally proves

V(t + TaEv(“)) - V(t?ng)

T

OV(t,€,w) = lim
= (VeV(t, ), #(1) — K, 0)(0)) + SIUE )OI + S () — O (€,0) (1) — (1)

= - <V§V(t,f,0.)), h(tvf» - <V§V(t7§1w)7FFTVﬁv(tang)> + %||FTV§V(t7§,OJ)||2 + %”w(t) - 05”27

where we used Corollary 4.5.
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This shows the assertion for all ¢ € (0,7'). The result can be extended to t = T by a consideration of this
entire work on the time interval [0, 7] for some T' > T. This argument is repeated implicitly whenever we extend
regularity results to the right hand boundary of the time interval. O

5. REGULARITY OF THE HESSIAN

In this section it will be shown that for sufficiently small data the Hessian of the value function is an invertible
matrix at any time . We begin with a characterization of the Hessian VéV(t, 0,0).

Proposition 5.1. For all t € (0,T] it holds
OVEV(1,0,0) = VEV(£,0,0)B(t) + BT (t)VEV(t,0,0) — VEV(t,0,0)FF TVEV(t,0,0) + aC T C,

where B(t) = —A— G(Z(t) ® I,) — G(I, @ Z(t)).

Proof. Since w = 0 is continuous, (4.8) holds with (£,w) = (&,0) with ||£|| small enough. Then taking partial
derivatives with respect to & and &; and evaluating in (§,w) = (0,0) yields

62

matv(t,o,o) < 02 VeV(t,0,0), h(t70)> - <66§z VeV(t,0,0), a(zjh(t,o)>

0&;0&;
) 0?
< VV(t,0,0), 5, 0)> - <V5V(t,0,0),a£_a£_h(t,0)>
7 VSt

F' -VeV(t,0,0), F 'V Vt,0,0>
— VeV(t,0,0), F T =V V(t,0,0) +a<C Ce»e»>
ag’t g ag 5 v

Note that for any n € R™ it holds V(t,7,0) > 0 and V(¢,0,0) = 0. It follows that 7 = 0 is a minimizer of V(¢, -, 0)
and therefore it holds V¢V (¢,0,0) = 0 as well as h(t,0) = 0. Consequently, we obtain

o? o o d d
78@8@ 0 V(t,0,0) = — <0£Z VeV(¢,0,0), 7% h(t,0)> — <8§J VeV(t,0,0), 8§Zh(t’0)>
d o
<FT 7€, VeV(t,0,0), FT@VEV@, 0, 0)> +a(CTCeej).

With Lemma B.6 (iii) we can switch the order of differentiation on the left hand side. Writing the resulting n?
equations as a matrix equation yields the assertion. O

Exploiting the fact that the Hessian is continuous in time and the fact that VEE(O,f ,w) = I; holds for all
(§,w), it is shown that the Hessian in (0, 0) is invertible at all times.

Proposition 5.2. The Hessian VV(t,0,0) is positive definite for all t € [0, T].

Proof. Since the set of symmetric positive definite matrices is open in the space of symmetric matrices with
respect to any matrix norm || - ||, there exists some € > 0 such that any symmetric matrix A satisfying || I, — A|| <
€ is positive definite. Note that Proposition 4.8 shows that V§£V(',0,0) is continuous in 0. Hence there exists
some to € (0,T") such that



LOCAL WELL-POSEDNESS OF THE MORTENSEN OBSERVER 17

implying that V2£V(t0, 0,0) is positive definite. With Proposition 5.1 it follows that Vgg]/(t, 0,0) is the unique
solution on (0,7 i of the differential Riccati equation

I(t) = I(t)B(t) + B(t) "I(t) — () FF ' TI(t) + aC T C,
I(to) = VE:V(t0,0,0).

Since VéV(to,0,0) is positive definite, from [37], Proposition 1.1 we obtain that the Hessian VggV(t,0,0) is
positive definite for all ¢ € (0,7]. The positive definiteness of the matrix V§§V(0,0,0) = I, is clear and the
assertion is shown. O

Finally it can be shown that for sufficiently small (£, w) the Hessian is an invertible matrix.

Theorem 5.3. There exists a constant 05 € (0, 364 such that for any t € [0,T] and (£, w) € Us, (0) the Hessian
VéV(t,{,w) is positive definite.

Proof. The goal of this proof is to show that one can choose a time-independent 05 such that for all ¢ € [0, T]
and (&, w) € Us,(0) it holds

IVEV(t & w) = VEV(E,0,0)[lnn < 2HV55V(t 0,0) |-

Then [38], Proposition 7 in Section 1.23 yields that VgéV(t, &, w) is an invertible matrix.
As a first step we will show continuity of the mapping s — VEEV(S, 0,0)~!, which then implies existence of
a minimum over [0, 7T]. First note that Proposition 4.8 ensures continuity of s — VgEV(s,O,O) in [0,7]. Since

the mapping A — det(A) is a continuous mapping, we conclude that there exists s* € [0,7] such that for all
t € [0,77] it holds

det (VZ:V(t,0,0)) > min det (VEeV(5,0,0)) = det (VEV(s*,0,0)) >0,
s€

where the last inequality follows with the invertibility of VggV(s*, 0,0) shown in Proposition 5.2. Finally with
Cramer’s rule it follows that s — VZV(s,0,0)~" is continuous in [0, T].

