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WEAK LIMIT OF HOMEOMORPHISMS IN Win—1: INVERTIBILITY
AND LOWER SEMICONTINUITY OF ENERGY

ANNA DOLEZALOVAM*®, STANISLAV HENCL! AND
ANASTASIA MOLCHANOVA?

Abstract. Let Q, Q' C R" be bounded domains and let f,,: Q — Q' be a sequence of homeomor-
phisms with positive Jacobians J¢,, > 0 a.e. and prescribed Dirichlet boundary data. Let all f,, satisfy
the Lusin (N) condition and sup,, [,,(|Dfm|" " 4+ A(| cof D fm|) + ¢(J§)) < oo, where A and ¢ are pos-
itive convex functions. Let f be a weak limit of f,, in W™~ !. Provided certain growth behaviour of
A and ¢, we show that f satisfies the (INV) condition of Conti and De Lellis, the Lusin (N) condition,
and polyconvex energies are lower semicontinuous.
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1. INTRODUCTION

In this paper, we study classes of mappings that might serve as classes of deformations in Continuum Mechan-
ics models. Let €2 C R™ be a domain, i.e., a non-empty connected open set, and let f: 2 — R™ be a mapping
with J¢ > 0 a.e. Following the pioneering papers of Ball [1] and Ciarlet and Necas [2] we ask if our mapping
is in some sense injective as the physical “non-interpenetration of the matter” indicates that a deformation
should be one-to-one. We continue our study from [3] and suggest studying the class of weak limits of Sobolev
homeomorphism. We show that under natural assumptions on energy functional these limits are also invertible
a.e. and that the energy functional is weakly lower semicontinuous which makes it a suitable class for variational
approach.

Concerning invertibility we use the (INV) condition which was introduced for WP-mappings, p > n — 1,
by Miiller and Spector [4] (see also e.g. [5-12]). Informally speaking, the (INV) condition means that the ball
B(x,r) is mapped inside the image of the sphere f(S(a,r)) and the complement Q \ B(z,r) is mapped outside
f(S(a,r)) (see Preliminaries for the formal definition). From [4] we know that mappings in this class with
Jr > 0 a.e. are one-to-one a.e. and that this class is weakly closed. Moreover, any mapping in this class has
many desirable properties, it maps disjoint balls into essentially disjoint balls, deg(f, B,-) € {0, 1} for a.e. ball
B, under an additional assumption its distributional Jacobian equals to the absolutely continuous part of Jy
plus a countable sum of positive multiples of Dirac measures (these corresponds to created cavities) and so on.
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2 A. DOLEZALOVA ET AL.

In all results in the previous paragraph the authors assume that f € WP(€,R") for some p > n — 1 (see
also [13] for the Orlicz—Sobolev maps with integrability just above n — 1). However, in some real models for
n = 3 one often works with integrands containing the classical Dirichlet term |D f|? and thus this assumption
is too strong. Therefore, for n = 3, Conti and De Lellis [14] introduced the concept of (INV) condition also for
W2 N L (see also [15] and [16] for some recent work) and studied Neohookean functionals of the type

[ 1ps@F + ot7y@) s @

where ¢ is convex, lim;_, 04 ¢(t) = 0o and lim;_, @ = 00. They proved that mappings in the (INV) class that
satisfy J¢ > 0 a.e. have nice properties like mappings in [4], but this class is not weakly closed and hence cannot
be used in variational models easily. To fix this problem we add an additional term to the energy functional
and we work only with the class of weak limits of homeomorphisms.

Let us note that homeomorphisms clearly satisfy the (INV) condition and so do their weak limits in WP,
p>n—1 (see [4], Lem. 3.3). Unfortunately, this is not true anymore in the limiting case of limit of W1n=1
homeomorphisms as shown by Conti and De Lellis [14] (see also Bouchala, Hencl and Molchanova [17]). Let
us also note that the class of weak limits of Sobolev homeomorphisms was recently characterized in the planar
case by Iwaniec and Onninen [18, 19] and De Philippis and Pratelli [20]. Our paper contributes to the study of
this class in higher dimensions n > 3.

