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LINEAR-QUADRATIC STOCHASTIC VOLTERRA CONTROLS
II. OPTIMAL STRATEGIES AND RICCATI-VOLTERRA EQUATIONS

YusHl HAMAGUCHIY ® AND TIANXIAO WANG?

Abstract. In this paper, we study linear-quadratic control problems for stochastic Volterra integral
equations with singular and non-convolution-type coefficients. The weighting matrices in the cost func-
tional are not assumed to be non-negative definite. From a new viewpoint, we formulate a framework
of causal feedback strategies. The existence and the uniqueness of a causal feedback optimal strat-
egy are characterized by means of the corresponding Riccati—Volterra equation. The causal feedback
optimal strategy is explicitly written by a finite dimensional (matrix-valued) function which solves the
Riccati—Volterra equation.
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1. INTRODUCTION

Linear-quadratic (LQ) control problems are special classes of optimal control problems described by a linear
state dynamics and a quadratic cost functional. In the continuous time setting, the state dynamics is assumed
to be governed by a controlled differential /integral equation. In this paper, we consider the following controlled
linear stochastic Volterra integral equation (SVIE):

X(t)==z(t) + ) {A(t,s)X(s) + B(t,s)u(s) + b(t,s)} ds + ) {C(t,8)X (s) + D(t,s)u(s) + o(t,s)} dW(s),
t e (to,T),

(1.1)

where u is a control process, x is a given deterministic function called the free term (which is also called the
forcing term), W is a Brownian motion, A, B,C and D are matrix-valued deterministic coefficients, and b and
o are vector-valued stochastic inhomogeneous terms. The cost functional is given by the following quadratic
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functional:

J(tg,z;u) :=E

({8 S )G ()- oyl oo

where @, S and R are matrix-valued deterministic functions, and ¢ and p are vector-valued stochastic processes.
The LQ control problem for an SVIE, which we call an LQ stochastic Volterra control problem, is to minimize
the quadratic cost functional J(tg,z;u) over all control process u subject to the state dynamics (1.1).

The controlled SVIE (1.1) is a Volterra-type extension of a controlled linear stochastic differential equation
(SDE):

X)) — s (1.3)

{ dX(s) = {A(s) X (s) + B(s)u(s) + b(s)} ds + {C(s) X (s) + D(s)u(s) + o(s)} dW(s), s € [to, T],
with z being a constant. More importantly, the controlled SVIE (1.1) can be used to describe stochastic dynamics
involving time-fractional derivatives. For example, a controlled linear fractional SDE of order a € (%, 1) in the
sense of Riemann-Liouville can be written as follows:

X(t) = ﬁ(t — to)a—lx + ﬁ/ (t — S)Q_l{A(S)X(S) + B(S)U(S) + b(S)} ds
' : (1.4)
i ﬁ/t (t—5)*"H{C ()X (s) + D(s)u(s) + o (s)} AW, t € (to, T),

where I'(«) denotes the Gamma function. This equation is nothing but the controlled SVIE (1.1) with the
free term z(t) = (a) (t — to)* la, the coefficients F(t,s) = F(a)(t —8)*71F(s) for F = A,B,C,D, and the
inhomogeneous terms f(t,s) = @(t —8)*7Lf(s) for f = b, 0. Note that, in this case, the coefficients A, B, C, D
and the inhomogeneous terms b, o are singular in the sense that F(t,s) and f(¢,s) with F = A, B,C, D and
f =0b,0 diverge as s 1 t. Fractional differential systems are suitable tools to describe the dynamics of systems
with memory effects and hereditary properties. There are many applications of fractional calculus in a variety
of research fields including mathematical finance, physics, chemistry, biology, and other applied sciences. For
detailed accounts of theory and applications of fractional calculus, see for example [1-4] and the references cited
therein.

LQ control problems for SDEs were first studied by Wonham [5] in 1968 and followed by many researchers;
see [6], Chapter 6 and [7] for systematic studies and the recent developments of LQ control theory for SDEs. In
this context, there are at least two different frameworks, namely, the open-loop framework and the closed-loop
framework. On the one hand, in the open-loop framework, the problem is to find, for each fixed input condition
(to,x), a control process @ such that

'](th xZ; ﬂ) < J(thxv U)

for any other control processes u. Such a control process is called an open-loop optimal control. The open-
loop optimal control is characterized by a coupled system of an SDE and a backward SDE (BSDE) (see [7],
Sect. 2.3). On the other hand, in the closed-loop framework, the problem is to find an optimal “strategy” which
a controller uses to select a control action based on his/her state. More precisely, in the LQ control problem
for SDE (1.3) with the cost functional (1.2), consider a matrix-valued deterministic function Z and a stochastic
inhomogeneous term v which are independent of the choice of input conditions (g, z). The pair (2, v) is called
a closed-loop strategy (which is also called a state-feedback strategy). Then for each input condition (tg,x),
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consider the following closed-loop system of the controlled SDE (1.3):

dX "% (s) = {A(s) X" () + B(s)u'>"(s) + b(s)} ds

HO(5)X™"(s) + D(s)u'"(s) + o(s)} AW (s), s € [to, T], (15)
Xto’m(t()) = '

u'o"(s) = E(s) X" (s) + v(s), s € [to, T],
or equivalently the SDE

dX'0"(s) = {(A(s) + B(s)E(s)) X" (s) + B(s)v(s) + b(s)} ds
+H{(C(s) + D(s)=(5)) X" (s) + D(s)v(s) + o (s)} AW (s), s € [to, T,
Xto"x(to) =x.

We note that the above system is an equation for the state process X = X'® and the control process u = uto-*
is obtained as the outcome of the strategy (E,v) by inserting the solution X% into the expression u!0:* =
EX%® + 0. In order to clarify the dependency of the outcome u'-® on the closed-loop strategy (Z,v) and the
input condition (to, ), we write ulo® = (E,v)[tg, x]. The problem in the closed-loop framework is to find a

closed-loop strategy (Z,0) such that
J(to, =3 (2, 0)[to, z]) < J (to, =; (E, v)[to, 7))

for any other closed-loop strategy (Z,v) and any input condition (¢g,x). In this case, the pair (é,f}) is called
a closed-loop optimal strategy. The closed-loop optimality is closely related to the solvability of a Riccati
(differential) equation and a BSDE (see [7], Sect. 2.4). It is worth to mention that if (£, 9) is a closed-loop optimal
strategy, then the outcome 0% = (é, 0)[to, x] is an open-loop optimal control for every input condition (to, x).
Therefore, each closed-loop optimal strategy can be seen as a state-feedback representation of an open-loop
optimal control.

Optimal control problems of (non-linear) SVIEs were first studied by Yong [8]. By means of the maximum
principle, he characterized the open-loop optimal control by the so-called Type-II backward stochastic Volterra
integral equation (Type-II BSVIE) which is a Volterra-type extension of a BSDE. Since then, several researchers
have tried to solve optimal control problems for SVIEs in the open-loop framework; see [9-17]. On the other
hand, in the special case of SVIEs with completely monotone and convolution-type kernels, several kinds of
feedback representations of the optimal controls were investigated by [18-20]. Specifically, Abi Jaber, Miller and
Pham [18] studied LQ stochastic Volterra control problems with completely monotone and convolution-type
kernels. Based on an infinite-dimensional approach, they obtained a kind of a linear feedback representation
of the optimal control; see also [21] for the study on the associated integral operator Riccati equation. We
emphasize that the approaches of [18-21] heavily rely on the special structure of the completely monotone and
convolution-type kernels, and they cannot be applied to the non-convolution-type SVIE (1.1).

The purpose of this paper is to formulate and investigate the closed-loop framework of LQ stochastic Volterra
control problems with general (singular and non-convolution-type) coefficients. In this framework, a difficulty
comes from the definition of the “strategy”. Indeed, as discussed by Pritchard and You [22] in the deterministic
LQ Volterra control problems, the class of state-feedback strategies of the form u0:*(t) = Z(¢) X % (¢) + v(t) is
not sufficient to capture the Volterra structure of the state dynamics (see also [23] for the study of deterministic
LQ Volterra control problems). In our previous paper [24], inspired by the so-called causal projection approach
of [22, 23], we introduced the notion of causal feedback strategies for the linear controlled SVIE (1.1). This is a
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feedback strategy involving not only the state process X (¢), but also the forward state process defined by

O(s,t) =x(s)+ [ {A(s,r)X(r) + B(s,m)u(r) +b(s,r)}dr + [ {C(s,r)X(r)+ D(s,r)u(r) +o(s,r)} dW(r)

to to

for (s,t) € DNa(to,T) :={(s,t) | to <t < s < T}. The forward state O(s,t) can be seen as the causal projection
of the original controlled SVIE (1.1) which is determined by information of X and w up to the current time ¢.
A causal feedback strategy consists of a triplet (Z,T",v) of matrix-valued deterministic functions = and T" and
a stochastic inhomogeneous term v which leads to the following closed-loop system: for each input condition

(thx)a

X () = x(t) + t {A(t, s) X7 (s) + B(t, s)u'>"(s) + b(t,s)} ds
+ [ {C(t,5) X" (s) + D(t, s)u'"(s) + o(t,s)} dW(s), t € (to,T),

to

O (s, t) = x(s) —|—/t {A(s,7) X% (r) + B(s,r)u""(r) + b(s,r)} dr (1.6)

+ [ {C(s,r) X" (r) + D(s,r)u'>"(r) + o (s,7)} AW (r), (5,1) € Da(to, T),

to

We say that a pair (X% ©%:?) satisfying the above system a causal feedback solution of the controlled SVIE
(1.1) at (to,x) corresponding to the causal feedback strategy (Z,T,v). This framework is different from that
of [18-21] and more reasonable in view of the (generalized) flow property and the time-consistency of the
state dynamics. For more detailed theory on the causal feedback strategies and the associated causal feedback
solutions, see our previous paper [24]. In order to clarify the dependency of the outcome u!0® on the causal

feedback strategy (Z,T',v) and the input condition (Zo,z), we write uto® = (Z,T,v)[tg, z]. Our problem is to
find a causal feedback strategy (Z,1",0) such that

J(to, x; (é, f‘,ﬁ)[to,x]) < J(to,z; (B, T, 0)[to, x])

for any other causal feedback strategy (Z,T',v) and any input condition (fo,z). In this case, we call the triplet
(E,T,0) a causal feedback optimal strategy.
The main contributions of this paper are the following two points:

(i) We show that the existence of a causal feedback optimal strategy is equivalent to the “regular solvability”
of a Riccati—Volterra equation (5.1) together with an additional condition for the solution to a Type-IT
extended BSVIE (Type-II EBSVIE) (5.5). The causal feedback optimal strategy and the associated value
functional are expressed by the solutions of these equations. See Theorem 5.4.

(ii) We show that the existence of a “strongly regular solution” of the Riccati—Volterra equation (5.1) is
equivalent to the uniform convexity of the cost functional. These two equivalent conditions imply the
existence and the uniqueness of the causal feedback optimal strategy. See Theorem 6.5.

Furthermore, we found the following interesting fact:

Fact. If the control does not enter the drift part, that is, if B = 0, then the causal feedback optimal strategy
(é, f, 0) is of a state-feedback form in the sense that I =0. Moreover, if in addition the inhomogeneous
terms b, o, q and p are zeros, then it is of a Markovian state-feedback form in the sense that I'=0and
© = 0. See Remark 5.8.
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This is a surprising consequence since, even in the homogeneous case, the state process is highly non-Markovian
and being non-semimartingale due to the Volterra structure. Very recently, a similar fact was also found in an
independent work of Wang, Yong and Zhou [25] by a different method. In [25], they considered an LQ stochastic
Volterra control problem (involving a terminal cost) in the open-loop framework, where the coefficients A, B, C
and D are non-convolution-type but assumed to be regular (i.e. bounded and differentiable), the inhomogeneous
terms b, 0,q and p are zeros, S = 0, and the weighting matrices @@ and R are assumed to be non-negative and
strictly positive definite, respectively. By a dynamic programming method and a decoupling technique, they
derived a causal feedback represention of the open-loop optimal control by means of a path-dependent Riccati
equation which is different from our Riccati-—Volterra equation (5.1).

Besides the fact that the coefficients of the controlled SVIE (1.1) are non-convolution-type and singular, our
cost functional (1.2) is also quit general compared to [18, 21, 25] since we do not a priori impose any non-
negativity conditions on the matrix-valued functions () and R. In particular, under standard non-negativity
assumptions for @ and R which are similar to [18, 21, 25], we see that the Riccati—Volterra equation is strongly
regularly solvable, which implies that there exists a unique causal feedback optimal strategy (see Cor. 6.7). Our
results (i) and (ii) mentioned above are extensions of the known results [26, 27] of LQ control problems for SDEs
(see also [7], Sect. 2.4) to our LQ stochastic Volterra control problems. Type-II EBSVIEs were introduced and
investigated in our previous paper [24]. They are extensions of a class of Type-II BSVIEs introduced by Yong
[8] to the framework of causal feedback solutions of controlled SVIEs. The Riccati—Volterra equation (5.1) is
a coupled system of Riccati-type Volterra integro-differential equations which appears for the first time in the
literature. This is closely related to Lyapunov—Volterra equations which were also introduced in our previous
paper [24].

In the literature of LQ stochastic Volterra controls [18, 21, 25], the (open-loop) optimal controls were expressed
by the solutions of infinite dimensional (operator-valued) Riccati equations. Compared with these works, our
results characterize the causal feedback optimal strategy by means of a finite dimensional (matrix-valued)
function which solves the novel Riccati—Volterra equation. It is the first time to give such a finite dimensional
expression of the optimal strategy for a stochastic Volterra control problem in the literature.

We note that our framework covers SVIEs with singular coefficients such as the fractional SDE (1.4). We
will consider the causal feedback solution of the controlled SVIE (1.1) in the L? framework (with respect to
the time variables). This framework is suitable for studying a Lagrange type cost functional of the form (1.2).
However, a Meyer type cost functional which involves the terminal cost E[{GX(T), X (T'))] for some matrix G
cannot be treated since the term X (7') is not defined for a fixed time T due to the lack of regularity. In order to
treat such a term, we additionally require some technical regularity assumptions on the coefficients. By doing
S0, we can generalize our results to the case involving the terminal cost. However, in this paper, for the sake
of simplicity of the presentation, we focus only on the L? framework with simple and mild assumptions on the
coefficients, allowing for singular coefficients. We refer the readers to the recent work [25] where, under strong
regularity assumptions on the coefficients (which exclude the fractional SDE (1.4)), the terminal cost is treated.