For now set 05 = $04. Let ¢ € (0,7 be fixed and let (¢, w) satisfy max (||€]], [|w]lr2(0,6:2)) < 05. Let || - [lnn
denote the maximum norm on R™". Further let ¢,5 € {1,...,n} be such that

2 2

oie 35k5’§lv(t’£7w)_8fk3€l ® 00)‘ ‘3&653

N )

2 2

1¥Y5g

Taylor’s theorem implies the existence of ¢(¢) € [0, 1] and 6,,(t) € [0, 1] such that

0? 0?

||V§£V(t,§,w) o Vgﬁv(t7070)||n7n = ’5&8@ (t,&w) — MV(EO,O)’
2 o ) )
‘afza@ (t, & w) — MV(t7O’W) + ‘MV(LL,QW) - m]}(t,o, 0)‘
0? 2
B ‘Dgaaasjv“""ﬁ(%@f + Dwmm,o,ew(t)w)w‘

= |DEV(t, 0c(t)€, w) (€ €4, €5)| + | D22V (2,0, 0 (t)w) (w, €4, €5) |
< Msl|€]| + Me||wl|r20,6m) < (Ms + Me) 65.
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Hence an appropriate decrease of 5 ensures

1 . 1 1 —1y—
[VéeV (.6 w) = VEV(£,0,0)lnn < 5 min [IVEV (50,00 lnn < SIVEV(E0,0) I

Note that the minimum is a constant independent of ¢. Therefore d5 can be chosen independent of ¢ as well. It
is proven that VZ.V(t,€,w) is an invertible matrix.

To conclude the proof it remains to show that it is positive definite. Assuming the contrary implies that
there exists a non-positive eigenvalue. Since the matrix is invertible it must be non-zero and therefore negative.
Consider the function f: [0,1] — R, where f(1) is that negative eigenvalue and f(s) is the corresponding
eigenvalue of V%EV(t, s€, sw). Since eigenvalues depend continuously on the matrix entries, f is a continuous
function. As shown earlier V&V(t, 0,0) is a symmetric positive definite matrix implying f(0) > 0. By assumption
it holds f(1) < 0. With the continuity of f it follows the existence of s € (0,1) such that f(s) = 0. Then
Vgg])(t,sf,sw) has a zero eigenvalue and is therefore not invertible. This leads to a contradiction because
s(&,w) € Us, (0). O

Remark 5.4.

(i) Note that it is essential to enforce d5 < d4. Therefore a time-dependence of d4 would have carried over to
5.

(ii) To obtain the positive definiteness of VEEV(t, 0,0) in Proposition 5.2 we heavily depend on the fact that
w =0 € L*0,T;R") is continuous and essentially bounded. Only due to this regularity Theorem 4.9
ensures that the HJB equation holds and eventually leads to Proposition 5.1. However, in Theorem 5.3
we only assume, that w € L%(0,T;R") has a sufficiently small norm. The assumption of continuity is no
longer required.

6. THE MORTENSEN OBSERVER

This section contains the main result of this work. We will show that for sufficiently small w and fixed
arbitrary ¢ the value function admits a unique minimizer in £. The resulting trajectory will be characterized as
a solution of the observer equation.

Lemma 6.1. There ezist constants g € (0,05] and ¢, > 0 such that for every t € [0,T] and w € L*(0,;R")
with ||wl|12(0,4m) < d6 the following holds: The mapping § — V(t,-,w) admits at most one global minimizer and
it holds

£ € R" is a minimizer of V(t,-,w) <= VV(t,&,w) =0 and [|£]| < é106.
Proof. For now set g = 05 and let t € (0,T] be arbitrary. First note that

ifng(t,f,W) <V(0,0) = min  J(z,vt,0) < J(7,0;t,w) < SllwllFzomry < §9%-
e(z,’v;t,O.)zo

Assume £* € R™ to be a minimizer. It follows

inf J(x,v;t,w) = V(¢ w) < %53.
x,v st.
e(z,v;t,£%)=0

Hence there exist x € V; and v € L?(0,t;R™) such that e(z,v;t,£*) = 0 and J(z,v;t,w) < %5(25. Then %Hx(O) —
z(0)||* < §63 and %HUH%Q(O prmy < $0g. With the argument used in the proof of Proposition 3.1 and a possible
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decrease of Jg it can be shown that there exists ¢; > 0 independent of ¢, x, v, w and £* such that

[ = & o< 0,1:mm) < c1 ([[2(0) = Z(0)]| + 0]l L2 (0,15mm)) -

It follows

€1 < glla() = 2N < 3lle = &l 0 pmn) < <||x(0) —z(0)[* + Hvllizm,t;Rm))

<263 J(z,v5t,w) < adz.

Therefore the search for a minimizer can be restricted to the open convex set
K= {f eR"™: €] < \/2a01§6}.

A possible decrease of dg ensures K C Us, (0). According to Theorem 5.3 the Hessian Vggl)(t,{,w) is positive
definite for all £ € K, implying that V(t,-,w) is strictly convex on K. The assertion is shown for ¢ € (0,T].

Noting that V(0, &, w) = £]|¢||* concludes the proof. O

For any fixed ¢ € (0,7 an application of the implicit function theorem to V¢V(¢,-,-) shows existence of a
unique minimizer.

Proposition 6.2. There exists a constant 67 € (0,08¢] such that for every t € [0,T] and w € L*(0,t;R™)
with [|w||L20,6rm) < 07 the mapping § — V(t,§,w) admits exactly one minimizer £* € R"™. Further £* depends
continuously on w and there exists a constant ¢o > 0 such that it holds ||£*|| < é207.

Proof. Due to Lemma 6.1 we only have to show existence of d7 € (0,dg] such that for any ¢ € (0,7] and
w € L*(0,t;R") satisfying |[|w]| 2 (0,6;r) < 07 there exists £ € Uzse (0) with VeV (8, €%, w) = 0. For afixed ¢ € (0,7
we will apply [35], Theorem to the mapping ({,w) — P(§,w) = V¢V(t,&,w), which is a continuous map on
Q =Us, (0) CR™ x L?(0,t;R").