In our previous result with Maly [3] we have shown that weak limits of homeomorphisms in W"~1 satisfy the
(INV) condition once the functional (1.1) is uniformly bounded and ¢(t) > t% for some proper a. More precisely
we have shown more general statement where we assumed the uniform integrability of some distortion function
(see Thm. 1.1). The main aim of this paper is to show that under reasonable conditions we have even lower
semicontinuity of the corresponding energy functional and that we can apply standard Calculus of Variarions

techniques in this context. We need to assume the following natural growth assumptions

¢ is a positive convex function on (0, 00) with lim+ o(t) = oo, (1.2)
t—0
t
lim 20 _ (1.3)
t—oo ¢

and that there is a constant A > 0 with
A7Np(t) < pl20) < Ap(t), e (0,00). (1.4)

We further assume that our homeomorphisms have the same Dirichlet boundary data and that they satisfy the
Lusin (N) condition, i.e., that for every E C Q with |E| = 0 we have |f(F)| = 0. The validity of the (INV)
condition in the next theorem is from [3] but the ‘Moreover’ part is entirely new.

Theorem 1.1. Let n > 3, Q, Q" C R" be Lipschitz domains and let ¢ satisfy (1.2) and (1.4). Let fy, €
Whtn=1(Q,Q), m=0,1,2..., be a sequence of homeomorphisms of Q onto ' with Jg, >0 a.e. such that

o D (@)™ 7
S%p/Q (IDfm(:v)l Vv o (g, (2) + <Jf> ) dr < co.

Assume further that f.,, = fo on 0Q for all m € N. Let f be a weak limit of f,, in WH"=1(Q R"), then f
satisfies the (INV) condition.
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Moreover, under the additional assumptions (1.3) and that all f,, satisfy the Lusin (N) condition we obtain
that our f satisfies the Lusin (N) condition and we have lower semicontinuity of energy

[Df(x)["

gﬁkié<mﬂ@m+¢#w»+< e

yﬁ>9ygﬂm» (1.5)

Further
for a.e. x € Q we have h(f(z)) =z and for a.e. y € Q' we have f(h(y)) = v,

where h is a weak-x limit of (some subsequence of) f.1 in BV (), R").

Furthermore, we have found out another set of conditions under which we can conclude (INV) condition and
similar results about lower semicontinuity and we study the energy functional

F(f) :/Q(IDJ”(I)\”’1 + A(|cof Df (2)]) + ¢(J4())) da

where

At
A(]-]) is a positive convex function with tllm ¥ = 0. (1.6)

Theorem 1.2. Letn >3 and Q, Q' CR" be bounded domains. Let functions ¢ and A satisfy (1.2) and (1.6).
Let fm € WE=HQ,R™), m = 0,1,2..., be a sequence of homeomorphisms of Q onto Q' with Js, >0 a.e.,
such that f,, satisfies the Lusin (N) condition and

sip}'(fm) < 00. (1.7)

Assume further that f,, = fo on 9Q for all m € N. Let f be a weak limit of f,, in WE"=LQ,R"), then f
satisfies the (INV) condition.

Moreover, under the additional assumption (1.3) our f satisfies the Lusin (N) condition and we have lower
semicontinuity of energy

F(f) < timint F(£,). (18)
Assuming further that |0)'| = 0 we have
for a.e. x € Q we have h(f(z)) =z and for a.e. y € Q' we have f(h(y)) =y, (1.9)

where h is a weak limit of (some subsequence of) f;.* in WLV, R™).

After we have finished this result we were informed that most of the results in Theorem 1.2 have been proven
already by D. Henao and C. Mora-Corral in [6] using different technique (see [6], Thm. 5.5, Prop. 8.4 and Thm.
8.5). They have the result even for f,, satisfying (INV) condition once some functional &(f,,) is uniformly
bounded and this is true for homeomorphisms f,, that satisfy the Lusin (N) condition. We believe that our
proof is still of interest as it is more geometrical and brings new ideas and techniques to this area. Moreover,
we do not need to assume (1.3) for the validity of (INV) for f and the property (1.9) is new. For special cases
of A (a power high enough), the lower semicontinuity follows from [21].
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Let us comment on our assumptions in Theorem 1.2. Each homeomorphism f,,,: Q@ — ', f,, € WHn=1(Q, R")
with Jy,, > 0 a.e. satisfies f,,' € WH1(Q/,R™) (see [22]). Moreover (see e.g. [22] or [23]), we have

[ 05wl < [ 1Dg @l s
Qr Q

and hence (1.7) implies that there is a subsequence of f,.! which converges weak-+ to some h € BV (£, R").
Using

sup/ A(]cof D fr(2)|) dz < o0 (1.10)
Q

m

we get that Df-1 are equiintegrable (see Thm. 2.5 below) and hence (up to a subsequence) f,.! converge
to h € WHH(Q/,R") weakly in W1(Q/,R™). This assumption (1.10) is also crucial in our proof of the (INV)
condition as it implies that image f,,(A) of small set A C 0B(c,r) is “uniformly” small in m and therefore
cannot enclose some big set that would like to escape from f(0B(c,r)) violating the (INV) condition.