The rest of this paper is organized as follows: In Section 2, we formulate the LQ stochastic Volterra control
problems in the framework of causal feedback strategies. In Section 3, we recall the results of our previous work
[24]. Specifically, we introduce Type-II EBSVIEs and Lyapunov—Volterra equations which play fundamental
roles in the present paper. In Section 4, we give a useful representation of the cost functional. In Section 5, we
introduce the Riccati—Volterra equation and prove the first main result (Thm. 5.4). In Section 6, we investigate
the (strongly regular) solvability of the Riccati—Volterra equation and prove the second main result (Thm. 6.5).
Some auxiliary lemmas are proved in Appendix.

Notation

(Q, F,P) is a complete probability space, and W is a one-dimensional Brownian motion. F = (F;);>o denotes
the P-augmented filtration generated by W. E[] denotes the expectation. Throughout this paper, E[-]'/? denotes
the square root of the expectation E[-], not the expectation of the square root. For each 0 < tg < T < oo,
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we define

No(tg, T) := {(t,8) € (to, T)?|T >t > s > 1y}, (a triangle region)
={

Os(to, T) (s1,82,t) € (to, T)® |t < s1 A s2}. (a square pyramid region)

For each matrix M € R%*9 with dy,dy € N, [M| denotes the Frobenius norm, M T € R9*% denotes the
transpose, MT € R%*% denotes the Moore-Penrose pseudoinverse, and % (M) denotes the range. For each
d € N, S denotes the set of (d x d)-symmetric matrices. We define R? := R?*!  that is, each element of R? is
understood as a column vector. We denote by (-,-) the usual inner product on a Euclidean space. I; denotes
the (d x d)-identity matrix. For each set A, 15 denotes the indicator function.

For each 0 <ty < T < 0o and dy,ds € N, we define some spaces of stochastic (and deterministic) processes
as follows:

(LA(tg, T; R4 xdz2) || HL%(tU’T)) is the Hilbert space of R% *92_valued, square-integrable and F-progressively
measurable processes on (tg, T).
(LIQF’1 (Na(to, T); Rxdz) | HL;,I(A2UO T))) is the Banach space of R% *2_valued and measurable processes

§ on As(to,T) such that £(t,-) is F-progressively measurable on (to,¢) for each t € (to,T) and that
H6||L2‘1(A (to,T)) < o0, where
F 2\to,

T
1€l 221 (A 0,7y = E{/t (

0 to

t

(¢, 5)| ds)2 dt} i

L2(Do(to, T); RUXE) || L2 au o yy) s the Hilbert space of & € LEY (A (to, T); RU*d2) such that
F F(D2(t0,1)) F

(€1 L2 (A5 (t0,7)) < 00, Where

T pt ) 1/2
I€lzzcancoiry =B | [ €9 dsar
0 0

(L% (Da(to, T); RU™ %), || -[| L2 _(ay (k1)) 18 the Banach space of & € LE(Aa(to, T); R *%) such that s —

&(t, s) is uniformly continuous on (to,t) with the limits £(¢,t) := limyy, £(¢, s) and &(¢, to) := limgyy, £(2, 5)
exist for a.e. ¢ € (to,T') a.s. and that [[{]|L2 _(a,(,7)) < 00, Where

T 5 . 11/2
J€llsz ontoiry =E[ [ sup fetes)Pa
’ to S€E[to,t]
(L (to, T; R >42) ||+ || oc(t,7)) is the Banach space of R%*%-valued essentially bounded measurable

functions on (tg,T).

For T = (to,T), (to, T)?, Aa(to, T) and Os(to, T), (L*(T;R¥*42) || - || 2(1)) is the Hilbert space of R% *dz2-
valued and square-integrable deterministic functions on T.

(L2 (Aa(to, T); R >92) ||| 2.1 (A, (1,1))) is the Banach space of R%*%2-valued deterministic functions f
on Ag(tg, T') such that || f[|2.1(a, k1)) < 00, where

to,

t

T 2 \1/2
Il 21 (Agto.)) = (/t ( . |f(t,s)|ds> dt)

0
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o (L22Y(O3(tg, T); RA>d2) |- | 221 (O, (t,7))) is the Banach space of R4 *42_yalued deterministic functions
f on Os(to, T') such that || f]| 12,21 (0, t,1)) < 00, where

51/\52 2 1/2
Hf”Lz 2.1(0s(to,T)) -= / / / 81, S9, t)| dt) dSldSQ) < 0OQ.

o L% (Os(to, T);R™?) is the set of f e L**1(Os(to,T);R**%) such that f(s1,s2,t) = f(s2,51,8)"
for a.e. (s1,s2,t) € O3(0,T). It is easy to see that L22'(0s(to,T);R¥?) is a closed subspace of
L221(O4(to, T); R xdz2),

o L?(Na(ty, T); RUX42) is the set of f € L2(Aa(to, T); R *92) satisfying the following two conditions:

o it holds that

T ) 1/2
I at0m 1= essup ([ 17(s, )7 ds) ™ < o
te(to,T)

o for any ¢ > 0, there exists a finite partition {U;}", of (to,T) with to = Uy < Uy < -+ < Uy, = T such
that

Uigr 1/2
ess sup / |f(s, 1)) ds) <e
te(U;s,Uig1)

for each i € {0,1,...,m — 1}.
It is casy to see that (L2(Az(to, T); RU*%2) || - || @2(a,(t0,1))) is a Banach space.

Throughout this paper, d € N represents the dimension of state processes, and ¢ € N represents the dimension
of control processes. We fix a finite terminal time T' € (0, c0).

2. LQ STOCHASTIC VOLTERRA CONTROL PROBLEMS

We define the set of input conditions by Z := {(to,z)|to € [0,T), x € L*(to, T;R?)} and control processes by
U(to, T) := Li(to, T;RY). For each input condition (tp,z) € Z and control u € U(to, T, consider the controlled
linear SVIE (1.1) and the quadratic cost functional (1.2). The following is the standing assumption of this paper.

Assumption 2.1. e The coefficients: A € LQ(AQ(O T);R¥>4) B e L2(A2(0 T);R¥>H), C € L2(Lo(0,T);
R4 D € L2(No(0,T); R, Q € L>(0,T;S%), R € L>(0,T;S"), S € L°°(0 T; R4,
e The inhomogeneous terms: b € LIQF’I(AQ(O,T),R ), o € Li(L2(0,T);RY), q € LA(0,T;RY), p €
L2(0, T; RY).

Remark 2.2. We do not impose any non-negativity conditions on the weighting matrices @) and R at this
time. In the standing assumption, the coefficients and the inhomogeneous terms of the controlled SVIE (1.1) are
singular and of non-convolution-types. For example, A(t, s) is allowed to diverge as s 1 ¢, and the same is true for
B,C,D,b and o. Our framework is more general than [10] (where the coefficients are of non-convolution-types,
but B,C and D are essentially regular, and the inhomogeneous terms b and o do not appear) and [18, 21]
(where the coefficients are singular, but they are of convolution-types with completely monotone kernels, and
the inhomogeneous terms are deterministic). It is also worth to mention that the assumptions for the coefficients
C and D being in .2 (s (to, T); R4*492) fit into the framework of the so-called “x-Volterra kernels” introduced
n [28]. Indeed, in the terminology of [28], the process 2;[C fo (t,s)dWs, t € (0,T), belongs to the
class Kr(0, T; R?*4) of x-Volterra kernels, and satisfies [28], Corollary 5.5. This implies that 207[C] admits the
so-called “x-resolvent”. The notions of x-Volterra kernels and x-resolvents play crucial roles for solving linear
SVIEs by means of the variation of constants formula. For more details, see [28].
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The LQ stochastic Volterra control problem is stated as follows.

Problem (SVC). For each (to,x) € Z, find a control process 4 € U(to, T) satistying

J(to, x; ) = uezfltr(ltﬁ - J(to, x;u) =: V(to, ). (2.1)

Definition 2.3. For each (tp,z) € Z, a control process 4 € U(tp,T) satisfying (2.1) is called an open-loop
optimal control at (to, ). We call the map V' the value functional of Problem (SVC).

In this paper, we are interested in the closed-loop framework of Problem (SVC). More precisely, we consider
the following causal feedback strategies which were introduced in our previous paper [24].

Definition 2.4. Each triplet (Z,T,v) € S(0,T) := L>(0, T;R*?) x L2(A5(0,T); R*?) x U(0,T) is called a
causal feedback strategy. For each (2,T,v) € 8§(0,T) and (tg,z) € Z, we say that a triplet (Xt0-® Q0% yl0:2) g
La(to, T; RY) x L%VC(AQ(tO,T);Rd) X U(to,T) is a causal feedback solution of controlled SVIE (1.1) at (to, z)
corresponding to (Z,T',v) if it satisfies the closed-loop system (1.6). We sometimes call (X%, @) the causal
feedback solution for simplicity. The control process u®* € U(tg, T) is called the outcome of the causal feedback
strategy (Z,T,v) at (to, ), and we write (2, T, v)[to, x](t) := u'o=(t).

Theorem 2.5. For each causal feedback strategy (E,T,v) € S(0,T) and each input condition (to,x) €
I, the controlled SVIE (1.1) has a unique causal feedback solution (X'0® ©W:® ylo®) € [2(ty, T;R?) x
LIQF,C(AQ(tO,T);Rd) X U(to, T). Furthermore, there exists a constant K > 0 depending only on A,B,C,D,E,T
such that

X1 L2 g7y + ||@t0’r||L;C(A2(tO,T)) + 1 L2 20, 1) 2.2)
< Kol + 1l 2300y + 191200000020 + 1ol 200,10 |
Proof. See [24], Theorem 2.4. O

Remark 2.6. We emphasize that the causal feedback strategy (Z,T",v) is chosen to be independent of the
input condition (tg, ), while the causal feedback solution (X'* @!% yf.%) depends on (tg, ). Namely, for
each input condition (g, ), the “control” (or the “outcome”) u!®* is endogenously obtained by following the
“strategy” (2,T",v). It is worth to mention that the causal feedback solution satisfies the (generalized) flow
property with respect to the input condition (g, ) in a suitable sense. For more detailed discussions, see our
previous paper [24].

The purpose of this paper is to investigate the causal feedback optimal strategy defined as follows.
Definition 2.7. A causal feedback strategy (é,f‘,ﬁ) € §(0,7) is called a causal feedback optimal strategy of
Problem (SVC) if

J(to, 3 (éa fa ﬁ)[to, .’t]) < J(to, xz; (E7 Fv U)[to, fﬂ])

for any input condition (¢g,x) € Z and any causal feedback strategy (Z,T',v) € S(0,T).

The following lemma, which is a counterpart of [7], Proposition 2.1.5 in the Volterra setting, provides
equivalent formulations of the causal feedback optimal strategy.

Lemma 2.8. For each (é,f,f)) € 8(0,T), the following are equivalent:
(i) (E,T,0) is a causal feedback optimal strategy of Problem (SVC);
(i) it holds that

J(to, x; (é,f, 0)[to, x]) < J(to,x; (Z,0,v)[to, x])
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for any (Z,v) € L>=(0,T;R>*?) x U(0,T) and any input condition (ty,v) € I;
(#i) it holds that

J(to,m; (é7f,@)[to, l‘]) < J(to, 3 (O,F, U)[t07$])

for any (T,v) € L*(A(0,T); R4 x U(0,T) and any input condition (to,r) € Z;
(iv) it holds that

J(to, x; (é, f,ﬁ)[to,x}) < J(to, x; (é, f‘,v)[to,x])

for any v € U(0,T) and any input condition (tg,x) € Z;
(v) it holds that

J(to, x; (B,1,0)[to, x]) < J(to, ;1)

for any w € U(to, T) and any input condition (to,x) € L.
Proof. From the definition of the causal feedback optimality, (i) implies (ii), (iii), (iv) and (v). The implications
(if) = (v), (ili) = (v) and (v) = (i) are also trivial. We only need to show the implication (iv) = (v).

Assume that (iv) holds. Let (t9,z) € Z and u € U(to, T') be arbitrary, and denote by (X, ©) the corresponding
state pair. Define

0 for ¢ € (0, to],

T
u(t)—é(t)X(t)—/t P(s,0)0(s,1)ds  for t € (to,T).

Clearly, v is in U(0,T) and satisfies (2,T,v)[to, 2] = u. By (iv), we have
J(to, x; (B,T,0)[to, z]) < J(to, z; (2,1, 0)[te, 2]) = J(to, z; u).
Thus, (v) holds. This completes the proof. O

Remark 2.9. From the above lemma, if (2,1,4) € §(0,T) is a causal feedback optimal strategy of Problem
(SVCQ), then for any input condition (tg,z) € Z, the outcome (2,1, 0)[to, 2] € U(to, T) is an open-loop optimal
control of Problem (SVC) at (to, ). Therefore, each causal feedback optimal strategy can be seen as a causal
feedback representation of an open-loop optimal control. Note that, even if a state-feedback strategy (é, 0,0) €
S(0,T) (in which the feedback T' of the forward state process is absent) is optimal among all state-feedback
strategies in the sense that

J(to, 25 (2,0,0)[to, x]) < J(to,z; (Z,0,0)[to, x])

for any (E,0,v) € §(0,T) and any (tg,x) € Z, it must be optimal among all causal feedback strategies in the
sense that

J(t0>$; (év 0, @)[tQ,I]) < J(t07$; (E,F, U)[t07x])

for any (E,T,v) € §(0,T) and any (to,x) € Z.
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We will also consider the homogeneous version of Problem (SVC), where the inhomogeneous terms b, o, ¢ and
p are absent. In this case, the controlled SVIE (1.1) and the cost functional (1.2) become

Xo(t) = 2(t) + [ {A(t,$)Xo(s) + B(t, s)u(s)}ds + | {C(t,8)Xo(s) + D(t, s)u(s)} AW (s), t € (to, T), (2.3)

to tO

T
t) ST (Xo®) (Xo(t)

JO(tg, z;u) :=E / <(Q( , dt|, 2.4

Gom) =B ] \\Sw ko)) Cuiy ) Latt) (24
respectively. We write the homogeneous problem by Problem (SVC)Y and the corresponding value functional by
VO(to, z). For each causal feedback strategy (Z,T,v) € S(0,T) and input condition (¢g, z) € Z, the corresponding
causal feedback solution (X%, ©F", ug"®) € LE(to, T;R?) x L2 (Aa(to, T); RY) x U(to, T) of the homogeneous
controlled SVIE (2.3) satisfies

X?Wﬂ:d0+Awa®X3W$+B@$%”@H®
+ ) {C(t, s)XéO’w(s) + D(t, s)ug‘)’m(s)} dW(s), t € (to,T),

@?%aw:a$+AkA@mxﬁ%m+B@m%”wnw

+/t {C(s,1) X" (r) + D(s,r)ug " (r)} AW (r), (s,1) € Dalto, T),

We denote the outcome by (Z,T,v)°[to, 7] := ug”® € U(toy, T).