First note that D¢ P = VEEV(t, -,+) exists and is continuous in €. According to Theorem 5.3 the derivative
D:P(0,0) = Vgg)/(t, 0,0) is invertible and with Lemma B.7 it holds ||V§£V(t707 0)~Y|2 < My. Since all matrix
norms are equivalent, there exists a constant ¢; > 0 such that [|All2 < ¢1]||Alln,n for all A € R™™. Hence the
arguments made in the proof of Theorem 5.3 yield that for all (§,w) € € it holds

IVEeV(t,€,w) = VEV(E,0,0)]l2 < 1 (Msl|él| + Mollwllz2(0,6mr)) = g1 (€]l [wllz2(0,6m))-
After noting that it holds V¢V (t,0,0) = 0 a similar argument shows that for all w € Us,(0) one has
VeV (t,0,w)[| < coMsl|w]| 206wy = g2(llwll 2 (0,687

where ¢z > 0 is such that [|£|| < comax{|&]: i =1,...,n} for all £ € R™. §
For the verification of the last assumption made in [35] we set o = L, 67 = 0 and €(07) = 2co My M567. A
possible decrease of 7 ensures €(d7) < d5 and

57 Myey (Mg + 2coMsMsMy) < 1.

Now [35], Theorem, yields the existence of a continuous operator F that maps Us, (0) C L*(0,¢;R") into Ue(s,)(0)
with the property VeV (¢, F(w),w) = 0. Another decrease of d7 ensures €(d7) < é;86. Now for any w € L?(0,¢;R")
with [|w|z2(0,4rr) < 07 there exists £* = F(w) satisfying [|£*| < éd¢ and V¢V(t,£*,w) = 0. Lemma 6.1 yields
the assertion for ¢ € (0, T]. The result obviously holds for ¢ = 0. O



20 T. BREITEN AND J. SCHRODER

With this result at hand we can define Z(¢) as the trajectory given pointwise in time as the minimizer of the
value function with respect to &.

Corollary 6.3. Assume w € L?(0,T;R") satisfies ||w||p20,7r) < 67. Then for all t € [0,T] the expression
argmin V(t,&,w) € R™ is well defined and we define the function
3

Zy: [0,T] = R, Z,(t) = argmin V(t, &, w).
£

For all t € [0,T] it satisfies ||Z,(t)|| < é207 < é106 < 0.

In the following we will characterize this trajectory as a solution of the observer equation. We first do this
for continuous data w before using a density argument to extend the result to w € L?(0,T;R"). As a first step
it is shown that for continuous w the trajectory 7, is differentiable in (0,7).

Lemma 6.4. Assume w € L?(0,T;R") satisfies ||w| 120, < 07 and is continuous in (0,T). Then T, is
differentiable in all t € (0,T). For any t € (0,T) it holds

Tu(t) = h(t, 3o () + aVEV(L, Ty (t),w) T CT (w(t) — CFu(t)),

where again h(t,§) = AL+ G(Z(t) @ )6+ G(I, @ () + G(ERE).

Proof. With Lemma B.6 (i) it holds that the mappings (¢,£) — V¢V(t,&,w) and (£,£) — Vg)gV(t,f,w) are
continuous in (0,7 x Uy, (0) and Corollary 6.3 ensures ||Z,,(t)|| < 5 for all t. Lemma B.6 (ii) further yields that
VeV(-,-,w) is differentiable in ¢ and that 0,V V(t,§,w) = VO,V (¢, €, w). Taking a spatial derivative on both
sides of the HJB equation one gets

VeOV(t, & w) = —VeeV(E, € w)h(t,§) — Dh(t, ) Ve V(t, €, w) — Vee V(1 €, w)FFTV5V(t, & w)— ozC'T(w(t) - C9),

(6.1)
where h(t, ) is defined as in Theorem 4.9. Since all terms on the right hand side are continuous in (0, T") x Us, (0),
the same holds for (¢,£) — 9,V V(t, &, w) and it follows VeV (-, - w) € C1((0,T) x Us, (0); R™).

Let tg € (0,T) be arbitrary. In the following we apply the implicit function theorem [34], Theorem 4.E
to the mapping P(t,§) = VV(t,&,w) in the point (tg, %, (to)). To that end we note that P(to,Z.(to)) =
VeV(to, Zw(to)) = 0 because T, (tp) minimizes £ — V(to,{, w). Furthermore the norm bound on Z,,(ty) together
with Theorem 5.3 ensures that D¢ P(to, Zo,(t0)) = VeeV(to, Tw(to), w) is an invertible matrix. Hence the implicit
function theorem yields classic differentiability of Z,, in a neighborhood of ty. Since ¢y € (0,7T] was chosen arbi-
trarily, the announced regularity is shown. To obtain the formula for the derivative note that for all ¢ € (0,T)
it holds

VeV(t, 2w (t),w) = 0. (6.2)
Taking the derivative with respect to t and applying the chain rule yields
VEV(t, T (t),w) Zu(t) = =0 VeV(t, Tu(t), w).

As mentioned above we can change the order of differentiation on the right hand side. With (6.1) and (6.2) it
follows

Ve V(t, By (t),w) To(t) = VEeV(t,Tu(t),w) h(t, T (1) + aC ' (w(t) — CZu(t)).

The bounds on ||wl|z2(0,7;rr) and [|Z,(t)|| ensure the existence of the inverse of the Hessian and the assertion is
shown. 0
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With this lemma we can show that for continuous w the trajectory Z,, is a weak solution of (3.1).

Proposition 6.5. Assume w € L2(0,T;R") satisfies lwllz2(0,7:rr) < 07 and is continuous in [0,T]. Then Z,,
lies in H(0,T;R™) and is a weak solution to the observer equation (3.1).

Proof. Due to Lemma 6.4 we already know that Z,, is differentiable almost everywhere in [0, 7] with a deriva-
tive that lies in L?(0,7;R™). Furthermore it holds Z,,(0) = argmin ||¢||? = 0. It remains to show that Z, is
3

absolutely continuous in [0, T]. To that end we first show that it is continuous in ¢ = 0.