The condition

t
sup/ o(Jy,, (x)) de < co with lim ¢(t) = oo (resp. lim 20 = oo)
m JQ t—0+ t

—o0

implies that small sets have uniformly small preimages (resp. small sets have uniformly small images) and these
conditions are quite standard in the theory. Moreover, we need to assume that f,, maps null sets to null sets
(by the Lusin (N) condition), which is again natural as our deformation cannot create a new material from
“nothing”. Let us note that this is crucial for the lower semicontinuity of our functional. In Lemma 4.5 below
we construct a series of homeomorphisms that do not satisfy the Lusin (N) condition as they map some null set
to a set of positive measure a, though they satisfy all other assumptions, converge weakly to f(z) = z and

/ me(x)dle—a<1:/ J¢(z) dx
0,1)m (0,1)™

and hence lower semicontinuity fails at least for some polyconvex functionals. Similarly, if we omit the condi-
tion (1.3), we can construct a counterexample to semicontinuity of some functional if all f,, satisfy (N) but f
does not. The lower semicontinuity of functionals below the natural W energy has attracted a lot of attention
in the past and we refer the reader e.g. to Ball and Murat [24], Maly [25], Dal Maso and Sbordone [26] and
Celada and Dal Maso [27] for further information.

Let us note one disadvantage of our approach. In the previous models [14], [4] it was possible to model also
the cavitation, i.e., the creation of small holes. Unfortunately, this is not possible for us as the condition (1.3)
together with (1.7) tells us that f,,, cannot map small sets onto big sets. However, this is exactly what is needed
to be done by our approximating homeomorphisms around the point where the cavity is created by f. On the
other hand, the condition (1.3) is crucial for us in order to prove the Lusin (N) condition for f and this condition
is the key for the proof and the validity of the lower semicontinuity of our functional.

Let us briefly comment on the structure of this paper. We recall the definition of the degree and of the (INV)
condition in the Preliminaries and we prove the equiintegrability of Df,;! there. Our proof of (INV) condition
for f uses some techniques and results that we have developed in our previous paper [3] on this topic. We
recall some of those in the Preliminaries and then we give a detailed proof of the (INV) condition using some
of those techniques in Section 3. In Sections 4.1-4.3 we use the (INV) condition to prove that f satisfies the
(N) condition and that h (W11 weak limit of f,.!) is the “a.e. inverse” of f. Then we use the (N) condition to
prove the lower semicontinuity of our polyconvex functional in Section 4.2 and we show some counterexamples
to lower semicontinuity without our assumption (1.3) in Section 4.4. Finally, we return to the result of [3] where
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we have shown (INV) under different assumptions and we show that the lower semicontinuity of energy is valid
also there if we additionally assume that f,, satisfy (N) and that we have (1.3). In the last Section 5 we give a
quick application of our result in Calculus of Variations.

2. PRELIMINARIES

2.1. Change of variables estimates

Let Q C R™ be open, A C 2 be measurable and let g € Wl’l(Q; R™) be one-to-one. Without any additional

loc

assumption we have (see e.g. [28], Thm. A.35 for n = x4(a))

/ ()| de < |g(A)]. (2.1)
A

Moreover, for general g satisfying the Lusin (N) condition we have (see e.g. [28], Thm. A.35 for n = x4(4))

/ o) de = [ N(g,Ay)dy, (2.2)
A Rn

where N(g,y, A) is defined as a number of preimages of y under g in A.
Analogous change of variables formula holds also for mappings h: 2 — R™, Q € R®!. For Lipschitz h we
have (see e.g. [29], Thm. 3.2.3)

/ Joah(@)de= [ N(hAy) dH"(y), (2.3)
A

R™

where A C €2 is measurable, N(h, A,y) denotes the number of preimages h~!(y) in a set A and J,,_1h is the
(n — 1)-dimensional Jacobian of h, i.e., it consists of sizes of (n — 1) x (n — 1) subdeterminants. We know that
each h € WH1(Q R") is approximately differentiable a.e. (see e.g. [30], Thm. 3.83) and for each approximately
differentiable function we can exhaust 2 up to a set of measure zero by sets so that the restriction of h is
Lipschitz continuous on those sets (see [29], Thms. 3.1.8 and 3.1.4). It follows that (2.3) holds for Sobolev
mapping h € WH(Q,R") if we know that for every E C Q with H""1(E) = 0 we have H""(h(E)) = 0. In
general the area formula (2.3) holds for Sobolev h only up to a set of (n — 1)-dimensional measure zero E C 2
(see also [31], Chap. 3, Sect. 1.5, Thm. 1 and Cor. 2).