3. PRELIMINARIES

In this section, we summarize the results of our previous work [24]. Specifically, we introduce Type-II extended
backward stochastic Volterra integral equations (Type-11 EBSVIEs) and Lyapunov—Volterra equations which play
fundamental roles in the study of Problem (SVC). For more detailed discussions and proofs, see [24].

3.1. Type-IT EBSVIEs and duality principle

Let (2,T) € L>=(0,T; R4) x L2(Aq(0,T); R*4). For each x € Ly (Aa(0,T); RY) and ¢ € L2(0, T;R?), we
consider the following Type-1I EBSVIE:

T T
dn(t,s) = —{X(t, s) —i—F(t,s)T/ B(r,s) n(r,s) dr—!—F(t,s)T/ D(r,s)"¢(r, s) dr}ds
+((t, ) dW(s), (t,5) € No(0,T), (3.1)

T T
n(t,t) :¢(t)+/t (A4 BoE)(r,t) "n(r,t) dr+/t (C+DvE)(r,t) ¢(r,t)dr, t € (0,T),
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with A+ B> = € L2(A2(0,T);R>4) and C + D> = € £?(A5(0,T); R¥*9) defined by
(A+ BprE)(t,s) := A(t,s) + B(t, s)E(s), (C+ Dv>E)(t,s):=C(t,s)+ D(t, s)=E(s)

for (t,s) € £2(0,T).

Definition 3.1. We say that a pair (1,¢) € L .(A2(0,T); RY) x L(Ao(0,T); RY) is an adapted solution to the
Type-1I EBSVIE (3.1) if it satisfies

t T T
wt0) =)+ [ {69 +1097 [ B oTam e dr 7T [ D6l s)arfas
- [ s aws)

T T
n(t,t) = (t) + /t (A4 BoZ)(r,t) " n(r,t)dr + /t (C+DvE)(r,t) ¢(r,t)dr,

for a.e. t € (0,T) and any 6 € [0, 1], a.s.

Theorem 3.2. Let (2,T) € L®(0, T; R>%) x L2(Ay(0,T); R*9) be fized. For any x € Lo’ (A2(0,T); RY) and
Y € LZ(0,T;R?), there exists a unique adapted solution (n,() € L]%7C(A2(O,T);Rd) x L2(A2(0,T);RY) to the
Type-1I EBSVIE (3.1). Furthermore, for any v € U(0,T) and (to,x) € Z, the following duality principle holds:

T

E[/tT{<¢(t),XW(t)> n /t (x(5,1), O (s,1)) ds} dt]
T

:/T@E[n(t,to)],x(t»dt+E[/ {/tTm(s,t),b(s,t»ds+/tT<g(s,t),a(s,t)>ds}dt} (3:2)

to to

+ E[/tT</tT{B(s, (s, t) + D(s,t)T¢(s, )} ds, U(t)> dt} ,

where (X', 07) € L(to, T;RY) x L§ (Aa(to, T);R?) is the causal feedback solution to the SVIE (1.1) at
(to, x) corresponding to the causal feedback strategy (E,T,v) € §(0,T).

3.2. Lyapunov—Volterra equations and quadratic functionals

Definition 3.3. We denote by I1(0,T) the set of pairs P = (P, P?)) with P : (0,T) — R and P? :
Os(to, T') — R4*< such that

PW e L>(0,T;S%);
for a.e. (s1,52) € (0,T)2, t — PP (sy,55,t) is absolutely continuous on (0, s; A s3);
the function P (s, 59,51 A sg) := lim P®(s1,s9,t), (51,52) € (0,T)?, is in L2((0,T)% R*4);

t1s1A\s2

e the function P®)(sy, s9,t) := agf) (s1,82,t), (51,80,t) € O3(0,T), is in L?21(03(0, T); RI*4);
for a.e. (s1, s9,t) € O3(0,T), it holds that P(3)(sy, sq,t) = P®)(s9,51,t) 7.

Remark 3.4. Observe that I1(0,7) is a Banach space with the norm

T pT 1/2
|P[l1c0,1) = ess sup|P(1)(t)| + (/ / |P(2)(31,52,31 A 82)|2d81d52)
0o Jo

te(0,T)
T pT S1As2 @ 2 1/2
+ ( < |P (81782,t)|dt) d81d82>
0 Jo 0
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for P = (PM, P()) € TI(0, T). Furthermore, the following holds:

T pT 1/2
esssup|P<1><t>\+(/ / sup [P (s1, 85,0 dsidsz) < [|Plngo,r) < oo
t€(0,T) 0 JO t€[0,s1As2]

Lemma 3.5. Let P = (PM, P@) € T1(0,T). Then for each ty € [0,T), the map P : L?(tg, T;R?) —
L2(ty, T;R?) defined by

T
(Prox)(t) := PM () (t) + / POt r to)x(r)dr, t € (ty,T),

to

for x € L?(ty, T;R?), is a self-adjoint bounded linear operator on the Hilbert space L?(to, T; R?).
Lemma 3.6. Let P = (P, P?) € T1(0,T). Assume that

/T<P(1)(t)x(t),x(t)> dt + /tT/tT<P(2)(sl,527t0)x(52),x(31)> dsidsy = 0

to

for any (to,z) € T. Then P =0 in the sense that PN (t) = 0 for a.e. t € (0,T) and PP (s1, s5,t) = 0 for any
t € 10,51 A s2] for a.e. (s1,52) € (0,T)2.

Definition 3.7. Let P = (P, P() € TI(0, T). For each M; : Ay(0,T) — RU*4 and My : Ay(0,T) — RI*42
with di,ds € N, we define

T
(M P) (s, 1) = M (s,£) P (s) + / Mi(r, )P (r, 5, 8) dr, (s,1) € £9(0,T),
(Px M) (s,t) := P(l)(s)Mg(s,t)+/TP(2)(s,r,t)M2(r,t) dr, (s,t) € No(0,T),
and
T T pT
(M w P My) (1) ::/ Ml(s,t)P(l)(s)Mz(s,t)ds+// Mi(s1, )P (1, 5, ) Ma (50, £) dsrdsa, £ € (0, 7).

Lemma 3.8. Let P = (P, P®?) € 11(0,T). Fiz dy,ds € N.

i) For each M € L(Ao(0,T);R¥*%) with L being one of L3, L2, L?1', L? and £?, it holds that PxM €
(i) ¥ L
L(N2(0,T); R¥*42) and

1PX Ml zaz00,r)) < IPInemM |l caq0,m)-
Furthermore, (PxM)" = M " xP.
(is) For each M; € L%(Na(0,T);R™*Y) and My € L?(A2(0,T);R¥*92) it holds that MyxPxM, €
L>(0,T; RU*42) gnd

| My X PxM;|| o 0,1y < [|M1l| 22(am0,0) | Pllo,m) | M2l 22 0,1)-

Furthermore, (Myx PxMs) " = My x Px M. In particular, My x PxMy € L°°(0,T;S%).
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(iii) For each M € L*(No(0,T);R4*4) and ¢ € LE(Ao(0,T); R¥92), it holds that
MxPx¢ e L2(0,T;R" %) e T Pxe € LL(0,T;8%).

Lemma 3.9. Let P = (P, P®) € T1(0,T), (to,x) € T and u € U(ty, T). Then

T

E[/T{<P(1)() X(t), X (t )>+2/ <P<2>(s,t,t)X(t),@(s,t)>ds}dt}

to

:/T<p<1>() dt+// (PP (51, 59,t0)x(s2), (sl)>dsld32+E[/T(0T><P>40)(t)dt]

to to

+ E[/T{((DT1><P>4D)(t)u(t),u(t)>

to

+2<(DT1><P><10)(t)X(t)+/tT(BTD<P)(s,t)®(s,t)ds+(DTxPNa)(t),u(t)>

FU(CT ) PROY(OX (1), X (1)) + 2 /tT<(P>4A)(s,t)X(t)7 (s, 1)) ds
// (51, 82, £)O(s2, 1), O(s1, 1)) s dsy

+2<(cT><an)(t),X(t)>+2/tT<(P><b)(s,t),e(s,t)>ds}dt],

where X and © are the state process and the forward state process, respectively, corresponding to the input
condition (tg,z) and the control u.

For each (Z,T) € L>(0,T;R*?) x L2(A2(0,T); R**4) and P = (PN, P?)) € T1(0,T), define

FO[Z; P)(t) == (CTxPxC)(t) + 2(t) (DT PxC)(t) + (CTxPxD)(H)Z(t) + E(t) T (DT x PxD)(t)E(t),
€ (0,7),
FAZ T; P(s,t) := (PxA)(s,t) + (PxB)(s,t)2(t) + T(s,t) T (DT xPxC)(t) + ['(s,t)T (DT x PxD)(t)Z(t),
(Sﬂf) S AQ(O T)
FOIT; P)(s1,89,1) := T(s1,8) T (BT x P)(s2,t) + (PxB)(s1,6)[(52,8) + [(s1,) (DT PxD) ()T (52, ),
(81,82, ) S Dg(O,T).

Observe that the map
P (FW[E; P, F@[2,T; P], FO[T; P)).

is a bounded linear operator from I1(0, T') to L (0, T;S%) x L2(Ao(0,T); R¥*4) x L221(05(0,T); R4*1).

sym
For each (QW,Q®,Q®) € L>(0,T;S) x L*(A2(0,T); R™*?) x L221(05(0, T); R**?), we introduce the
following Lyapunov—Volterra equation:

PU(t) = FOIE Pl(t) + QW (1), t € (0,T),

PO (s,t,1) = PO (t,5,6)T = FO[E,T5 Pl(s, 1) + QP (s,1), (s,) € £9(0,T), (3.4)
P(Q)(sla 827t) + F(S)[Fa P](sh SQvt) + Q(?))(slv 827t) = 07 (sla S2vt) € D3(07T)
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We say that P = (P, P()) € T1(0, T) satisfying the above equalities a solution to the Lyapunov-Volterra
equation (3.4).

Theorem 3.10. Let (2,T) € L>®(0, T;R*%) x L2(Ay(0,T); R*?). For each (QM, QP ,Q®)) € L>(0,T;S%) x
L2(Ag(0,T); R¥4) x L2.21(03(0,T); R4, There exists a unique solution P = (P, P2) € TI(0,T) to the

sym

Lyapunov—Volterra equation (3.4). Furthermore, for any (to,xz) € Z, the following holds:

T T T
/t (PO ()(t), (1)) dt + / / (P® (1, 55, t0)(s2), 2(s1)) dsyds
=E[ /t {<Q‘”(t)X8°’I(t)7XSO"”(t»+2 /t QP (5,) X" (1), 00" (5,1)) ds (3.5)

T pT
+ / / <Q<3>(sl,52,t)egw(sz,t),@f)va(sl,t»dsldsz}dt},
t t

where (X", 00") € La(ty, T; RY) x L%,C(Ag(to,T);Rd) is the causal feedback solution to the homogeneous
controlled SVIE (2.3) at (to,x) corresponding to (£,T,0) € §(0,T).

4. REPRESENTATION OF THE COST FUNCTIONAL

Based on the previous results in Section 3 (see [24]), we provide a useful representation formula for the cost

functional.
For each (E,T) € L=(0, T;R*9) x L?(A5(0,T); R*?), define

QWEN() = Q(t) + (1) "S(t) + S(t) "E(t) + Z(t) " R(H)E(?), t € (0,T),
QP[E,T](s,t) :=(s,t) T S(t) + T(s,t) T R(t)Z(t), (s,t) € No(0,T), (4.1)

)

Q(B) [F](Sthat) = F(Slat)TR(t)F(527t)ﬂ (517827t) € D3(07T)

[1]

It is easy to see that
(QWELQWIET,QPII]) € L*(0,T587) x L*(La(0,T); R™) x LEL!(T3(0,T); R™).

Theorem 4.1. Let (2,T,v) € S(0,T) be arbitrary. Let P = (PN, P?)) € TI(0,T) be the solution to the
Lyapunov-Volterra equation

Pty = FO[E Pl(t) + QU [E](t), te (0,T),
PO (s, t,t) = PP (t,s,1)" = FA[E T, P(s,t) + QP[E,T](s,1), (s,) € £2(0,T), (4.2)
PP (s1,59,t) + FOD; P)(s1,59,t) + QP[] (s1,52,t) =0, (s1,52,t) € O5(0,T),
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and let (n,¢) € L .(D2(0,T); RY) x LE(A2(0,T); R?) be the adapted solution to the Type-1I EBSVIE

di(t, ) = f{(leb)(t, s)+T(t,5) (p(s) + (DT x Pxo)(s))
+((PxB)(t,5) +T(t,s) " (R(s) + (D" x PxD)(s)))v(s)
—H"(t,s)T/sT (r,8)Tn(r, s)dr + T(t, ) / D(r,s)T¢(r, s)dr}d
+((t,5) AW (s), (t,5) € £a(0,T), (4.3)

n(t,t) = q(t) + (CT xPxo)(t) + E(t) " (p(t) + (DT xPx0)(t))
+(S(®) " +(CTxPxD)(t) +E(t) " (R(t) + (DT = PxD)(1)))v(t)

T T
—I—/ (A4 B E)(r,t) "n(r,t) dr—|—/ (C+DvE)(r,t) ¢(r,t)dr, t € (0,T).
Define € L2(0,T;RY) by
T T
k(t) == p(t)—|—(DT|><P><10)(t)+/ B(s,t) " n(s,t) d8—|—/ D(s,t)"¢(s,t)ds, t € (0,T).