Let (t) C (0,T) be an arbitrary sequence with the property t; — 0 for kK — co. We will show that Z,,(tx) —
0 = 7,(0) for k¥ — oo. First note that for all k it holds ||Z,, (¢x)|| < é2d07 which implies that (Z,,(tx)) is a bounded
sequence in R™. Hence any arbitrary subsequence admits a converging subsequence. It will be denoted by (Z,, (tx))
with the limit ¥ € R™. With Lemma B.6 (i) it holds that (¢,£) — VV(¢,€,w) is continuous in [0, T] x Us, (0).
Then it follows

T=VV(0,2,w) = hm VeV(tk, To(tr),w) =0,

k—o0

where the first equality is due the fact that in ¢ = 0 it holds V(0,&,w) = 3[|¢|? for all £ € R™. This implies that
every subsequence of T, (tx) admits a subsequence that converges to 0. Hence the sequence itself converges to
zero. Therefore Z,, is continuous in ¢ = 0. It remains to show that it is absolutely continuous in [0, T7].

To that end let € > 0 be arbitrary. Then there exists § > 0 such that it holds

la] < 6 = |[Fu(a)]| < Le.

Further note that Z,, is bounded on (0, T’). This is due to Lemma 6.4, the bound ||Z,,(t)|| < é;87 and the assumed
continuity of w. Let (ag,br) be a finite sequence of pairwise disjoint subintervals from [0, 7] with ay < by for
k=1,...,N. Without loss of generality assume that a; = 0. With Taylor’s Theorem it holds

N

Z |Z0(br) = B (ar) | = 2 (b) | + D 1Zuw(br) — Zus(ar) | < [|Ze(br)]| + Jnax, 2w (s ||Zbk — Q.
k=2

After an appropriate decrease of § it holds é max,e (o, 1) |12, (s)]| < 1e. Then for any such finite sequence of
subintervals it holds

N

N
dbi—ar <6 = Y ||Bu(br) - Tular)l| <,
k=1 k=1

which shows that Z,, is absolutely continuous in [0, 7. The almost everywhere existing classical derivative given
in Lemma 6.4 is an element of L?(0,¢;R™). For one-dimensional domains this implies that Z,, admits a weak
derivative which almost everywhere agrees with the classical one and the assertion follows. O

Finally a density argument is used to show that the assertion of Proposition 6.5 also holds for w € L?(0, T; R").

Theorem 6.6. Assume w € L?(0,T;R") satisfies ||| r20r;rry < 67. Then T, lies in H'(0,T;R™) and is a
weak solution to the observer equation (3.1).

Remark 6.7. Before we turn to the main result of this work, some remarks are in order. The assumptions of
Theorem 6.6 also underline the importance of avoiding time-dependence of the constants throughout this work.
If the constant d7 was time-dependent with the property d7(t) — 0,¢ — 0 the result would be considerably
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weaker. One would have to assume that for all ¢ € (0,77 it holds

/O (s [2 ds < 61(2)2.

This means in particular that any continuous w would need to satisfy w(0) = 0. Translating this to the original
coordinates and setting used in (1.1) and (1.2) this would imply Cn = —u(0), meaning that the modeled
observation of the disturbance in the initial state and the observation error in time zero line up. It would also
significantly increase the technical difficulties in the subsequent proof.

Proof. Let wy, be a sequence from C([0, T]; R") such that |lw — wg||L2(0,7rr) — 0 for & — 0 and w120, 7587 <
87 for all k. Consider the sequence (7, ) C H*(0,T;R™). According to Proposition 6.2 for any fixed ¢ € [0, T]
the mapping w +— Z,,(¢) is continuous implying that Z,, converges to Z,, pointwise. For all k € N and ¢ € [0, T
it holds ||Z., (t)|| < é2d7, hence the dominated convergence theorem implies that for all ¢ € C§°(0,T;R") it
holds

T T T .
/0 @a(t),p0) dt = lim | (@, (), 0(1) ds == m [ (T, (0),0()

k—oo Jq k—oo Jo

where i‘\wk is given by the right hand side of the observer equation. It remains to show that

T
/0 (h(t,Zu (1)) + aVEV(E, T (1), w) T CT(w(t) — CTu (L)), (t)) dt
—/0 (B(t, B, (1)) + QVEV(t, Ty, (1), wi) T C T (wie(t) — O, (1)), p(t)) dt

converges to zero for k — oo. First consider

T

/0 (h(t, T (1) = h(t, T, (1)), (1)) dE| < HwHLw(o,T;w)/o [1P(t, Zos (£)) = At Ty, (1)) | dE.

Note that for any £ € R™ and ¢ € [0, 7] it holds h(t,&) < (||All2 + 2[|Gll2)1Z]| L0, 72m)) [IE] + | Gll2]|€]1?. Further
h is continuous in its second argument, hence the pointwise convergence of Z,, and dominated convergence
imply convergence to zero. Next consider

‘/0 (VEV(t,T0(t),w) ' CTw(t) = VEV(t, T, (£),wi) T C T wi(t), (t)) dt

T
< ||<P||L°°(0,T;R")/ IVEV(t, Tur(t),0) T CTw(t) = VEV(E, T, (1), 1) C T wi(8) ] dt.
0
The integral can be estimated from above by
T
HCllz/0 IVEEV(t, Tuo(t), ) ™! = VEV(E, T (1), wie) |2l (t)]] dt

T
+ ||C||2/O IVEV(t, T, (8), wr) ™ 2 llw(?) — wie(t)]] dt.
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With the uniform bound of vag]/(t, Ty, (1), wr) Y2 from Lemma B.7 and the L2-convergence of wy the second
summand converges to zero. Lemma B.7 further implies that for all k € N and ¢ € [0, T] it holds

IVEV(t, T (1), w) ™ = VEV(E, T, (1), wi) 2 < 2My.