Lemma 2.1. Given Cy < 0o and ¢ satisfying (1.2), there exist monotone functions ®, ¥: (0,00) — (0,00)
with

lim ®(s) =0 and lim ¥(s) =0

s—0t s—0t

such that: Let g € WH1(Q,R™) be a one-to-one mapping with fQ o(Jg) < Cy. Then for each measurable set
A C Q we have

o(|Al) < [g(A)l. (2.4)
If we moreover assume that the Lusin (N) condition holds for g and that (1.3) holds, then also

lg(A)| < W(]Al). (2.5)
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Proof. The proof of (2.4) can be found in the proof of [3], Lemma 2.9 (we omit here the assumption on ||g|| 1
as it is not necessary). The proof of (2.5) follows from De la Vallee Poussin Theorem ([32], Thm. B.103) applied
to |J4| and the fact that the Lusin (N) condition implies an equality in (2.1). Note that we can assume that
both ® and ¥ are monotone. O

The following lemma was shown in [3], Lemma 2.8.

Lemma 2.2. Let Q C R™ be an open set of finite measure and f € VVlicl(Q,R") satisfy J # 0 a.e. Then for
every € > 0 there is § > 0 such that for every measurable set F' C R™ we have

F| <6 = |f~1(F)| <e.

In order to apply the previous lemma we use the following observation.

Lemma 2.3. Let Q C R" be open, and let fr, € WH1(Q,R"™) be a sequence of homeomorphisms with Jg, > 0
a.e. such that fi — f € WHL(Q,R") pointwise a.e. Assume further that

sup [ {7y () do < o
k Ja
where ¢ satisfies (1.2). Then Jy # 0 a.e.
Proof. Assume by contradiction that
E:={zxeQ: Jf(x) =0} satisfies |E| > 0.

As usual we find a set Fy C E with |Ep| = |E| such that the (N) condition holds on Ey for f (see e.g. [28], proof
of Thm. A.35). Moreover, we assume that fi(z) — f(z) for every x € Ey. By (2.2) we obtain

|f(Eo)| = 0.
We find an open set G C € such that
f(Eo) € G and |G| < 3®(5|Eq),
where ® comes from Lemma 2.1. Since fi(z) = f(z) we can find ko(z) such that for every k > ko(z) we have
fr(z) € G. Tt follows that
oo
Ey = U Ey,, where Ey,, ={x € Ey: fi(x) € G for every k > ko}.

ko=1
These sets are nested and hence we can fix ko such that |Ej,| > 3|Eo|. It follows that

fro(Ery) C G with |Eg,| > 1|Ey| and |G| < 1@ (3|Eo|)

which contradicts (2.4).

O
Theorem 2.4. Let B(c, R) C R™ and let g € W1~ 1(B(c, R),R™) be a homeomorphism. Then for a.e. r € (0, R)
we know that g € Whn=Y(dB(c,r),R") and that g satisfies the Lusin (N) condition on the sphere dB(c,r), i.e.,

for every E C 0B(c,r) with H" Y (E) = 0 we have H" ' (g(E)) = 0.
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Moreover, for such r and every relatively open set E C dB(c,r) we have
H M g(E)) < C(r)/ | cof Dg| dH™!. (2.6)
E

Proof. The fact that g € W1 "~1(0B(c,r),R") for a.e. r is standard and follows e.g. by using the ACL condition
(on circles and not lines). The part about the validity of the Lusin (N) condition on a.e. sphere follows from
[22], Lemma 4.1.