Then for any (to,z) € T, o € U(0,T) and pu € R, it holds that
J(to, x5 (2,1, v + 1) [to, 2])
= /:<P<”<t>x<t>,x<t>>dt+ /T /:<P<2><sl,52,t0>x<sz>,w<sl>>dsldsa 2 /:<E[n<t,to>1,x<t>>dt
+ E[/:{(UWPW)@) + Q/tT<n(s,t), b(s, 1)) ds + 2/tT(§(s,t),a(s,t)) ds
+{(R(H) + (DT x PxD)(t))u(t), v(t)) + 2(n(t), v(t)) } dt]
+ 1K /:{«R( )+ (DT xPxD)(£))a(t), 3(1))
+ 2<(S(t) + (DT PxO)(t) + (R(t) + (DT x PxD)(t))=(t)) X0 (t)
+/tT((BT>4P)(s,t) + (R(t) + (DT x PxD)(£))D(s, )02 (s, £) ds, ot )>}dt}
+2uE [/:<(S(t) +(DTxPxC)(t) + (R(t) + (DT x PxD)(£))2(t)) X0 (t)
+ /tT((BTNP)(s,t) + (R(t) + (D" xPxD)(t))I'(s,t))0%*(s,t) ds

+r(t) + (R() + (DTMPND)(t))v(t),f)(t)> dt},

where (X't0® Ot:T) € L2(ty, T; RY) x L%,C(Ag(to,T);Rd) is the causal feedback solution to the controlled SVIE
(1.1) at (to,z) corresponding to (Z,T,v), and (XS"’O,C:)B"’O) € L2(to, T; R?) x L%’C(AQ({;O,T);R(I) 18 the causal
feedback solution to the homogeneous controlled SVIE (2.3) at (to,0) corresponding to (E,T,0).
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Remark 4.2. Thanks to Lemma 3.8, the well-posedness of the Lyapunov—Volterra equation (4.2) and the
Type-1I EBSVIE (4.3) follow from Theorem 3.10 and Theorem 3.2, respectively.

Proof of Theorem 4.1. First, we let P = (P, P®?) € T1(0,T) be arbitrary. Observe that, for any (to,z) € 7
and u € U(to, T),

J(t()? x; U)

= E{ ) {RQIX (1), X (1)) + (R(t)u(t), u(t)) + 2(S(£) X (), u(t)) + 2(q(t), X (1)) + 2(p(t), u(t)) } dt

= B[ [ (PO, x(0) +2 [ PO 00X (0,006, 1) ds) ]

t

T
JrE[/t {(R(t)u(t),u(t)> +2S(OX () + p(t), u(t))

+ (PO + QU)X (1), X (1)) - 2 / (P®) (5,1,0)X (1), O(s, 1)) ds + 2(g(), X (1)) } ]

t

where (X, 0) is the corresponding state pair. By Lemma 3.9, we have

J(to, x;u)

= /tT(P(l)(t)x(t),x(t» dt + /tT/tT<P(2)(31, S9,t0)x(s2),x(s1)) dsidss + ]E[/tT(aTlexo)(t) dt}

T
+E [/t {((R(t) + (DT PxD)(t))u(t), ult))

+2<(5() + (DT xPxC)(1)X(t) + TBT1><P st@(s,t)ds+p(t)+(DTxp>qa)(t),u(t)>
+ (PO () + Q(t) + (CT'><P><IC) ()X (1), X(1)) (42

+2/T<( P (s,t,t) + (PxA)(s,t)X(t),0(s,t)) ds
/ / P( ) 81,52 t)@(527t),®(51’t)>d81d52
+2(q(t) + (CTx Pxio)(t), X (¢ )>+2/t ((Pb)(s,1),0(s, 1)) ds } ]

For each (Z,T,v) € S(0,T), let P = (P, P(?) € TI(0,T) be the solution to the Lyapunov-Volterra equa-
tion (4.2) and (n,¢) € L§ .(A2(0,T); RY) x LE(A2(0,T); R?) be the adapted-solution to the Type-II EBSVIE

(4.3). Let (to,z) € Z, o € U(0,T) and g € R be given, and denote by (X°%, 0% a>") € L2(ty, T;RY) x

Lg (Da(to, T); R?) x U(to, T) the causal feedback solution to the controlled SVIE (1. ) at (to,x) € T corre-

spondmg to the causal feedback strategy (E,T,v + uv) € §(0,7T). Considering u(t) = (Z,T', v + ud)[to, z](t) =
() X100 (t) + ft (5,8)0"% (s5,t) ds + v(t) + pd(t) for t € (to, T), by (4.5), we have

J(to, x5 (5,1, v + pd)[to, z])

— /tT(P(l)(t)x(t),x(t))dtJr /tT/tT<P<2>(51,SQ,tO)x(SQ),x(smdsldSQ +E[/tT(aTlxpm)(t) dt}
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T T
+E[/to {<(R(t)+(DTMPND)(t))(E(t)f(f“’x(t)+/t (s, )0 (s,£) ds + v(t )+m7(t)),
B T
()X (t) +/t [(s,t)0!%(s,t)ds + v(t )+m7(t)>
- 2<(S(t) + (DT PxCO) (1) X" (1) + /T(BTMP)(s,t)éﬁovI(s,t) ds + p(t) + (DT xPxo)(t),

B T
()X (t) +/t ['(s,t)0!%(s,t)ds + v(t )+m7(t)>
+ (PO (1) + Q1) + (CTx PxC) (1) X[ (t), X1 (1))

i /tT<(P(2) (5,1,8) + (PxA)(5,1) X" (1), 01 (5,1)) ds

T pT
+/ / <p(2)(81782,t) 0 (82 t) @Om(sl,t)) d81d82
t Jt
T

+2(q(t) + (CTx Pxo)(t), X1o% ( )>+2/ <(P><b)(s,t),é§°vz(s,t)>ds}dt]

T T
:/ <P(1)(t)x(t),x(t)>dt+// (PP (51, 89,t0)2(s2), x(s1)) dsidsa
T
+ E[/t {(0TxPx0)(t) + (RB(t) + (DT x PxD)()o(t), (1)) +2{p(t) + (DT x Puar)(2), v(t)) } d]
’ T
+u2E[/t ((R(t) + (DTMPND)())ﬁ()ﬁ(t»dt]
T
+ 2uE [/t <(S(t) + (DT PxCO)(t) + (R(t) + (DT x PxD)(t))Z(t)) X" (t)
+ /T((Bup)(s,t) + (R(t) + (DT x PxD)(t))T(s,1))0% " (s,t) ds

+p(t) + (DT xPxo)(t) + (R(t) + (DT x PxD)(t))(t), ﬂ(t)> dt}

+ Il + 2123

where
T ~ ~
B =B [ {(=PO0 + POEPI + QUIEIN)T (). X 1)
+2/T<( PO (s,t,t) + FAZ,T; P(s,t) + QP [Z,T](s, 1)) X2 (1), 01" (5, 1)) ds
/ / )(s1,592,t) + F®[T; Pl(s1, s2,t) +Q(3)[F}(81,SQ,t))étlo’w(SQ,t%étlo’w(81,t)>dSldSQ}dt]

and

T
I = E[/t {a(t) + (€T xPo0)(t) + 2(0)T (olt) + (DT x Pxor) (1))

+(S(t) T+ (CTxPxD)(t) +Z(t) T (R(t) + (DT xPxD)(t)))v(t), Xt0%(t))
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T
+/ ((Pxb)(s,t) + T(s,8) " (p(t) + (DT x Pxo)(t))
t
+ ((PxB)(s,t) + T(s,t) "(R(t) + (DT x PxD)(t)))v(t), 01" (s, 1)) ds} dt]
Since P = (PM, P(?)) € TI(0,T) solves the Lyapunov-Volterra equation (4.2), we have I; = 0. Furthermore,
since (1, () € L%"C(AQ(O,T);Rd) x L2(A2(0,T); R?) is the adapted solution to the Type-II EBSVIE (4.3), the
duality principle (Thm. 3.2) yields that

T

L= [ (Bin(t o)), o(t) de + ] 14/ 5,11, 005, ) s + / (¢ 00 o5, s ]

4 E[/T</T B(s,t)Tn(s, 1) ds + /tT D(s.8)T¢(s, 1) ds,v(t) ) di]

to t

+ uE [/T</T B(s,t) (s, ) ds + /tT D(s,t)T¢(s, 1) ds, ﬁ(t)> dt} .

to t

Thus, we have

J(t()v '(._,F U+/L’U)[to, ]

:/t (P(l)() dt—i—/t /t 81,52,t0)m(32),x(81)>d31d82+2/tT<E[n(t,to)},x(t)>dt
+E[/tT{(a x Pior)(t )+2/t (n(s,t),b(s,t))ds—|—2/tT<§(s,t),a(s,t)>ds

+ {(R(t) + (DT PxD)(1))u(t), v(t)) + 20s(t), v(t) } dt]
T
+ 1B / (R(t) + (DT x PxD)(1)i(t), 5(1)) di]

0

+ 2NE|:/T<(S(t) + (DTIXPX]C)(t) + (R(t) + (DTKPXlD)(t))E,(t))XfO’I(t)

- /T((BT X P)(s,t) + (R(t) + (DT xPxD)(t))T(s,1)O " (s,t) ds

+ (1) + (R(1) + (DT PxD)(1)o(t), 5(1) ) dt,

where
T T
k(t) == p(t)—l—(DTxPxo)(t)—F/ B(s,t)"n(s,t) ds+/ D(s,t)"¢(s,t)ds, t € (0,T).

By the uniqueness of the causal feedback solution to the controlled SVIE, we see that X ’f”x = Xto® | ,uf(é"’o
and O = ©* 4 uOP° where (X'* ©%%) is the causal feedback solution to the controlled SVIE (2.3)
at (to,x) € I corresponding to (Z,T,v) € S(0,T), and (Xg°,0°) is the causal feedback solution to the
homogeneous controlled SVIE (2.3) at (to,0) € Z corresponding to (E,T",9) € S(0,T). Inserting these formulae
into the above expression, we get (4.4). This completes the proof. O
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Remark 4.3. Theorem 4.1 provides us useful expressions of the cost functionals. With the notations in the
above theorem, for any (to,z) € Z and 0 € U(ty, T), the following hold:

J(to, z; (2,1, v)[to, z])

T T pT T
- / (PO (1) (t), x(8)) dt + / / (PO (s, 50, to)z(s2), 2(s1)) dsydsy + 2 / (Efn(t, to)], 2(£)) dt

+E[/tT{(oT><P>w)(t) - 2/tT<n(s,t),b(s7t)>ds + 2/tT<<(87f)>U(Svt)> ds

£ {(R() + (DT .PuD)())o(t), o(0) + 20x(t),v(t) } ],
‘]O(tf)) Oa (E’ F) ﬂ)o[th O])

- E[/tT{«R( )+ (DTxPxD)()(t), 5(1))

+ 2<<S(t) +(DTxPxC)(t) + (R(t) + (DT xPxD)(t)E(t) X" (¢)

T ~
+/ (BT P)(s,t) + (R(t) + (DT x PxD)(£))T(s,1))02 (s, ) ds,ﬁ(t)>} dt},
Dy J(to, z; (E,1, v)[to, z])(t)
- 2{(S(t) +(DTxPxC)(t) + (R(t) + (DT x PxD)(£))Z(t)) X" (t)

n /T((BTxP)(s,t) 4 (R(t) + (DT x PxD)(£))T(s,1))0%(s, 1) ds

+r(t) + (R() + (DTMPND)(t))v(t)}, te (to, T),

where D, J(to, z; (2,T,v)[to, z]) € U(tg, T) denotes the Fréchet derivative of the functional U(ty,T) > v —
J(to, z (E T, )[to, z]) € R evaluated at v € U(tg, T). Furthermore, we obtain the following formula:

J(th 5 (E7F,1} + /j,’l?)[to’l'})

= J(to, z; (2,1, v)[to, z]) + > J°(to, 0; (E, T, 9)°[to, 0]) + 2u(Dy J (to, x; (Z,T,v)[to, #]), D)uagee,r)> V1 € R,
(4.6)

where (-, *)y(t,,7) denotes the inner product in the Hilbert space U(to,T) = L(to, T; RY).

Remark 4.4. By the definitions of the coefficient (F()[Z; P], F®)[E,T; P], F®)[T; P]) and the inhomogeneous
term (QM[Z], QP [Z,T], Q®[T]) in (3.3) and (4.1) respectively, the Lyapunov-Volterra equation (4.2) is written
as

PO(t) = Q(t) + (CTxPxC) (1) + E(1) T (S(t) + (DT x PxC)(1)) + (S(t) " + (CTx PxD)(t))Z(¢)
+2(t) " (R(t) + (DT xPxD)(t)Z(t), t € (0,T),
P@(s,t,t) = PO (t,5,0)" = (PxA)(s, 1) + (PxB)(s,)E(t) + T(s,8) " (S(t) + (DT x PxC)(t))
+T(s,t) T(R(t) + (DT x PxD)(1))E(1), (5,t) € Ho(0,T),
P@ (s, 80,1) +T(s1,t) T (BT xP)(sg,t) + (PxB)(s1,t)[(s2,t)
+T(s1,t) T (R(t) + (DT x PxD)(t))[(s2,t) = 0, (s1,52,t) € O3(0,T).
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Noting Definition 3.7, the above can be also written in the integral form.