Since V is C*° in ¢ and w, the dominated convergence theorem yields that the first summand also converges to
zero. The convergence of the term involving —C7Z,, instead of w can be shown analogously. Hence it is shown
that the weak derivative of Z,, is given by

h(t, T (1) + aVEV(L, T (t),w)C T (w(t) — CZy(t) € L*(0,T;R™).

By definition it holds Z,(0) = 0, therefore 7, € H'(0,T;R") is a weak solution of (3.1). O

7. CONCLUSION

In this work we were able to show that for quadratic systems the formal derivation of the observer equation
associated with the Mortensen observer can be done in a rigorous manner, assuming that the initial model
is close enough to the actual system from which the data is measured. The assumption of a quadratic right
hand side simplifies the presentation of this technical work and can be relaxed using the techniques presented
here. The strategies applied mainly require the right hand side to have locally Lipschitz and finitely many non
vanishing derivatives. The results can therefore be generalized to dynamics with polynomial right hand sides.
By taking advantage of a series representation it might be possible to further extend the results to analytic right
hand sides. This, however, would require additional technical efforts to ensure that all bounds and regularities
hold. Our findings motivate and justify two approaches to approximate the non-linear observer numerically. On
the one hand the observer trajectory can be obtained by a minimization of the value function in every time
point, on the other hand it is given as a solution of the observer equation.

APPENDIX A. LINEAR QUADRATIC CONTROL PROBLEM

This section of the Appendix is concerned with a general linear quadratic control problem. Its solution is
characterized as the solution of a system of equations. Further the optimizing triple of state, control and adjoint
is estimated by the data. The control problem is given as

(xvv)EVtrilir%(O,t;Rm) J(:L’7’l})’ SubjeCt to 6(1’,@) == O, (A]_)

where the cost functional J: V; x L?(0,¢;R™) — R and the constraint e: V; x L?(0,¢;R™) — L2(0,t;R™) x R"
are defined as

1 1 oY K
J(z,v) = §Hx(0) —b)* + §HU||%2(O¢;RW) + §||C9C - 1“’“%2(0,t;]R7‘) +/0 (G(z @), p) + (l1,7) + (I2,v) ds, (A2)

e(z,v) =(t — Az — G(@: @ In)r — G(I, ® Ty)x — Fv — f,x(t) —a).
Here t € (0,7] and the data consisting of a,b € R™, u € L*(0,4;R"), f € L?(0,t;R") and |3 € L?(0,t;R"),
Iy € L%(0,t;R™) is given.

Proposition A.1. Assume that &, € Vi is well-defined for any s € (0,T] and that ||Z|pe(0,smn) <
Kk for some time-independent constant k > 0 and all s € (0,T] . Further assume that p € V; satisfies
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ol Lo 0,6:mm) < B = (42(k)*||Gll2)~". Then the system

t=Az+ Gz @ I,)x + G(I, ® &)z + Fv + f,
z(t) = a,
j=-ATq— (& @1,)G g~ (I, ® % )G g - aC" (Cx — )
- (xT ® In)GTP - ® xT)GTP =l
q(0) = b —2(0),
v+ Flq+1y,=0,

(A.3)

admits exactly one solution (Z,v,q). It is given by the minimizing control of (A.1) and its corresponding state
and adjoint state. Further there exists a constant M > 0 independent of t, a, b, u, f, l1, la, p und &; such that

max (o]l z2(0,t:zm), |1Z]v2, [1dllv,)

< M (llall + 1ol + el 2(0,6mm) + 1f L2 (0,mm) + Nlall20,6mm) + 2]l 2 (0,6mm)) -

Proof. Since the control problem is closely related to the well-studied linear-quadratic control problem, the
proof will only be sketched. To see unique solvability of (A.l) it needs to be shown that the cost functional
is coercive and convex along the kernel of the constraint. This condition is clearly fulfilled for all linear and
non-negative quadratic terms. The upper bound on [|p|| - (o,¢;r») ensures that both properties hold for the entire
cost functional. The necessary and sufficient optimality condition for (x, v, ¢) to be the minimizer is then given
by (A.3).

The norm of the control ¥ can then be estimated from above in terms of the cost functional, which in turn
is estimated from above by the cost functional evaluated in the zero control and its corresponding trajectory.
These estimates can be carried over to the trajectory and adjoint state associated with . O

APPENDIX B. TECHNICAL AUXILIARY RESULTS

This section collects auxiliary results and their technical proofs required in this work.

Lemma B.1. Let t € (0,T] and (§,w) € Us,(0) C R™ x L*(0,1;R"). Let p € L*(0,4;R") and 21, 20, 23, 24 € R"
and fori=1,...,4 denote z* = (z1, ..., 2;). Then there exist constants My, Mo, M3, M4 > 0 and My, My, My > 0
independent of t, &, w, u, 21, 22, z3 and z4 such that

max ([1D5 (6 0)2" v, [ DEPuE )2 v, DL€ )2 |20, ) < T T] Il
k=1

holds for i =1,2,3,4. Further it holds

max (|| DXy (&, w)pllvi, [ DuwPe (& w)pllve, [ Dl (€, w)pll £2(0,6:mm)) < MO”MHL%OJ;R”):
and for i = 1,2 it holds

ma ([ D5 (6,0) (1 2) v I DEEPUE @)1, ) i [ DL€, 0) (112 0.0 )

?
< Myllpll a0, TT Izl
k=1



LOCAL WELL-POSEDNESS OF THE MORTENSEN OBSERVER 25

Proof. First note that it holds || A} (£, w)lLoe (0,6mm) < M104 4 || 2| oo (0, 75mm) and [|[Py(€,w) Lo 0,mm) < Ma2dy <
B. To enforce the second estimate a reduction of §4 might be necessary. For the sake of a better overview we
abstain from introducing a new variable to reflect this. By construction it holds