Let us have a homeomorphism h € W (R?~! R"™) which satisfies the Lusin (N) condition. Then the area
formula (2.3) implies that for every measurable set £ C R"~! we have

H L (W(E)) = [E T ah(2)] de,

where J,_1h is the (n — 1)-dimensional Jacobian, i.e., it consists of all (n — 1) x (n — 1) subdeterminants. To
obtain the wanted estimate we simply do a bilipschitz change of variables (locally) from round 9B(c,r) to flat
R"~! and the result for h implies our estimate (2.6) for g. Of course the constant in the bilipschitz change of
variables might depend on r so our constant in (2.6) could depend on r. O

2.2. Equiintegrability of Dfn_l1

The following theorem tells us that our mappings f,, from Theorem 1.2 have equiintegrable D f,.}. It follows

that up to a subsequence f,.! converge weakly to some h € WH(Q',R"), see [32], Theorem B.103 and [33],
Lemma 1.2 in Chapter 2.1.

Theorem 2.5. Let , Q' C R™ be domains. Let functions ¢ and A satisfy (1.2) and (1.6). Then there is a

continuous monotone function B with lim; s @ = 00 such that:

Let f, € WH=1(Q, Q') be homeomorphisms with J¢, (z) > 0 a.e., Ji=1(y) > 0 a.e. and

Slnlzp/Q (ID fon ()"~ + A(| cof D fin (2)]) + ¢(J,, (2))) da < oo.
Then

sup [ BDS ) dy < .

m

Proof. Let us write A(t) = ta(t), B(t) = tb(t) and assume that b is a suitable function such that b(¢) < a(t),
b(st) < b(s) + b(t), (2.7

and B is continuous and monotone with superlinear growth. We give a detailed construction of such b below.
By differentiation of f,,!(f.(x)) = z we obtain

Dfnzl(fm($)>Dfm(x) =TI and an;l (fm())Jy,, (x) =1
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for a.e. = (see [34], Lem. 2.1). Using the previous line, (2.7), (2.1) and A - cof A =det A - I we have

- ) . 1 L)

| BUDL W) dy = /Q [Dfw” @)b( D (y)DJf,;l(y)
—1 -1 =

SAIMnMA@NWDM(M@mUMmm@DM

= [ D £ MU @) D 0 d
1
:/Q\cofom(xﬂ b(|cofom(x)|W) dx

m

1
SAcdumwMWﬁDM@”m+A““m“@”(mﬂﬂd”

From B(t) = tb(t) < A(t) we obtain that the first term is uniformly bounded. By the Young inequality, we
estimate the second term

/Q|cofom(x)\ b(@) deAA(|cofom(m)|)dm+/§lA’ <b (Jfl(x))) da

where A’ is the fixed conjugate function to our convex function A (see [35], Chap. 2.4). If we ask also for

b(t) < (A)"H(e(1))

for large t, we have

2 (o)) = v e

for every t and we are finished. B B
Now we find such function . We define auxiliary functions 1) and b and take ¥ and b which are smaller than
their counterparts and monotone continuous. Let us set

a(t)

for t > 1. It is continuous and from the continuity and positivity of a on (0, 00) we know that lim; 1 ¥(t) = co.
Therefore we can define

RS 1<t<ty=min{s > 1:9(s) =1},
P(t) = {min{lﬂ(s)’g € [to,t]}, to<t,

which is a positive continuous nonincreasing function less or equal to .
Define

50 - [0 0<t<l,
) w()log(t), 1<t< oo
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Since ¢ is continuous nonincreasing bounded on (1,00), b is also continuous and (2.7) holds for s,¢ > 1 (since
t is nonincreasing and log satisfies (2.7)) and s,¢ < 1 (since b(st) = 0). Moreover we have b(t) < a(t). Now we
check that

lim b(t) = tlggo P(t) log(t) = oc.

t—o00

Either lim; o 1(¢) > 0 and the statement holds, or lim;_, ¥(t) = 0. In the later case, we can find a sequence
to < t1 < to... such that

tr = min{s > to : ¥(s) = 1/k}

and try — oo (since v is positive). Then on [tg,tx] we have ®(t) > 1/k = ¥(tx) = a(ty)/log(ty) and
consequentially

liminfb(t) = liminf min b(t) = liminf min () log(t) > likm inf ¥ (tg+1) log(tx)
— 00

t—00 k—oo tE€[ty,try1] k—oo tE€[tk,tr41]
. .oJdog(te) 1., . log(ty) 1. .
> lim inf > 21 | =h LT f = 0.
2 liminf —=—= > - limin . 5 imin a(ty) = 0o

Now we want to resolve (2.7) for s < 1, ¢ > 1. If st < 1, it is clear. In the other case, we need b(st) < b(t) which
we do not have for b in general as it does not have to be monotonous. Therefore we define

b(t) = inf b(s).
(t)= ot 5(s)

That function is clearly monotone, continuous, smaller than b and tends to oo. For s,t <1 (2.7) is still trivial.
For s <1, t > 1 it follows from monotonicity. For s,¢ > 1 we find so = max{r : b(r) = b(s)} and t¢ analogously.
Obviously from the definition of b we have s < sg, t < tg. Then we have

b(st) < b(soto) < b(soto) < b(so) + b(to) = b(s) + b(t).