5. OPTIMAL STRATEGIES AND RICCATI-VOLTERRA EQUATIONS

In this section, we characterize causal feedback optimal strategies of Problem (SVC) by means of a Riccati-
type equation. We introduce the following equation (depending only on the coefficients A, B,C, D, Q, R and
S):

PO(t) = Q(t) + (CTxPxC)(t)
—(S@) T + (CTxPxD)(#)(R(t) + (D" xPxD)(t)T(S(t) + (DTxPxC)(t)), t € (0,T),
P (s,t,t) = PP (t,s,t)" (5.1)
= (PxA)(s,t) — (PxB)(s,t)(R(t) + (DTxPxD)(t)(S(t) + (DT xPxC)(t)), (s,t) € Lo(0,T),
P@ (s, 59,t) = (PxB)(s1,t)(R(t) + (DT x PxD)(t)) (BT x P)(s2,1), (s1,52,t) € O5(0,T),

where, for each matrix M, M denotes the Moore Penrose pseudoinverse (see [7], Appendix A). Noting
Definition 3.7, the above can be written in the integral form:

T T pT
PO(t) = Q1) + / Cr )T PO (r)C(r, 1) ds + / / C(r1,8)T PO (4, 73, £)Cra, £) drydrs
t

S(t / C(r,t) T PO (1) D(r,t) dr+/ / C(r1,t) "PA (11, v, £)D(ry, )drldrg}

T T
S(t / D(r, t)TP(l)( )C(r,t)dr +/ / D(7°17t)TP(Q)(rl,rg,t)C(rg,t) drldrg}, te (0,7),
t Ji

-{s0
{r®) / D(r,t)T PO () D(r, ) dr+/ / D(ry, )T PO (ry,r9,6)D(ra, t) drldTQ}T
{s
)= P(t,s,t)"

P (s,t,t

T
= POAG + [ P50 At dr
t
T
f{P(l)(s)B(s,t)Jr/ PO (5,7, ) B(r,t) dr |
t
T pT T pT t
+// D(T,t)TP(l)(T)D(T,t)dT—‘r// D(’l"ht)TP(Z)(ThTQ,t)D(TQ,t)d?“ld’l"g}
t t t t
T T pT
0+ [ Dt POWCEN A+ [ [ DT PO 0 dradra |, (5.0) € £2(0.T)
t
P(2)(31752,t) {P(l)(81)B(S1 t) / P(Q) (s1,7,t)B(r,t) dr}

;
/ / D(r,t) Tp( 1)( (r,t) dr+/ / D(rqy,t P( )(1"1,7“2, t)D(rs, )drldrg}

{B(Sz,t) PW (s / B(r,t)T PP (r, s, )dr} (s1,82,t) € O3(0,T).

(5.2)
This is a coupled system of Riccati-type (backward) Volterra integro-differential equations for the pair P =
(PM, P®)) of matrix-valued deterministic functions, and we call it a Riccati-Volterra equation. By a solution
to the above Riccati-Volterra equation, we mean a pair P = (P, P(?)) € I1(0, T') satisfying (5.1).
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Remark 5.1. When the coefficients A, B, C' and D do not depend on the first variables (i.e., F(t,s)
(t,s) € £o2(0,T) for F = A, B,C, D), then the Riccati-Volterra equation (5.1) can be reduced to the classical
7‘1,7”27 dTldT’Q, t e [0 T]

)
one. To see this, denote

[ [

P(t) =
Noting that
T
P(t) = —PW (1) / P(z)(r,t,t)drf/ PO (t,r,1) dr+/ / )(ry, 79, t) drydrs,
t t
we see from the Riccati—Volterra equation (5.2) that &2 € C(]0, T];S?) solves
D)+ Qt) + P()AR) + A)T 2(t) + Ct)T 2(H)C(t)
"
~{s®T +2WB() + c)T 2D H{RW) + DOT2ODO ) {S©) +BOT2W) + DOT2H)CEH)} =0,
te (0,7),
with &(T) = 0. This is the classical Riccati differential equation associated with the LQ control problem for
); see [7].
Similar to the study on LQ control problems for SDEs [7], we introduce the notions of the regular and the
(PM PRy € TI(0,T) be a solution to the Riccati-Volterra equation (5.1). We say

SDE (1.3);
strongly regular solutions to the Riccati—Volterra equation (5.1)

(DTxPxD)(t)) for a.e. t € (0,T), and the function
(0,7),

Definition 5.2. Let P
that it is regular if
(i) R(t) + (DT"xPxD)(t) >0 for a.e. t € (0,T)
(ii) Z(5(t) + (D"xPxC)(t)) C Z(R(t)
—(R(t) + (D" xPxD)(1))"(S(t) + (DT x PxC)(1))
) € £2(0,T), and the function
(5.4)

(t) :=

[1]¢

is in L°°(0, T; R**4);
(iii) Z((BTxP)(s,t)) C Z(R(t) + (DT xPxD)(t)) for a.e. (
(R(t) + (DT xPxD)(t)) (BT xP)(s,t), (s,t) € Na(0,T)

[(s,t) =
is in L2(Ao(0,T); R*4).
Furthermore, we say that the solution P is strongly reqular if there exists a constant A > 0 such that
R(t) + (D"xPxD)(t) > \,

for a.e. t € (0,T).
I1(0,T"), we see that a strongly regular solution is a regular solution

Remark 5.3. Noting that S+ DTxPxC € L>®(0,T;R*%) and BTxP € L?(A2(0,T);R*?) for any P €
Theorem 5.4. Problem (SVC) has a causal feedback optimal strategy if and only if the following two conditions

? )
The following is the main theorem of this section

hold:
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(i) The Riccati-Volterra equation (5.1) admits a regular solution P = (P, PRy € TI(0,T).
(ii) Define (Z,T) € L°(0,T; R*¥) x L2(A2(0,T); R by (5.3) and (5.4), and let (n,¢) € L%,C(AQ(O,T);Rd) X
L3(N2(0,T);RY) be the adapted solution to the Type-II EBSVIE

dn(t, s) = —{ (Pxb)(t,5) + T(t,9) (pls) + (DT x Puar)(s))

T T
+T(t,s) " / B(r,s) " n(r,s)dr + (t,s)" / D(r,s)"¢(r, s) dr} ds
+((t,s)dW(s), (t,s) € No(0,T), (5.5)
n(t,t) = q(t) + (CTxPxo)(t) + Z(t) " (p(t) + (DT x Pxo)(t))

+/T(A+BI>E)(7", t) T, t) dr + /T(C—i-DDE)(T, ) ¢(r,t)dr, t € (0,T).

Then the process k € L2(0,T;R") defined by

T T
k(t) == p(t)+(DTD<P>40)(t)+/ B(s,t)"n(s,t) ds—|—/ D(s,t)"¢(s,t)ds, t € (0,T),

satisfies
K(t) € Z(R(t)+(D"x PxD)(t))
for a.e. t € (0,T), a.s., and the process o defined by
0(t) := —(R(t)+(D"x PxD)(t)) k(t), t € (0,T), (5.6)

is in U(0,T) = L2(0,T; RY).

In this case, any causal feedback optimal strategy (é,f‘,f)) € §(0,T) of Problem (SVC) admits the following
representation:

E(t) = E(t) + (I~ (R(t)+(D T x PxD)(t))T (R(t)+(DT x PxD)(1))=(t), t € (0,T),
(s, 8) = (s, t) + (Le=(R(&) (DT x PxD) (1)) (R(t)+(D " x P D)(t)))I(s, ) (s,1) € £2(0,T),
0(t) = 0(t) + (Le—(R(t)+(D " x PxD) (1) (R(t)+(D " x PxD)(1)))3(t), t € (0,T),

with (é,f‘,@) € 8§(0,T) being arbitrary. Furthermore, the value functional is given by

V(to,x):/ <P<1>(t)x(t),x(t)>dt+// <P(2)(t1,t2,t0)x(t2),x(t1)>dtldtg+2/ (E[n(t, )], x(t)) dt

T T T
-HE{/tO {(aTxPNU)(t)—&-Q/t (n(s,t),b(s,t))ds—FZ/t (C(s,t),0(s,t))ds
~ ((RE)+(DT % PxD) () x(1) 5(t))} ]

for each (tg,x) € T.
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Proof. The sufficiency: Assume that the conditions (i) and (ii) in the theorem hold, and define (Z,T, ) € S(0,T)
by (5.3), (5.4) and (5.6). Furthermore, define (2,1",9) € S(0,T) by

E(t) = () + (Le—(R()H(DTx PxD) (1)) (R(t)+H(D " x PxD)(t))=(t), t € (0,T),
IAﬂ( s,t) = T(s, 1) + (L= (R(t)H(D " x PxD)(t))T (R(t)+(D T x PxD)(t)I(s,t), (s,1) € £2(0,T),
t)+ ( o(t)

(Ie=(R(t)+(D " x PxD) (1) (R(t)+(D " x PxD)(1)))3(t), t € (0,T),

with (é, T, 0) € §(0,T) being arbitrary. We show that (é, I, ) is a causal feedback optimal strategy of Problem
(SVC). By the constructions and a fundamental calculus of the Moore—Penrose pseudoinverse (see [7], Prop. A.15
and its proof), we have

S(t) + (DTxPxC)(t) + (R(t) + (DT x PxD)(t))Z(t) = 0 for a.e. t € (0,T),
(BTxP)(s,t) + (R(t) + (DT xPxD)(t))['(s,t) = 0 for a.e. (s,t) € Ag(0,T),
Kk(t) + (R(t) + (DT x PxD)(t))d(t) = 0 for ae. t € (0,T), a.s

Inserting the above formulae into the Riccati-Volterra equation (5.1) and the Type-II EBSVIE (5.5), we see
that

o P=(PW P@)cTI(0,T) solves the Lyapunov-Volterra equation (4.2) with (Z,T)

= (ED);
e (n,0) € L%VC(AQ(O,T);R ) x L2(A2(0,T); R?) solves the Type-II EBSVIE (4.3) with (Z,T",v

m

)= (&,T,9).

Furthermore, we have

((R(t) + (DT xPxD)(8))0(t), 0(t)) + 2(s(t), 8(t)) = —((R(t) + (D" x PxD)(t)) x(t), x(t))
for a.e. t € (0,7, a.s. Thus, by Theorem 4.1, for any (to,z) € Z, 9 € U(0,T) and u € R, we have
J(t07 €5 (év f’ 0+ Mﬁ)[tm :1?])

T T rT T
- / (PO ()a(t), () dt + / / (PO (1, by, to)x(ta), 2(t1)) dtydty +2 / (Eln(t, to)], x(t)) dt

+ E{/T{(oTxPxo)(t) + 2/tT<n(s7t),b(s,t)> ds + Q/tT<C(s,t),a(s,t)> ds

— ((RW+(DT = PxD)(1) (1), 5(1)) } at]

T
+ WE| / (R() + (DTxPxD)()5(t), 5(1)) dt].

to

Since R(t) + (DT x PxD)(t) > 0 for a.e. t € (0,T), we see that

>

'](thm; (évfar& + :uﬁ)[t(%x]) 2 J(t07x7 (éal_‘)ﬁ)[t(%x])

for any (to,2) € Z, v € U(0,T) and p € R. This implies that

J(to, x; (2, f‘,v)[tg,x]) > J(to, ; (é,F,i))[to,z])
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for any (tg,z) € Z and v € U(0,T). By Lemma 2.8, we see that (

of Problem (SVC). Furthermore, again by Lemma 2.8, we obtain the expression of the value functional
V(to, J?) = inf

J(to, ;
’U.GZ/{(to T) ( 0 . U)
- J(th x; (—‘7F 0

Dlto,)
- [ PO

/ /t
0
to

T
211, o, toa(tz) o (1)) dirdta + 2 [ (Bln(e to)], a(0)
+E[/ {(o— ><P>40)()+2/t <77(s,t),b(s,t)>ds+2/
t

I, 0) is a causal feedback optimal strategy

to
T

[ (el 0,05, 1) s
— {(RW+(DTx PxD)(t) (1), 5(1)) } at]

The necessity: Assume that (2,I',0) € §(0,T) is a causal feedback optimal strategy of Problem (SVC). Let
P = (PMW, P@) €TI(0,T) be the solution to the Lyapunov-Volterra equation (4.2) with (2,T') = (Z,T)), and
let (n,¢) € L '

(2,T,v) = (E,T,9). By the optimality of (2,1

we have
J(t07 x; (év fa

(02(0,T);RY) x LA(A2(0,T); Rd) be the adapted solution to the Type-II EBSVIE (4.3) with
,0), W
0+

pd)lto, #]) — J(to, x; (2,1
for any (tg,z) € Z, v € U(0,T) and p € R. By Theorem 4.1, we must have

(=,T,0)[to, z]) > 0
T
E[/O {((R()+(DTD<P>4D)( )

o(t), o(t))
+2((S() + (DTxPXC) (1) + (R(1) + (

DTxPxD)(t)Z(1)) Xo (1) (5.7)
+ /T((BTMP)(s,t) (R(t) + (DT x PxD)(1)(s,6)) 64 (s,1) ds, 5(t) ) } at] = 0
Vo eUu(,T),
the zero input condition (tg,x) =

(S(t) +

with (X 9.0 @0 O) being the causal feedback solution to the homogeneous controlled SVIE (2.

(0,0) € T and the causal feedback strategy (2
(DT PxC)(t)

3) with respect to
T), and

7 )ES( )
(R(t) + (D" x PxD)(t)=(t)) X 0= ()
T
+/t (BT P)(s,t) + (R(t) + (D" xPxD)())I'(s,1))0""(s,t) ds
+k(t) + (R(t) +

(DT xPxD)(t))o(t) =

(5.8)
() =0
for a.e. t € (to,T), a.s., ¥ (to,x) € Z,
condition (tg,z) € Z and the causal feedback strategy (

with (X' ©!:%) being the causal feedback solution to the controlled SVIE (1.1) with respect to the input

0) € §(0,T). By subtracting the left-hand sides
of (5.8) corresponding to the free terms x and 0, the later from the former, and then taking the expectations
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(S(t) + (DT xPxC)(t) + (R(t) + (DT x PxD)(1))=(¢)) E[Xg"" (¢)]
f’(s,t))E[(:)tOD’$(s,t)] ds=0

we see that
+ /T((BT[xP)(s,t) + (R(t) + (DT x PxD)(t)) (5.9)

for a.e. t € (to,T), V¥ (to,x) € I,

where X(0" := Xt — Xt0 and @ := @'* — @0, Observe that (X, OF") is the causal feedback
solution to the homogeneous controlled SVIE (2.3) with respect to the input condition (f9,z) € Z and the

causal feedback strategy (é, I, 0) € §(0,T). Thus, applying Lemma A.3 to (5.9), we obtain
S(t) + (DT PxC)(t) + (R(t) + (DT x PxD)(t))Z(t) = 0 for ae. t € (0,T) (5.10)

(5.11)

and
(BT xP)(s,t) + (R(t) + (DT x PxD)(t))T'(s,t) = 0 for a.e. (s,t) € Ay(0,T).

Also, by (5.8),
(5.12)

k(t) + (R(t) + (DT xPxD)(t)d(t) = 0 for a.e. t € (0,T), a.s.
Slightly modifying [7], Proposition A.15, we obtain from (5.10), (5.11) and (5.12) the following three assertions
(1) Z(S(t) + (DTxPxC)(t)) C Z(R(t) + (DT xPxD)(t)) for a.e. t € (0,T), and the function Z given by

—(R(t) + (D"xPxD) () (S(t) + (DT x PxC)(t)), t € (0,T),

is in L°°(0, T; R®*?). Furthermore, = is of the form

(t) + (I — (R(t) + (DT x PxD)(t))T(R(t) + (

(1
[1]¢

(t) =
for some = € L>=(0,T; R¥9).