Dy (X (& w), U (&, w), Pi(é,w),w) = (w,0,£,0,0,0). (B.1)
Since ®; is C*° on X; and Xy, U; and P; are C* on Uy, (0), it follows
De (@4(Xi (& w), Ur (€ w), Pe(§,w),w)) 21 = (0,0, 21,0,0,0).
With the chain rule one gets that the triple (DeX; (€, w)z1, Deldi(§, w)z1, DePi(§, w)z1) solves (A.3) with &, =
Xi(§w), p=P(&w), f=0,a=2,u=0,1; =0,b=0, Iy = 0. Proposition A.1 yields the estimate for the first

order &-derivatives. Taking two &-derivatives of (B.1) shows that (Dg2 X, (€, w)2?, Dealdy (€, w)2?, De2Py (€, w)22)
solves (A.3) with

Ty =X (§w), p=Pi(&,w), a=0, pu=0,b=0, I =0,

[=G(DeXi(§,w)z1 @ DeXi(§,w)z2) + G(De Xy (€, w)z2 @ DeXi (8, w)z1),

I = (DeXi(§w)z] @ 1)G Pe(§,w)z2 + (I © Dei(€,w)2) )G T Pi(€,w)2
+ (DeXi(€,w)zg @ L,)GTP(E,w)z1 + (In ® DeXi(€,w)zg )G Pi(€,w)

Z1-

Again the desired estimates are obtained with Proposition A.1. The remaining estimates are shown analogously.
O

Lemma B.2. Let (§,w) € U, (0) C R™ x L%(0,T;R"). Then for all t € (0,T) it holds
2 4

t+7
3[ X (,0)() — K€ 0)(D)]] ds 0, 7,0,

T

Proof. Let t € (0,T) be fixed and let 7 > 0 be small enough such that ¢ + 7 < T. Define n(z) = Xy, (&,w)(t +
T — z). Then

() = —An(z) — G(n(z) @n(2)) = Fl-(§w)(t +7 — 2). (B.2)
Note that for all z € (0,t + 7 — s) it holds

0(z)on(=) — Al ) (B) = = 2 lIn(z) — K& W) D

Hence testing (B.2) with n(z) — X,(§,w)(t) and integrating over (0,t + 7 — s) for some fixed s € [t, ¢+ 7) yields

1% (€. 0)(5) — K& DI = 5 It + 7 — 5) — ()OI
t+17—s
< 5O = 2O+ [ (ALl + Gl + IFIIPe (€ w)l) (l + el + 1a(0)]) ds

L .
<slet+r) —a@)* +7 (IIAllzHnHme,m;Rv») G2l 0,67y + ||F||§H7Dt+r(§7W)||L°°(0,t+r;Rn))
(Il os (0,645 + €I+ 12 -
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Since all the norms on the right hand side can be bounded uniformly in 7, there exists some constant ¢ > 0
such that for all s € [t,¢+ 7) it holds

3 ¥ (€0)(5) — Xl ) W] < (e +7) = 30 + Ve

\[
Hence
1 t+1
2 IR 6 ) - A @] ds
t
1 t+1
<= V2|E(t+7) — E(t)|| + 2v/Teds = V2||E(E + 7) — E(8)|| + 2v/7e.
t
The continuity of & yields the assertion. O

Lemma B.3. Let (§,w) €Uy, (0) CR"™ x L2(0,T;R") and assume w to be continuous. Then for all t € (0,T)
§ 4
it holds

1 t+7
[ P - e @l ds 0. 7N

Proof. The proof is done analogously to the proof of Lemma B.2 using the transformation n(z) = P4 (&, w)(t +
7 — z). The initial term of this transformation does not lead to a term involving & but instead P4, (&, w)(t +
7) — Pe(&,w)(t). With Lemma 4.5 this is equal to =V V(t + 7,§,w) + VeV(t, &, w). Proposition 4.8 ensures the
convergence to zero. O

Lemma B.4. Let (§,w) €Uy, (0) CR"™ x L2(0,T;R") and assume w to be continuous. Then for all t € (0,T)
§ 4
it holds

1 t+7 .
! / Hpn (€, w)(s)ds = B(E,)(B), T \0.

Proof. Let t € (0,T) be fixed and let 7 > 0 be small enough such that ¢t +7 < T. Then

L[ e g

t+T1
<2 [ A €)= HE O]+ 1P Usr6.)(5) = (€. )
G (6 0)(5) © (Xepr (€,0)(5) — K& )OI+ IG((Foyr (6 0)(s) — XulE, ) (1) © (€, ) (D) ds
< (1Al + G2t (€ ) [0 50y + a1, ) )

t+7 t+7
[ 1)) = ROl ds+ 1B [ IPr(€)(s) = Pule)(o)] ds

T

The assertion follows with Lemma B.2, Lemma B.3 and the uniform bound on || X} (&, w)l| £oc (0,¢45rn) derived
from Proposition 3.4. O
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Lemma B.5. Let (§,w) € U (0) C R™ x L2(0,T;R") and assume w to be continuous. Then for all t € (0,T)
§ 4
and T\, 0 it holds

t+1
%/t Ui (6 )* + o = C (Ko (€, ) = D)* ds = e (&, ) (DI + v Jw(t) = CLA(E w) (1) = F ()]

Proof. Let t € (0,T) be fixed and let 7 > 0 be small enough such that t +7 < T'. For the first summand consider

t+7
[ @@l ds— )0l

T

1 t+7
*/t |[(Uri7 (& w)(5) + ULE, ) (1), Up i (€, w) (5) = Un(§;w)(1))] ds

T

IN

t+7
< (IF N2l Pesr (&, w)l Lo 0,04 + U (€, w) (D)) IIFHQ%/t [Per (€ w)(s) = Pu(& w) (D] ds.