Now we know that B(t) = tb(t) is continuous nonnegative non-decreasing with B(0) = 0 and lim;_, @ = 00.
The last step is to show that we can ask

b(t) < (A)"H(e(3))

for large t. We can use a similar procedure as before (replacing a by min{a, (4’)~1}), since lim;_, o, (4") "1 () =

(A’ is convex, negative in 0 and positive for large values, so going to oo — and so does its inverse, t00).
O

2.3. Degree for continuous mappings

Let © C R™ be a bounded open set. Given a continuous map f: Q — R and y € R™ \ f(0€2), we can define
the topological degree as

deg(f,y)= > sen(Jy(x))

Qnf=t(y)
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if f is smooth in Q and J¢(z) # 0 for each z € QN f~1(y). By uniform approximation, this definition can be
extended to an arbitrary continuous mapping f: 2 — R™. Note that the degree depends only on values of f on
of.

If f: Q — R" is a homeomorphism, then either deg(f,,y) =1 for all y € f(Q) (f is sense preserving), or
deg(f,Q,y) = —1forally € f(Q) (f is sense reversing). If, in addition, f € W1m=1(£, R"), then this topological
orientation corresponds to the sign of the Jacobian. More precisely, we have

Proposition 2.6 ([36]). Let f € WL 1(Q,R") be a homeomorphism on  with J; >0 a.e. Then
deg(f,y) =1, ye f(Q)

2.4. Degree for W1™~1 N [°° mappings

Let B be a ball, f € Wbn=1(dB,R") N C(0B,R"), |f(0B)| = 0, and u € C*(R™,R"), then (see [4], Prop.
2.1)

/n deg(f, B,y)divu(y) dy = / (uo f)- (An—1D-fv a1, (2.8)

oB

where D.f denotes the tangential gradient and A,_1D.f is the restriction of cof Df to the corresponding
subspace (see [3] for details).

Let M(R™) = Co(R™)* be the space of all signed Radon measures on R™. By (2.8) we see that deg(f, B,+) €
BV (R") and

ID deg(f, B, )| men) < CllAn—1Dx fllzr@m) < CID-fl721 o5): (2.9)

Following [14] (see also [37]) we need a more general version of the degree which works for mappings in
Whn=1n [ that are not necessarily continuous. Although only the three-dimensional case is discussed in [14],
the arguments pass in the general case as well. The definition is in fact based on (2.8).

Definition 2.7. Let B C R" be a ball and let f € W1»=1(9B,R") N L>(0B,R"™). Then we define Deg(f, B, )
as the distribution satisfying

[ Destr.Bapwt)dy = [ (o) (8 Dofv (210)

oB

for every test function ¥ € C°(R™) and every C'™ vector field u on R” satisfying divu = 1.

As in [14] (see also [3]) it can be verified that the right-hand side does not depend on the way v is expressed
as divu and that the distribution Deg(f, B, -) can be represented as a BV function.

Assume that f, g € WH=19B,R") N L>°(0B,R™). As in formula (2.5) in [3], we obtain the following version
of some “weak isoperimetric inequality”

n—1

[{ € R" : Deg(f, B,y) # Deg(g. B.y)}| ™ <

<C (ID-f(@)[" ™" + |Drg(x) ") dH" " (2).
aBN{f#g}

(2.11)

We need also the classical isoperimetric inequality (see e.g. [38], Thm. 2 in Sect. 5.6.2 and Thm. 2 in Sect.
5.7.3). Let E C R™ be an open set with finite perimeter. Then

|E|'"% < CH" Y (9E). (2.12)
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Remark 2.8. Let B be a ball and f € Win=Y9B,R") N C(B,R"). If |f(0B)| = 0, then Deg(f, B,y) =
deg(f, B,y) for a.e. y € R™. We use different symbols to distinguish and emphasize that deg is defined pointwise
on R™\ f(0B), whereas Deg is determined only up to a set of measure zero.