(i) Z((BTxP)(s,t)) C Z(R(t) + (DT xPxD)(t)) for a.e. (s,t) € Ay(0,T), and the function I" given by

I'(s,t) == —(R(t) + (D"xPxD)(t)) (BT xP)(s,t), (s,t) € No(0,T),

is in L2(A5(0,T); R**9). Furthermore, I is of the form
D(s,t) = T(s,t) + (I — (R(t) + (D" x PxD) (1)) (R(t) + (DT x PxD)(t)L(s,1), (s.t) € L2(0,T),

for some T' € L2(Ay(0, T); RE*%).
(iii) x(t) € Z(R(t) + (DT xPxD)(t)) for a.e. t € (0,T), a.s., and the process ¥ given by

—(R(t) + (D" xPxD)(t))'k(t), t € (0,T),

is in U(0,T) = LZ(0, T; R?). Furthermore, 9 is of the form
o(t) = 0(t) + (Ir — (R(t) + (DT x PxD)(t)) (R(t) + (D" x PxD)(t)))d(t), t € (0,T),

for some v € U(0,T).
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By inserting the above expressions of (2,1',9) € S(0,T) into the equations (4.2) and (4.3), we see that the pair
P = (PM, P®?) € T1(0,T) solves the Riccati-Volterra equation (5.1) and that the pair (5,¢) is the adapted
solution to the Type-II EBSVIE (5.5). Furthermore, by (5.10) and (5.11), the condition (5.7) becomes

T
E[/ <(R(t)+(DTxPxD)(t))@(t),ﬂ(t»dt} >0, Vo € U0, T).
0

This immediately implies that R(t) + (DT xPxD)(t) > 0 for a.e. t € (0,T). Therefore, P is a regular solution
of the Riccati—Volterra equation (5.1). This completes the proof. O

If the Riccati-Volterra equation (5.1) admits a strongly regular solution P = (P, P)) € T1(0, T), then the
term R+ DT xPxD is invertible with the bounded inverse matrix (R + D" xPxD)! = (R+ DTxPxD)~!,
and the condition (ii) in Theorem 5.4 automatically holds. Thus, we have the following corollary.

Corollary 5.5. Suppose that the Riccati—Volterra equation (5.1) admits a strongly regular solution P =
(P, PP) € TI(0,T). Then Problem (SVC) has a unique causal feedback optimal strategy (Z,T,0) € S(0,T)
given by

(t) = —(R(t)+(D" x PxD)(t)) " (S(t)+(D" x PxC)(t)), t € (0,T),
(s,t) = —(R(t)+(D"xPxD)(t)) Y (BT xP)(s,t), (s,t) € Ny(0,T),

= (1]

T T
0(t) = ~(R-+(DT xPxD)(®) " () +(DTxPxo) )+ [ Bls.)Tu(s,)ds+ [ Ds.0)C(s.0)ds).
¢ ¢
t€(0,7),
(5.13)
where (n,¢) € L%7C(A2(O,T);Rd) x LE(No(0,T);RY) is the unique adapted solution to the Type-II EBSVIE
(5.5).

In the homogeneous Problem (SVC)?, the unique adapted solution of the Type-II EBSVIE (5.5) is (n,¢) =
(0,0). Thus, we immediately obtain the following corollary.

Corollary 5.6. The homogeneous Problem (SVC)° has a causal feedback optimal strategy if and only if the
Riccati-Volterra equation (5.1) admits a regular solution P = (PM, P®2)) € T1(0,T). In this case, the value
functional is given by

VO(to,x) = /T<P(1)(t)x(t),x(t)>dt+ /T/T<P(2)(t17tzato)f(tz)aff(tl»dtldtz

to

for each (tg,x) € T.

From the above representation formula of the homogeneous value functional V°(ty, ) and Lemma 3.6, we
get the following uniqueness result of the regular solution to the Riccati—Volterra equation.

Corollary 5.7. The Riccati—Volterra equation (5.1) has at most one regular solution.
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Remark 5.8. Consider the case where the control does not enter the drift part, that is, B = 0. In this case,
the Riccati-Volterra equation (5.1) becomes

PW(t) = Q(t) + (CTxPxO)(t)

—(S@t)T + (CTxPxD)(t)(R(t) + (D" xPxD)(t)(S(t) + (DTxPxC)(t)), t € (0,T),
PO (s,t,t) = PO (t,5,1)T = (PxA)(s,t), (s,t) € Lo(0,T),
P(Q)(sl,sz,t) =0, (s1,82,t) € 03(0,7).

Thus, if there exists a (strongly) regular solution P = (P, P(®) € T1(0,T) to the above Riccati-Volterra
equation, then P®)(sy,s5,t) does not depend on the last parameter ¢ € (0,51 A s). Furthermore, the function
I in (5.4) vanishes. Therefore, in this case, there exists a (unique) causal feedback optimal strategy (2, T',9) of
Problem (SVC) with I’ = 0. In other words, the (unique) causal feedback optimal strategy is a state-feedback
form in the sense that it does not use the feedback of the forward state process ©. Furthermore, in the case of
the homogeneous Problem (SVC)?, the stochastic inhomogeneous term @ can be zero. In this case, the (unique)
causal feedback optimal strategy is a Markovian state-feedback form in the sense that it is just a deterministic
linear functional of the current state. This is a surprising consequence since, even in the homogeneous Problem
(SVC)? with B = 0, the state process is highly non-Markovian and being non-semimartingale due to the Volterra
structure.

Remark 5.9. Very recently, a similar fact as in Remark 5.8 was also found in an independent work of Wang,
Yong and Zhou [25], where an LQ stochastic Volterra control problem (involving a terminal cost) was studied
in the open-loop framework. In [25], the coefficients A, B,C' and D are non-convolution-type but assumed to
be regular (i.e. bounded and differentiable), the inhomogeneous terms b, o, q and p are zeros, S = 0, and the
weighting matrices  and R are assumed to be non-negative and strictly positive definite, respectively. By a
dynamic programming method and a decoupling technique, they derived a causal feedback represention of the
open-loop optimal control by means of a path-dependent (operator-valued) Riccati equation, which is different
from our Riccati—Volterra equation (5.1). Compared to [25], our problem is in the closed-loop framework, and the
Riccati—Volterra equation (5.1) is a system of integro-differential equations for the (finite-dimensional) kernels
P = (PM, P®) of a self-adjoint operator P* (see Lem. 3.5).

6. STRONGLY REGULAR SOLVABILITY OF THE RICCATI-VOLTERRA
EQUATION

As we have seen in the previous section, any causal feedback optimal strategies of Problem (SVC) are
characterized by using the (unique) regular solution of the Riccati—Volterra equation (5.1). Also, the existence
of the strongly regular solution, which is stronger than the regular solution, implies the uniqueness of the causal
feedback optimal strategy.

In this section, we prove the equivalence between the strongly regular solvability of Riccati—Volterra equation
(5.1) and the uniform convexity of the cost functional. Furthermore, we provide a sufficient condition for the
two equivalent properties.

Definition 6.1. Let (H,| - ||z) be a Hilbert space, and consider a functional F' : H — R. We say that F' is
uniformly convex if there exists a constant A > 0 such that, for any u;,us € H and p € [0, 1], it holds that

F((1 = p)ur + puz) < (1 — p)F(ur) + pF(uz) — A1 — p)pllur — ua|7.

Lemma 6.2. The following are equivalent:

(i) The functional U(0,T) > u > J°(0,0;u) is uniformly convez;
(i)” There exists a constant X > 0 such that J°(0,0;u) > /\E[foT lu(t)|?dt] for any v € U(0,T);
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(ii) For some (Z,T) € L>(0,T;R*?) x L%(A9(0,T);R*), the functional U(0,T) > v — J°(0,0;
(E,T,v)°[0,0]) is uniformly convex;

(i1)” There exist (Z,T) € L>(0,T;R*?) x L2(A2(0,T); R*?) and X\ > 0 such that J°(0,0;(Z,T,v)°[0,0]) >
)\IE[fOT |o(t)|? dt] for any v € U(0,T);

(iii) There exists a constant A > 0 such that J°(to,0;u) > /\]E[ftf lu(t)|?dt] for any to € [0,T) and any u €
u(t[),T);

If one of the above conditions holds, then there exist A > 0 and « € R such that, for any (E,T) €
L®(0, T; R4) x L2(N2(0,T); R*9), the solution P = (PM), P(2)) € TI(0,T) to the Lyapunov-Volterra equation
(4.2) satisfies

R(t) + (DT x PxD)(t) > A\, (6.1)
for a.e. t € (0,T), and

T T T T
/(P(l)(t)x(t),x(t»dwr/t/t <P(2)(51,sz,to)x(SQ),m(sl»dsldSQ204/ |l(t)|? dt (6.2)

to 0 tO

for any (to,x) € I.

Proof. Noting (4.6), we can easily show the equivalences (i) < (i)’ and (ii) < (ii)’, and we omit the details. The
implications (iii) = (i)’ = (ii)’ are trivial.

(i)’ = (i)": Suppose that (ii)’ holds. By Lemma A.1, the map 7 : v — (Z,T,v)°[0,0] is a bijective bounded
linear operator on the Hilbert space U(0,T). By the inverse mapping theorem, the inverse 7! is a bounded
linear operator on U(0,T), and thus the operator norm ||7||op of T is positive. Thus, for any u € U(0,T), we
have

T

Jo(0.050) = J°(0.05 (1.7 )"[0,0]) = A T 0P = AITI2E] | o at].
0 0

Hence, (i)’ holds.

(i)’ = (iii): Suppose that (i)’ holds. For any to € [0,T) and u € U(t, T), denote by X" the corresponding
state process with the free term and the inhomogeneous terms being zero. Define the zero extension of u by
a(t) := 0 for t € (0,tp] and a(t) := u(t) for t € (ty,T). Then @ € U(0,T"). Furthermore, by the uniqueness of the
solution to the SVIE, the corresponding state process satisfies Xg™(t) = 0 for t € (0,to] and XJ"(t) = X:*(t)
for t € (to,T). Therefore, we get

T T
Tk, 03 ) = JO(0,0: ) > )\E[/ A1) di] = )\IE[/ (1) ? ]
0 to
and thus (iii) holds. This completes the proof of the equivalence of (i),(i)’,(ii),(ii)’ and (iii).
Proof of the last assertion: Assume that (i) holds with the constant A > 0. Let (,T") € L>(0, T;R**9) x
L?(A2(0,T); R?) be given, and let P = (PM), P?) € TI(0,T) be the solution to the Lyapunov-Volterra
equation (4.2). By Theorem 4.1, for any ¢ € U(0,7"), we have

J°(0,0; (Z,T,9)°[0,0])
T
— / [{(R(t) + (DT wP1D)(®)5(1).5(1))
- 2<(S(t) + (DT PxC)(t) + (R(t) + (D" x PxD)(t)E(t)) Xo(t)

T ~
+ / (BT%P)(s,1) + (R(t) + (DT x PxD)(£))T(s,1))O0(s, 1) ds, ﬂ(t)>} dt],
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where (Xo,00) = (XJ°,007) is the causal feedback solution to the homogeneous controlled SVIE (2.3) with
respect to the zero input condition (¢g,z) = (0,0) € Z and the causal feedback strategy (,T',9) € S(0,T). On
the other hand, by the assumption, we have

700285000 > 28] [ 1E1070.00) o]
LJo

- T
e[ [
~Jo

T N 2
E(t)Xo(t)—i—/ F(s,t)@o(s,t)ds—kﬁ(t)‘ dt]

Thus, we have

RA(t) := R(t) + (DT xPxD)(t) — My, t € (0,T),
Ex(t) = S(t) + (D" xPxC)(t) + (R(t) + (DT x PxD)(t) — M)ZE(t), t € (0,T),
Da(s,t) == (BT xP)(s,t) + (R(t) + (DT xPxD)(t) — X,)['(s,t), (s,t) € No(0,T).

Now we consider % (t) = \/N]I[TJH/N] (t)v, t € (0,T), for arbitrary 7 € (0,T), N € N with 7+ 1/N < T and
v € R Let (X2, 0) be the corresponding causal feedback solution. Then we have

<N/TT+1/N Ra() dtv,v>+2<\/N/T

7+1/N

(A OB (1) + /t Da(s, HE[OY (s, 1)] s} dt,v) > 0. (6.3

On the one hand, by the Lebesgue differentiation theorem, we have limy_ o, N f:H/N R (t)dt = Rx(7) for a.e.
€ (0,T). On the other hand, by Lemma A.2, we have

t
E[Xév(t)] = \/N GQ(tat79)]l[7',T+l/N] (0)’0 d07 te (OzT)a
0

E[OF (s,1)] = / Ga(s,t,0) N 11 /8 (O)vdl, (s,t) € A2(0,T),

with Gy : {(s,t,0) € (0,T)3|T > s >t > 6 > 0} — R?*¢ satisfying the estimate (A.1). Thus, the second term
of the left-hand side of (6.3) becomes

<\/N/FT+1/N{E/\(15)]E[X(I)V(7§)] +/tT s (s, OE[OY (s,1)] ds}dm> _ <N/

T T

T+1/N
Ga(t,0) dodt v, v>

with G : A2(0,T) — R** defined by

Ga(t,0) := Ex(t)Ga(t,1,0) +/T Ta(s,£)Ga(s,t,0)ds, (t,0) € As(0,T).
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Noting the estimate (A.1), we can easily show that G\ € L?(A5(0,7T); R***), and thus

T+1/N ot 1 T+1/N rt ) 1/2
<
N/T [ IGa ] ot < \/i(/T G (,0)] det) =0

T

as N — oo. This implies that the second term in the left-hand side of the inequality (6.3) tends to zero as
N — oo for any 7 € (0,T). Consequently, we have (Ry(7)v,v) > 0 for a.e. 7 € (0,7) for any v € R, which
implies the estimate (6.1).