Lemma B.3 and the uniform bound on ||P;i+(§,w)| e (0,t4+rn) derived from Proposition 3.5 yield the
convergence. For the second summand consider

1 t+1 ~ 5 ~ 5
*/t lw(s) = CXiyr (& w)(s) + CE(s)[” ds — [w(t) = CA(E w)(2) + CZ(1)]]

T

1 t+71
*/ lw()1* + 1CE($)I* + 2 {w(s), Ci(s)) ds — [lw(®)]* = [CEB]* - 2 (w(t), CZ(t) ‘

T Jt

1 2 2
+‘T/t [C X r (& w) ()7 = [[CX(E W) ()7 — 2 (w(s), CXyr (& w)(8))

+ 2(w(t), CX (&, w) (1)) — 2(Ci(s), CXipr (&, w)(5)) + 2(CE(t), CX (&, w) (1)) ds|.

Since w and T are continuous, the first two summands of the right hand side converge to zero for 7\, 0. The
remaining part is smaller or equal to

t+7
; / ('@XHT(W)@ + X (€, w) (1), CXrn (€, 0)(5) — CXLE,w)(1)]

+2[(w(5), CXpyr (& 0)(5) = CX(E W) ()] + 2[{w(t) — w(s), CX(E,w)(1))]
+2 [(CA7(§,w)(s) = CA(E, w)(2), CF(s))] + 2[(CAL(E, w)(F), CF(t) — 053(8)>|> ds
t+T1
<NCN3 (1 Xerr (§ @) | Lo 0, rimemy + X, w) ()]]) %/t [Xe4r (6, w)(s) = X (&, ) ()] ds
1 t+7
+2||W||L°°(07T;RT)HC”2;/7: [Xryr (€ w)(s) — X (&, w) (@) ds

t+7

t+7
r2Cll DO (2 [ ot - w0l as) 21CBIaE O (2 [ 1306) - 20 as )

~ 1 t+7
+ 2||C||§\|$||Lw(o,T;Rn);/ [ X7 (&,w)(s) — A& w)(#)]] ds.
t



28 T. BREITEN AND J. SCHRODER

The assertion follows with the uniform bound on || X4+ (&, w)|| o (0,t4+;r"), Lemma B.2 and the continuity of w
and 7. O

Lemma B.6. Let w € L?(0,T;R") be continuous and satisfy lwll 2 (0,7;mm) < 164. Then it holds:

(i) The mappings (t,&) — VV(E, € w), (£,€) — V&V(t & w) and (t,&) — V V(t,&,w) are continuous from
[0,T] x U, (0) to their respective image spaces R™, R™™ and L(R™,R™ ")
2 4
(ii) For any fized & € Uy, (0) and any i € {1,...,n} the function s — a—E_V(s,ﬁ,w) is differentiable in (0,T)
204 ‘
and it holds

0
@a?i

V(t7£7w) = V(ta€7w>‘

9]
o6
(iii) For any fixed & € Ui, (0) and any i,j € {1,...,n} the function s — 85 85 V(s,&,w) is differentiable in

2 4
(0,T) and it holds

0? o?

8t (t7£7 ) 85 85
jUGCq

ag]agl (t 57 )

Proof. (i) We will show continuity for the partial derivatives which then implies (i). To that end let (¢,€) €
[0,T] x Uy, (0) be arbitrary. Then for all (At, A) such that (t 4+ At,§ 4+ AL) € [0,T] x Uy, (0) and any i €
294 294

{1,...,n} it holds

V(t+ At E+ AL w) —

‘a V(t,€,w)

3

S ‘

0
%;
0

V(t + At € + Ag,w) —

7]
75, V(t+ At € w) —

9&i

0 V(t+At,§,w)‘+‘ V(t, & w)l.

d
0&; ¢

Due to the time continuity of the gradient shown in Proposition 4.8 the second summand converges to zero for
At — 0. Taylor’s Theorem implies existence of 6 € [0, 1] such that the first summand is equal to

‘vg L,)Zv} (t + AL, € + OAE, w) Ag‘ .

For sufficiently small A¢ Proposition 4.6 can be used to estimate this expression by Ma||A€||, which converges
to zero for A¢ — 0. Utilizing the results from Proposition 4.6 and Proposition 4.8 the continuity of the partial
derivatives of order two and three can be shown analogously.

(iii) Let € > 0 be small enough such that for any z,y € (—¢,€) it holds |ze; + ye; + &|| < $64. Define the
function

f:(0,T) x (—6,6)2 =R, (tz,y)— V(t,ze; +ye; + &, w).

Step 1:
Show that for any fixed ¢ € (0,7") and y € (—¢, €) it holds

o2 52
azai! L0V = 550

f(£,0,9).
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Let t € (0,T) and = € (—¢,€) be arbitrary and note that due to Corollary 4.4 and Theorem 4.9

0 0
—V(t,ze; +ye; + &, w) and gf(tw,y) =0 V(t, ze; +ye; + & w)

0

exist. Taking a partial derivative of (4.8) and noting that V is C*° with respect to & in U1 s (0) ensures the
994

existence of

H? 0 0
axatf(t,m,y) = 6—&8tV(t7xei +yej +&w)= <8fz VeV(t, ze; + yej + &, w), h(t, ve; + ye; +§)>

_ <V§V(t,xei +ye; + & w), =—h(t, ze; + ye; +§)>

5&

0
<FT o, VeV(t, we; +yej + & w), FTV V(L we; + yej + f,w)>

+a(CTCe;,ze; +ye; + &) —a(Clw(t),e).