2.5. (INV) condition

Analogously to [14] (see also [4]) we define the (INV) class.
Let A C Q C R™. We say that « € R"™ is a point of density one (or just point of density) of a set A if

. |B(x,r)NA]
lim —————— =
r=0+  [B(z,7)|

It is well-known that a.e. z € A is a point of density of A.

Definition 2.9 (geometrical image). Let Q@ C R™ be open, f: Q@ — R"™ be a function which is approximately
differentiable almost everywhere. Given a set A C € we call the geometrical image of A through f the set given
by f (224N A), where Q4 denotes the set where f is approximatively differentiable. Further on, we denote this
geometrical image by f(A) (since f is nevertheless defined only up to a set of measure zero).

Definition 2.10 (topological image). Let B C R™ be a ball and let f € Win=1(9B,R") N L>*(0B,R"). We
define the topological image of B under f, imr(f, B), as the set of all points of density one of the set {y € R™ :
Deg(f, B,y) # 0}.

Definition 2.11 ((INV) condition). Let f € W= 1(Q,R") N L>°(Q,R"). We say that f satisfies (INV) for a
ball B CC Qif

(i) its trace on B is in WH"=1(9B,R") N L>®° (0B, R");
(ii) f(z) € imp(f, B) for a.e. x € B;
(iii) f(z) ¢ imp(f, B) for a.e. x € Q\ B.

We say that f satisfies (INV) if for every a € Q there is r, > 0 such that for H'-a.e. r € (0,7,) it satisfies (INV)
for B(a,r).

Remark 2.12. If f, in addition, satisfies J; > 0 a.e., then preimages of sets of measure zero are of measure
zero and thus we can characterize the (INV) condition in a simpler way. Namely, such a mapping satisfies the
(INV) condition for the ball B CcC Q if and only if

(i) its trace on OB is in W1n~1(B,R") N L= (0B, R");
(ii) Deg(f, B, f(z)) # 0 for a.e. x € B;
(iii) Deg(f, B, f(x)) =0 for a.e. z € 2\ B.

Definition 2.13. Let f € Wh"1(Q,R") N L>°(Q,R™). The distributional Jacobian of f is the distribution
defined by setting

Det Df(p) :== — /Q f1(@)T (@, fayeons fr) () dx for all p € C&(Q),

where J(, fa, ..., fn) is the classical Jacobian defined as the determinant of the Jacobi matrix Dg of g =
(wvaa"'afn)'

We need the following lemmata from [14]. They are stated there only for n = 3 but it is clear from the proofs
that everything works also in higher dimensions. Note that the definition used in [14] is different from the one
above, but since f € W1m=1(Q,R") N L>°(Q,R"™), we can show by the standard approximation argument that
for our class of functions these definitions coincide.
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Lemma 2.14 (Lemma 3.8, [14]). Let f € Whn=1(Q,R") N L= (Q,R"), with J; # 0 on Qq, and choose B CC Q
such that f satisfies (INV) for B. Then f(B) C imp(f, B), and f(R™\B) C R™ \ imr(f, B).

Lemma 2.15 (Lemma 4.3, [14]). Let f € W1m=1(Q,R™) N L (Q,R"). Suppose that condition (INV) holds for
f, and that Jy > 0 a.e. Then,

(i) Det Df > 0, hence it is a Radon measure;
(ii) the absolutely continuous part of Det D f with respect to L™ has density Jy;
(i) for every a € Q and for a.e. v € (0,74),

Det Df(B(a,r)) = |imz(f, B(a, 7))|. (2.13)

2.6. Minimizers of the tangential Dirichlet integral

In our main proof, we have a sphere 9B in R™ and on this sphere we have a small (n — 2)-dimensional circle
which is a boundary of an open spherical cap S C dB. Our map f is in W™ =1 therefore we can choose the
sets so that f is continuous on the (n — 2)-dimensional circle S\ S. Our mapping f can have a big oscillation
on S so we need to replace it with a reasonable mapping. We do this by choosing a minimizer of the tangential
Dirichlet energy over this cap S which has the same value on the circle S\ S. In fact, we need this even for
more general shapes than spheres and circles.