Lastly, we prove (6.2). Let (tg,z) € Z be fixed. By (4.6) and the condition (iii), for any v € U(to, T),

Jo(to,w;u) = J0<t07m30) + JO(thOaU) + 2<DuJO(t07.'IJ;O)7U>Z/{(tO,T)
> J(to, 23 0) + AllullZyry 1) — 21{Pud*(to, 25 0), ura(ro. )|
1
> J%tg, z;0) — XIIDUJO(tO,50;0)“124(1501)-

By virtue of the estimate (2.2) of the state process and Remark 4.3 for the representation of D, J, it is easy to
see that

T
170 (t0,50)| + [Pt (to, 2 )| gy < M / ()2 dt
to

for some constant M > 0 which is independent of (tg, ). Thus, by letting a := —max{1,1/A\} M, we have
JO(to, z;u) > « ftf |z(t)|? dt for any (to, =) € T and u € U(to, T). In particular, for any (Z,T) € L>(0, T; R**?) x
L2(N2(0,T); R*4) and any (to,z) € Z,

T
IO (to, : (2,T,0)[t0, 2]) > a/ 2 (6)2 dt.
to
By Theorem 4.1, the left-hand side is equal to

/<P<1>(t)x(t),x(t)>dt+/t/t (P®(s1, s9,t0)x(s2), 2(s1)) dsids,

to

where P = (P, P() € TI(0,T) is the solution to the Lyapunov—Volterra equation (4.2). Thus, the estimate
(6.2) holds. This completes the proof. O

The following corollary gives a simple sufficient condition for the uniform convexity of the cost functional.

Corollary 6.3. Assume that the following standard condition holds for some A > 0:
R(t) > My and Q(t) — S(t) "R(t)"1S(t) > 0 for a.e. t € (0,T). (6.4)

Then the cost functional U(0,T) > u > J°(0,0;u) is uniformly convex.

Proof. For any v € U(0,T), let (X,0,u) € L2(0,T;R?) x L%7C(A2<O,T);Rd) x U(0,
solution of the homogeneous controlled SVIE (2.3) at the zero input condition (¢g, x)
to the causal feedback strategy (—R™1S,0,v) € S(0,T). Then we have

T) be the causal feedback
= (0,0) € Z corresponding
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- (30 %) G- () )
==[[ (50 ) Cromstoxe o) (Croistixe s o)) 4
=E{AT««xw—S@ﬂfaw*sanxaxxu»+wRuwu»mw»d4

Thus, the condition (ii)’ in Lemma 6.2 holds for (£,T') = (—R~1S,0), and hence the cost functional U (0,T) >
u > J°(0,0;u) is uniformly convex. O

Remark 6.4. In the works of [18, 21, 25] (where S = 0), the standard condition (6.4) is a priori assumed.
The following is the main theorem of this section.
Theorem 6.5. The following are equivalent:

(i) The cost functional U(0,T) > u > JO(0,0;u) is uniformly convez;
(iv) Riccati—Volterra equation (5.1) admits a strongly regular solution.

Proof. (iv)=-(i): Suppose that the Riccati-Volterra equation (5.1) has a strongly regular solution P =

(PMW, PRy € T1(0,T). By the definition, there exists a constant A > 0 such that R(t) + (DTxPxD)(t) > X,
for a.e. t € (0,T). Define (,T") € L>(0, T; R*?) x L?(Ao(0,T); R*?) by

(t) = —(R(t)+(D"x PxD)(t))"H(S(t)+(D"x PxC)(t)), t € (0,T),
(5,t) = —(R(t)+(D"xPxD)(t)) 1 (BT xP)(s,t), (s,t) € Ny(0,T).

o 1)«

Then it is easy to see that P solves the Lyapunov—Volterra equation (4.2) with (Z,T) = (Z,T). By Theorem 4.1,
for any © € U(0,T), we have

0,0; (£,T,9)°[0,0])

/ +(DTxPD)()3(0). (1)

—E[ [ (R + (DT xPxD)®)3(0). 1)) de
0

> )\]E[/OT ()P a],

where (X°,07°) is the causal feedback solution to the homogeneous controlled SVIE (2.3) with respect to the
zero input condition (o, z) = (0,0) € Z and the causal feedback strategy (=,T,9) € S(0, T) Thus, the condition
(ii)’ in Lemma 6.2 holds for (Z,T) = (Z,I"), and hence the cost functional 2 (0,T) > u ~ J°(0, 0; u) is uniformly
convex.
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(i) = (iv): Suppose that the cost functional U(0,T) > u + J°(0,0;u) is uniformly convex. Let A > 0
and a € R be the constants appearing in the last assertion of Lemma 6.2. Recall the definitions (3.3) and
(4.1) of (FM[Z; P], FAZ,T; P], FO[; P]) and (QM[Z], QP [E,T], QB [I]), respectively. We define (Z;,T;) €
L>(0, T; R*4) x L2(A5(0,T); R**4) and P; = (Pi(l),Pi(z)) € I1(0, T) with i € N by the following induction: For
t=1,let 2 :=0 and I'; := 0, and let P, = (Pl(l),Pl(2)) € T1(0,T) be the solution to the Lyapunov—Volterra
equation (4.2) with (E,T) = (E4,T1) = (0,0):

PV (1) = (CTxPixC) (1) + Q(1), t € (0,7),
P (s,t,8) = PP (t,5,6) T = (PixA)(s,), (s,) € £o(0,T),
P1(2) (81, S92, t) =0, (81, S9, t) € Dg(o, T)

For ¢ > 2, define

Zi(t) := —(R(t) + (DT P;_1xD)(t)) "1 (S(t) + (D" x Pi_yxC)(t)), t € (0,T),
Fi(sy t) = _(R(t) + (DT[XPi—lND)(t))_l(BT[XPi—l)(Svt)a (Svt) S A2(07T)7
and let P; = (Pi(l),Pi(Q)) € I1(0,T) be the solution to the Lyapunov—Volterra equation (4.2) with (E,T') =
(Eia FZ)
PV (t) = FO[E; PI(1) + QU[E](®), t e (0,T),
Pz(2) (57 ta t) = Pz(2) (ta S, t)T = F(Z) [E’L'a FZa })i](sv t) + Q(Q) [E’L'a Fi](57 t)a (37 t) € A2(07 T)a (65)
Pi(Q)(Sl, s9,t) + FO Ty P(s1,52,t) + QP [Ty] (51, 80, 1) = 0, (s1,52,t) € T3(0,T).

We observe that the above induction is well-defined by Theorem 3.10, together with the last assertion in
Lemma 6.2. Furthermore, for any i € N, we have R(t) + (DT x P;xD)(t) > M, for a.e. t € (0,T), and

T T ,pT T
/t (PO (0)2(t), (1)) dt + /t /t (P (51, 52, to)a(s2), 2(s1)) ds1dss > o / ()2 dt

to

for any (tg,z) € Z. We shall show that {P,;};cn converges (in a suitable sense) to the strongly regular solution
of the Riccati—Volterra equation (5.1).

For each i € N, define P, = (P, P®) € T1(0, T) and (Z;,T;) € L>(0, T; R4) x L2(Ay(0, T); R¥*?) by

(1 1 1 (2 2 2 = —_ —_ ™
}Dz( ) = Pz( ) — Pi(-i-)l? Pl( ) = Pz( ) 7131-(_,'_)1, e eV I Fz = F1 7].—‘1‘4_1.

Noting that P — F()[Z; P] is linear, we have
P = FW[E;; P) + QW[E] — FO[E41; Pia] — QW [Ei4a]

= FW[Ei1; P+ FOE; Pl + QW[E] — FW[Ei; P — QU[Ein]
= FOE ;B 4+ 5] (S+ D xPxC) + (ST + CTxP;xD)ZE;
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+E/ (R+ D" xPixD)Ei11 +E/(R+ D" xPxD)Z; + E] (R+ D' x P;xD)E;
:F(l)[\:i+1;Pi] ‘:i (R+DTD(PZ'>4D).:¢,

where the last equality follows from the definition of Z; 1. By similar calculations for ]32-(2) and ]51-(2), we see that
P, = (Pi(l), ﬁi@)) € I1(0, T) solves the following Lyapunov—Volterra equation:

=(1 1

P(t) = FOEi; P(#) + QP (8), t € (0,7),

PP (s,t,t) = PP (t,5,6)T = FO[E41,Tisr; Bl(s,t) + QP (s,1), (s,1) € £5(0,T),

PP (s1,,1) + FOTip0; P(s1,52,8) + Q) (s1,85,8) = 0, (51,8, ) € T3(0,7),

where
QM (1) = (1) T(R(t) + (DT P« D)(t))Zs (¢

), t
QP (s,) == Ti(s,8) T (R(t) + (DT x Py D)(t))Zs (¢
QY (51, 82,1) == Ty(s1,8) T (R(t) + (DT x P,xD)(t))T

€(0,7),
), (s,t) € £y(0,T),
t)Ti(s2,t), (s1,82,t) € O5(0,T).

Therefore, by the representation formula (Thm. 3.10), for any (to,z) € Z, we have

T T pT
/t (PO ()a(t), x(t)) dt + /t /t (PP (51, 59, t0)(s2), 2(s1)) ds1dsy

~E[[ @M X, Xy 2 / T QP (5,1 XIT (1), 0157 (5,1)) s

0

/ / 81,Sg,t)@l+1(82,t),61+1(81, )> dSldSQ}dt},

where (Xf_j’_f , @fﬂ_’l) is the causal feedback solution to the homogeneous controlled SVIE (2.3) at (to,z) € Z

corresponding to the causal feedback strategy (Z;11,T4+1,0) € S(0,T). From the definition of (Q(l) Q(z) Q; 3))
and the fact that R(t) + (DT x P;xD)(t) > M, for a.e. t € (0,T), we get

/to <P(1)() dt+/ / i (51,82, t0)2(s2), 2(s1)) ds1dss

- E[/tT<(R(t) + (DTxPixD)(t))< ()Xt )+/tTFi(s,t)@f$f(s7t) ds),

[I]|

(X7 (1) + /t hs DO (s, 1) ds) dt]
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Therefore, for any (tp,z) € Z and any ¢ € N, the following chain of inequalities holds:

T
/(Pl(l)(t) dt+// (PP (1, 52, t0)a(s2), 2(s1)) dsydss
to to v to
2/ (P(l)() dt+// 7‘ 51,527t0)m(32),x(31)>dsldSQ
tO to to

2/ P @t dt+// P2, (51, 50, to)x(s2), (s1)) dsydss
> a/T lz(t)|? dt.

to

Let to € [0,T) be fixed. For each i € N, define a bounded linear operator P!° on the Hilbert space L(to, T; R?)

by

T
(Plox)(t) := PV (t)a(t) + / P (t, s, t0)x(s) ds, t € (to, T),

to

for z € L?(to, T;R?). By Lemma 3.5, P is self-adjoint. The chain of inequalities (6.6) implies that

?

t t t
7)10 Z ,PZ-O Z ,sz)rl Z aILz(tmT;Rd)

for any to € [0,T) and i € N, where I2(;, 7,ra) denotes the identity operator on L?(to, T R?). Thus, for each
to € [0,T), the sequence {Pf °};en is a bounded and monotone sequence of self-adjoint operators, and hence it is
strongly convergent. In other words, for any x € L?(to, T; R?), the sequence {Pf °2};en 1S a convergent sequence
on L2(tg, T; R?). Furthermore, for each ¢y € [0,7) and i € N, the operator norm ||P;°||o, of P is estimated as

[Pl ]|op < max{|al, [P} |lop}- Noting that

||,Pfo||op = sSup |<Pf0xa1’>L2(to,T)|
z€L?(to,T;RY)
HxHLZ(t T)<1

@4 @) 2 1/2
< esssup|P; ' (t)] + / / sup  |P;7(s1,s2,1)] dsld52> < 00,
te(0,T) te[0,51As2]
we obtain the uniform boundedness:
sup [P op < oc.
to€[0,T),ieN

The above observations and the dominated convergence theorem yield the following assertions:

e For any M = (Mj,..., My,) € L?(A2(0,T); R%*41) with d; € N, the sequence
(P;xaM)(s,t) = ((PEMy (-, 8))(5), .., (PEMy, (-,1))(s)), (s,t) € Ag(0,T), i €N,

converges in L?(Ay(0,T); R¥*41). Similarly, the sequence M "xP; = (P;xM)", i € N, converges
L2( (0, T); R <),

in
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e For any M = (My,...,Mgy,) € L*(A2(0,T);R>4) and N = (Ny,..., Ng,) € L?(No(0,T); R¥¥92) with
di,ds € N, the sequence

(MTxPxN)(t) = (M (-, t), PINe(- ) p2(e1) )it t € (0,T), i €N,

converges for a.e. t € (0,T). Furthermore, sup;cy [|M " X P; XN || 00 (0,1) < 00.

Therefore, noting that R(t) + (DT xP;xD)(t) > M, for a.e. t € (0,T) and any i € N, we have the following
assertions:

e The sequence
2i(t) = —(R(t) + (DT x P,_1xD)(£)) "1 (S(t) + (DT x P,_1xC)(t)), t € (0,T), i > 2,

converges for a.e. t € (0, 7). Furthermore, sup,cy [|Z: ||z (0,7 < 00.
e The sequence

Li(s,t) = —(R(t) + (D" xPi_1xD)(t))"Y(BTxP;_1)(s,t), (s,t) € No(0,T), i > 2,

converges in L?(A(0,T); R¥9).
e The sequences

QWIE]I®) = Q) + (1) TS () + S#) T2 (t) + Zi(t) TR(t)Z4(t), t € (0,T), i €N,
and

FOE; P](t) = (CTxPxC)(t) +Z(t) T (DT x PixC)(t) 4+ (O x PixiD)E;(t)
+Ei(t) (DT xPixD)(t)Ei(t), t € (0,T), i €N,
converge for a.e. t € (0,7). Furthermore, the uniform estimates sup;cy ||QW[Z]|r=(01) < oo and

sup;en || FM[Zi; Pl < 0,r) < 00 hold.
e The sequences

QP[E;,Ti|(s,t) = Ti(s,t) TS(t) + Ti(s, t) T R(t)Z;(t), (s,t) € No(0,T), i €N,
and

FO[E;,Ti; P](s,t) = (PixA)(s,t) + (PxB)(s,t)=(t)

+Ti(s,t) T (DT PxC)(t)
+Ti(s,8) (DT PyxD)(£)Z,(t),

(S,t) € AQ(OaT)a (XS Na

converge in L2(Ay(0,T); R¥*).
e The sequences

QWi (s1,52,t) = Ty(s1,t) T R(t)Ty(s2,1), (s1,82,t) € 03(0,T), i € N,
and

F(S) [Fi; Pi](sl, 82715) = Fi(sl,t)T(BTKPi)(SQ,t) + (PiNB)(817t>Fi(82,t)
+Ty(s1,t) (DT xPyxD)(t)Ti(s2,t), (s1,80,t) € 03(0,T), i € N,

converge in L% (03(0,T); RI*4).

sym
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The above observations and the Lyapunov—Volterra equation (6.5) yield that {P;};cn converges to an element
P = (PM, P®?) cT1(0,T) in the following sense:

o lim; Pi(l)(t) = P (¢) for a.e. t € (0,T), and SUp; ey ||Pi(1)||L°°(0,T) < 00
° hmi—wo(Pi(?)(Sl,SQ,Sl A 32))(81,82)€(O7T)2 = (P(z)(81,82781 A 52))(51,52)6(0,T)2 in LQ((O,T)Q;Rdxcl)7 and
limj o0 7 = P@ in L321(05(0,T); R*).