(B.3)

It remains to show that this function is continuous in (¢,z) = (£,0), where ¢ € (0,T) is arbitrary. This will be
achieved by an examination of the terms on the right hand side. With the assumption e (i) yields the continuity
of the first and second order spatial derivatives. Contlnulty of the remaining terms in (B.3) can be seen easily.
Hence [39], Theorem 9.41, yields the existence of 6t6 f(£,0,) and it holds &7 atf(t 0,y) = ata;pf(t 0,y). The
derivative of the HJB equation ensures that ai 57/ (£,0,%) is differentiable in (—e, €) with respect to y. Since the
derived equation holds for all y € (—e¢, €) it follows

ok o3

t . B.4
Step 2:
Show that for any ¢ € (0,7 it holds
o? _ o3 _

This will be achieved by an application of [39], Theorem 9.41 to the function

0
(OaT) X (767 6) - R7 (tvy) = %f(tvovy)
Let t € (0,T) and y € (—¢,¢€) be arbitrary. Since V is C* with respect to £ on an appropriate neighborhood of
zero, the partial derivative

2

9;0¢;

5 360 = G Vit e +€.0)

exists. Furthermore Step 1 ensures the existence of the two partial derivatives

9% 0

o
—f(t,0,y) and D01 07

0
ot D

f(t,0,9).
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It remains to show that the function

3

t9) = 5 0m0m

f(t,0,y)

is continuous in (t,y) = (£,0), where ¢ € (0,T) is arbitrary. To that end form derivatives with respect to &; and
&; of (4.8) to obtain

o? 93 2
ayaian! B0V = guapar! (1 0Y) = g gg, OV yes + &)
- <ag]a§ZV£V(t ye; + & w), hit, ye; +£)> - <8§ngV(t ye; + & w), agj h(t, ye, +§)>
0 9 52
<8§] V{V( ,Yej +&w ) ?&h(t,yej + §)> - <V§V(t, ye; + f’w), Mh(tayej +§)> (B.G)

62
- <FT 5E.F, VeV(t,ye; + & w), FTVV(t, ye; + §,w)>
¥i (3

+ 0
_ < 3 VeV(t,yej + & w), F

+ 0
—VeV(t, ye; + & w )> +04<C’TCei,ej>
agj

and consider the term on the right hand side. Their continuity can be shown analogously to Step 1. Therefore
(t,y) — aygﬁﬂt,o,y) is continuous in (,0) and [39], Theorem 9.41 implies (B.5).

Step 3:

Now (B.4) with y = 0 together with (B.5) yields

0 T 3 — o3 _ 52 B
g 02, V06 = g (0.0 = il (1:0:0) = 0ige 5 V&)

The proof for (ii) can be done using the same strategies used for showing (iii) and is omitted here.
O

Lemma B.7. Let t € [0,T] and let (&,w) € Us, (0) C R™ x L%(0,¢;R"). Then there exists a constant My > 0
independent of t, & and w such that

[VZV(t, & w) " 2 < My.

Proof. First note that 5 was chosen such that |[VZV(t,§,w) — VZV(£,0,0)2 < %HVg&V(t, 0,0)~![5* holds for
all (&, w) satisfying max (||€][, ||| z2(0,6:r7)) < 5. It follows

IVZV(t, & w) o < 2IVEV(£,0,0) 7.

This can be seen by utilizing the Neumann series, see for example [34], Proposition 1 in Section 3.5 and [38],

Proposition 7 in Section1.23. As mentioned in the proof of Theorem 5.3 the mapping s — ngl)(s,0,0)_l

continuous in [0,7T]. Hence the right hand side admits a maximum and setting My = 2 H%&X V(s,0,0)7 12
s€e|0,

yields the assertion. O
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Lemma B.8. Let ¢t € [0,T]. Then there exists a constant Ly > 0 independent of t such that for all x,y € R™
and w € L*(0,t;R") satisfying ||z||, |[y|| < 05 and ||| r2(0,1m) < 85 it holds

vaﬁv(t7y7w)_l - Vggv(ta (E,(JJ)_1||2 < LVHy - (EH

Proof. Note that V(¢t,-,w), det(-) and adj(-) are C°°-functions on their respective domains, where adj(A) is the
adjugate matrix of A. Hence Cramer’s rule implies that 2 +— VZV(t, z,w) ™" is C in U, (0). Then for z,y € R"
satisfying ||z||, [|y]| < J5 it holds

1
[VEV(t,y,w) ™! = VEV(t, a,w) 2 = H/o DeViV(t,a+7(y —z),w) (y —x)dr

2

1
< / IDeV2V(t, 2+ 7(y — 2),0) | gy 7 [y — ]
0

1
B / ot IDeVEV(t 2+ 7(y — 2),w) 2]z d7 |ly — 2]
0 |z

1
< / us‘ulp Z|zz\||ng&v<t vt 7y — 2),w) ez dr lly — 2
0 =

2%, V&V(t x+7(y —x), w)_lH dr [ly — |
2

/0 Z||v5§vw+¢( —z),w)7 >
[ S

EV(t,ac +7(y—x),w)|| drlly— =z

2

3&

drlly — [,
2

8§ V EV(t,{ZZ + T(y - IE),(U)

where Lemma B.7 was used in the last estimate. It remains to show an appropriate estimate for
H g V2 V(t,y+1(x— y)7w)H . To that end let v € R™ fulfill ||v|| < 05 and let j,k € {1,...,n} be such that
2

3 o3
ma —V(t,v,w)| = | =——=V(t,v,w)|.
L aeaas ) = seagas V)
With Proposition 4.6 it follows
Vth/w) aV V(t,v,w) —nLV(ti)
o ¢ 8§z & non - |ogog08, T

=n |D§ t,u,w)(ei,ej,ek)| < nMs.
Finally it follows

IVEeV(t,y,w) ™ = VeV (tw,w) 2 < Mjn®Ms|lw — y|| = Ly|lz — y.
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