By the dominated convergence theorem, we see that

R(t) + (DT xPxD)(t) = lim (R(t) + (DT x PixD)(t)) > A, for a.e. t € (0,T).

1—00
Similarly, we have

Jim () = —(R(t) + (DTxPxD)(t)"1(S(t) + (DTxPxC)(t)) =: E(t) for a.e. t € (0,T),

Jim T(s, ) = —(R(t) + (DT PxD)(t)) Y (BT xP)(s,t) =: I'(s,t) in L?(Ao(0,T); R*%),
lim QW[E](t) = QME](®), Jim FW[E; P(t) = FWIE; PJ(t) for ae. t € (0,T),

'L*}OO

lim Q®[=;,I;] = QP[E,T), lim FAE,Ty; P = FA[E,T; P in L2(L5(0,T); R¥*?),
i—00 1—00

lim QW[N] = QWIIY, lim FOIy; B = FOD; P in L2321 (0s(0, T); RTY).

i—00 100

Consequently, P = (P, P(?)) € TI(0, T) satisfies the Lyapunov—Volterra equation

PO (&) = FWE; P(t) + QVE](®), t e (0,7),
PO (s,t,t) = PP (t,s,t)" = FAE, T P)(s,1) + QPE,T](s, 1), (s,) € A2(0,T),
P (51,59, t) + FO; Pl(s1, 52,t) + QP[] (s1, 52, t) = 0, (s1,52,t) € T5(0, 7).

By inserting the formulae

(t) = —=(R(t) + (D" xPxD)(t)) 1 (S(t) + (D" x PxC)(t)), t € (0,T),
(s,t) = —(R(t) + (D" xPxD)(t)) " (B xP)(s,t), (s,t) € £5(0,T),

o (1)«

into the above Lyapunov—Volterra equation, we see that P satisfies the Riccati—Volterra equation (5.1). Fur-
thermore, since R(t) + (DT xPxD)(t) > A, for a.e. t € (0,T) with A > 0, the solution is strongly regular. This
completes the proof. O

Remark 6.6. The above proof shows that the sequence of the solutions of the Lyapunov—Volterra equations
(6.5) converges to the strongly regular solution of the Riccati-Volterra equation (5.1). This fact is useful in view
of the numerical approximations of the (unique) causal feedback optimal strategy and the value functional.

Combining Corollary 5.5, Corollary 6.3 and Theorem 6.5, we get the following consequence.

Corollary 6.7. Assume that the standard condition (6.4) holds. Then the Riccati—Volterra equation (5.1) admits
a unique strongly reqular solution P = (P, PP € TI(0,T). Consequently, Problem (SVC) has a unique causal
feedback optimal strategy (2,T,0) € S(0,T) given by (5.13).
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APPENDIX A. AUXILIARY LEMMAS

In this appendix, we prove some auxiliary lemmas used in Sections 5 and 6.

Lemma A.1. Let (Z,T') € L>(0, T;R**%) x L2(A3(0,T);R*9) be fizred. Then the map v — (Z,T,v)°[0,0] is
a bijective bounded linear operator on U(0,T).

Proof. By the uniqueness of the causal feedback solutions of homogeneous controlled SVIEs (2.3), together with
the a priori estimate (2.2), we see that the map v — (Z,T,v)°[0,0] is a bounded linear operator on U (0, T). Tt

is easy to see that the map u — v := (u(t) — Z(¢t) X (¢) — ftT I'(s,t)O(s,1))te(o,r) with X and © being defined as
the solution to the SVIE

/{Ats s) + B(t, s) }ds+/{Cts (5) + D(t, s)u(s)} AW (s), t € (0,T),
and
(s,1) / {A(s,r)X(r) + B(s,r)u (r)}dr—i—/o {C(s,7)X(r) + D(s,r)u(r)} dW(r), (s,t) € £o(0,T),

is the inverse map of v — (Z,T,v)°[0,0]. This completes the proof. O

Lemma A.2. For each (Z,T) € L=(0,T;R*9) x L?(A(0,T);R*?), there exist two measurable maps G :
{(5,t,0) € (0,T)?|T > s >t>0 >0} = R¥>™ and Gy : {(5,t,0) € (0,T)3|T >s>t>60 >0} - R
depending on A, B,C, D, =T such that the following conditions hold:

e For i =1,2, [0,s] >t G(s,t,0) is continuous for a.e. (s,0) € Na(0,T), and the following estimate
holds:

// sup |Gi(s,t,0)>dfds < oo. (A.1)
0

te(o,s]

o For each v € U(0,T) and (to,z) € I, the causal feedback solution (X°* ©P") € Li(ty, T;RY) x
LI2F7C(A2(t(),T);Rd) to the homogeneous controlled SVIE (2.3) at the input condition (to,x) corresponding
to the causal feedback strategy (2,T,v) € S(0,T) satisfies

E[Xg""(1)] = a(t) + [ {G1(t,t,0)x(6) + G2(t,t,0)E[v(6)]} 4

to

+ /T/M9 Go(t,t,m)T(0,r)drz(0)db, t € (to,T),
E[OF" (s,t)] = z(s) + /t {G1(s,t,0)z(0) + Ga(s, t,0)E[v(0)]} do

T (A0
+/ Ga(s,t,)I'(0,r)drz(0)dl, (s,t) € Nalto,T).
to

to

Proof. Let (to,x) € T be fixed, and let (X™", 04", ug"*) € L&(to, T;RY) x L% (Lo (to, T); R?) x U(to, T) be the
causal feedback solution to the homogeneous controlled SVIE (2.3) at (to, ) correspondmg to (E,T,v) € §(0,T).
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0
X(1)) _
(ﬂ(t)) =X(t), t € (to,T),

O(s,t) = x(s) —l—/ (A(s,r), B(s,7))X(r)dr, (s,t) € A(to,T),

to

where X € L?(to, T; R%+) is the solution to the following deterministic Volterra equation:

S x(t) ¢ _
X(t) = (:cE’F(t) Jr@(t)) + /to A(t,s)X(s)ds, t € (to,T).

Here, 251 € L%(to, T;RY) and A € L?(Ay(0,T); REHOXE@+0) are defined by
_ T
2= (t) = Z(t)x(t) +/ D(s,t)x(s)ds, t € (to,T),

t

and

Alt, s) B(t,s)

Alt,s) = (E(t)A(t,s) + [T T ) A(rs)dr (Bt s) + [ T(r,t)B(r,s) dr) » (t:95) € 22(0,7),

respectively. From the general theory on deterministic Volterra equations (see [29], Chap. 9 or [28]), the kernel
A has a resolvent F in L?(Ay(0,T); RE@+O*(@+0) "and X is given by the variation of constants formula:

X(t) = <$E,F(lt‘)(ti ﬁ(t)) + /t: F(t, s) (xar(msgsi z‘;(s)) ds, t € (to,T).

Thus, we have

— a(s) + / t{(A(s,ex B(s,0)) + /0 (A(s. ). Bls.r)E(r.0) dr} <x5’r(9) + v<0)> @

(G1(s,t,0), Ga(s,1,0)) <xa,r(:§§el v(9)> a0

I
8
=
_|_

\

to

for (s,t) € Ao(ty, T), where Gy, i = 1,2, are defined by

Gi(s,t,0) == A(s,0) +/9 {A(s,r)F1,1(r,0) + B(s,r)F31(r,0)} dr,

Ga(s,t,0) := B(s,0) +/0 {A(s,r)F1,2(r,0) + B(s,r)Fa2(r,0)}dr,
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F171(t,5) FLQ(t,S

for T > s>t > 6 >0, with the notation F(¢,s) = (F (t,s) Foalt,s
2,10, 2,2\b

~— —

), (t,s) € A2(0,T). Define

G1(s,t,0) == G1(s,t,0) + Ga(s,1,0)E(0), Ga(s,t,0) := Ga(s,t,0)

For T > s>t > 6> 0. It is easy to see that the estimates (A.1) hold for ¢ = 1,2, and the representation of
O = E[07"] in (A.2) holds. Noting that E[X " (t)] = X (t) = O(t,t), we get the representatlon for B[ X" O

Lemma A.3. Let (2,T) € L®(0,T; R4 x L2(Ag(0,T); R*?) be fized. Let My € L°(0, T; R *%) and M €
L2(No(0,T); RE %) with ¢' € N. Assume that, for any (to, ) € T,

T
M (HE[X"(1)] + /t My (s, t)E[OF (s,t)]ds = 0 for a.e. t € (to, T), (A.3)

where (X0, 0" is the causal feedback solution to the homogeneous controlled SVIE (2.3) at the input
condition (to,x) corresponding to the causal feedback strategy (2,T',0) € S(0,T). Then it holds that

Mi(t) =0 for a.e. t € (0,T) and Mz(s,t) =0 for a.e. (s,t) € N2(0,T).

Proof. First, we prove that M;(t) = 0 for a.e. t € (0,T). By the assumption, together with Lemma A.2, for any
z € L2(0,T;RY),

tAO
0= Mt / Gr(tt,0)0 d9+/ Golt. 1. P)D(0.r) dr 2(6) Ao}
0

T (A0
/ Mo (s, t / G1(s,t,0)x )d@—i—/ / Ga(s,t,r)T'(0,r)dr z(0) d9}ds
o Jo

+ /0 M(t,0)z(0) Ao

for a.e. t € (0,T), where

T
M(t,0) = {Mi(D)G1(t,1,6) + / My (s,1)G1(5,t,0) ds } 1, 0.1y (150) + Ma(6, ) 1, 0.1y (6, )
tAO T
T 208, 218,10, T S , T r, y 5 2.
+/0 {Ml(t)Gg(t,t, )+/t Ma(s,t)Ga(s, 1) d }r(a )dr, (t,0) € (0,T)

Noting the estimate (A.1), it is easy to see that M € L2((0,T)% RY*9). Considering z(t) = Nl rq1/n (),
t € (0,T), with 7 € (0,T7), N € N with 7+ 1/N < T and x € R? being arbitrary, and then integrating with
respect to t € (1,7 + 1/N), we get

T+1/N 74+1/N p7+1/N
N/ xdt—i—N/ / M(t,0)zdfdt =0,
and hence

T+1/N T+1/N p7+1/N
N/ dt+N/ / M(t,6)dodt = 0.
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By the Lebesgue differentiation theorem, we have limy_, o0 NfTTH/N M, (t)dt = My(7) for a.e. 7 € (0,T). On
the other hand, for any 7 € (0,T),

7+1/N pr+1/N 7+1/N p7+1/N 1/2
N/ / IM(t,0)|d0dt < (/ / |M(t,9)\2d9dt) =0

as N — oo. Therefore, we get M7 (t) = 0 for a.e. t € (0,T).
Next, we show that Mz (s,t) = 0 for a.e. (s,t) € A2(0,T). By the assumption (A.3), together with Lemma A.2
and M; = 0, for any (tg,z) € Z,

tAO

/Mzst (s) + Gl( >(0)d9+/T

to Jto

Ga(s,t,r)I'(0,r) drz(0) d9} ds=0

for a.e. t € (to,T). Let z € R4, (7’1,72) € N2(0,T), and N € N with 1/N < min{T — 7,71 — 72} be fixed.
Consider (to,x) € T with tg = 72 and x(t) = I, -, 41/n8)(t)z, t € (72,T). Then for a.e. t € (12,72 + 1/N),

T1+1/N T T1+1/N pt
{/ Ms(s,t)ds + / Mg(s,t)/ Ga(s,t,r)I'(0,r)drdo ds}x =0,
T1 t T1 T2
and thus
T1+1/N T1+1/N
/ Ms(s,t)ds + / N(t,r)T'(0,r)drdf = 0,
T1 T2

where
T
N(t,r) ::/ My (s, t)Ga(s,t,r)ds, (t,r) € N(0,T).
t

Noting the estimate (A.1), it is easy to see that N € L2(Ay(0,T); R *4). Integrating both sides with respect
to t € (12,72 + 1/N) and multiplying N2, we get

7'2+1/N T1+1/N T2+1/N 7'1+1/N t
N2 / / M (s, ) dsdt + N2 / / / N (&, 7)0(0,7) dr dO dt = 0,

On one hand, by the Lebesgue differentiation theorem, we have

T2+1/N T1+1/N
lim N? / / My(s,t) dsdt = My(7y,75)

N—o00

for a.e. (11,72) € A2(0,T). On the other hand, for any (71, 72) € A2(0,T),

T2+1/N T1+1/N t
‘N / / / N(t,7)T(0,7)dr dd dt‘

T2+1/N 7'1+1/N 1/2 To+1/N
< N? / / / IN(t, )] dr) (/ (0, 7)2 dr) a9 de
TZH/N 1N ra+1/N 12
= N? / / |Ntr|2dr> dt/ (/ 9r)|2dr) do
/2

T2+1/N 2 T1+1/ Tngl/N
< ( / |N(t r)|2drdt) / / T, r \erde)

T2
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We have

T2+1/N t
lim IN(t,7)[*drdt =0

N—oc0 To To

for any 7 € (0,7") and, by the Lebesgue differentiation theorem,

N—o0

T14+1/N pra41/N
lim N2 / IT(0,7)]?drdf = |T(11,72)|* < 00
for a.e. (11,m2) € A3(0,T). Therefore,

Tngl/N T1+1/N t
lim N2 / / Nt )T(0, ) dr do dt = 0

N —o0

for a.e. (11,72) € N2(0,T). Consequently, we have My(11,72) = 0 for a.e. (11,72) € A2(0,T). This completes
the proof. O
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