We say that a relatively open set S C OB satisfies the exterior ball condition if for each z € S\ S there exists
a ball B(z',r) with 2z’ € OB such that z € 9B(z/,r) and B(z,7) NS = @. The following theorem was shown in
[3], Theorem 2.10:

Theorem 2.16. Let B C R™ be a ball. Let S C OB be a connected relatively open subset of OB. Let T be
the relative boundary of S with respect to OB. Suppose that diam S < ;- and that S satisfies the exterior
ball condition. Let f = (f',..., f") € Win=1(OB,R") be continuous on T. Then there exists a unique function
h=(h',...,h") € C(S,R")NW"=1(S,R™) such that each coordinate h' minimizes [ |Dru|"~* dH™ ™" among
all functions u € f* + Wol’"_l(S, R™). We have h = f on T, the function h satisfies the estimate

diam h(S) < v/ndiam f(7T) (2.14)

and we have L™ (h(S)) = 0. Moreover, let f,, be continuous and converge to f uniformly on T, then h,, converge
to h uniformly on S, where h,, are minimizers corresponding to boundary values f,.

Proof. Everything except £"(h(S)) = 0 was shown already in [3], Theorem 2.10.
It is standard that the change of variable formula holds for Sobolev mappings up to a null set (see (2.3) and
the paragraph after) and hence using h € Wh"~! there is N C S with H"~1(NN) = 0 such that

H" ' (h(S\ N)) < oo and hence L™ (h(S\ N)) = 0.

We claim that h is pseudomonotone, i.e., there is C' > 0 such that for each spherical cap A C .S we have

diam h(A) < C'diam f(0A)

(here OA is the relative (n — 2)-dimensional boundary with respect to 9B). This fact follows from (2.14), i.e.,
we consider the corresponding minimizer on A with respect to boundary data h|sa. By the uniqueness of this
minimizer we obtain that h|4 is this minimizer and (2.14) holds for A and OA (instead of S and T)) gives us the
pseudomonotonicity. Let us now consider a mapping ¢ := Po h: S — R"!, where P is the projection to the
hyperplane {x; = 0}. It is easy to see that g € W"~! and that g is continuous and pseudomonotone. By the
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i :JM f(S(e,r))
_
E V, m(S(e,r
L\/>f( ) fm(S(er))

FIGURE 1. Behaviour of mappings f (in black) and f,, (in green) on S(c¢,r) and V.

result of Maly and Martio [39], Theorem A and H"~!(N) = 0 we obtain that

H" "' (g(N)) = 0 and hence L™ (h(N)) = 0.

3. PROOF OF THEOREM 1.2: (INV) CONDITION

Proof of Theorem 1.2: (INV) condition. Assume on the contrary that f does not satisfy the (INV) condition.
Then we can find a center ¢ such that for H'-positively many radii > 0 our f maps either something from
B(e,r) outside of imp(f, B(c,r)) or something outside of B(c,r) inside of imy(f, B(c,r)). We treat the first
case in detail and at the end we briefly explain the analogous second case.

Step 1. Outline of the proof: We assume that f does not satisfy (INV) and hence there is ¢ € Q such that
the set

{r: B(c,r) C Q, 3V, C B(c,r) with |V;.| > 0 and Deg(f, B(c,r), f(z)) =0 for all z € V,.} (3.1)

has positive (one-dimensional) measure.

Let us now briefly explain the idea of the proof. We know that f,, converge to f weakly in W!"~! and thus
up to a subsequence strongly in L"~! and a.e. We can thus imagine that f,, is really close to f both on some
fixed OB(c,r) and on V. The situation is illustrated in Figure 1.

That means f(V;) is outside of imy(f, B(c,r)) but f,(V,) lies inside f,(0B(c,r)) since fy, is a homeomor-
phism. It follows that f,,(0B(c,)) is close to f(0B(c,r)) in most of the places but it makes a “bubble” (or
several bubbles) around f,,(V;.) which is really close to f(V;.).

Firstly, we define those bubbles and then we show that the number of bubbles that contain a big part of
fm(V;) is uniformly bounded and hence in one of them we have a big portion of the volume of f,,(V;) (and
that |fm (V)| > C using (1.2) and (1.7)). Since f,,,(V;-) is quite big (in one of the big bubbles) we obtain that
the boundary of the bubble has big H"~! measure. However, this boundary is essentially image of some very
small set (as small as we wish for m big enough) on dB(c,r) under f,, and using (2.6) we obtain that the
integral of | cof D f,,,| over this small set is big. This contradicts the equiintegrability of | cof D f,,| which results
i $UPy, [0 Al cOf Dfin]) dH" 1 < 0.

Step 2. Replacement of f on 0B(c,r) with continuous g that has similar degree:

We need to apply plenty of techniques and results developed in [3]. For the convenience of the reader, we
include most of the details in the current proof.
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We fix B(c, R) cC Q. Since f,, converge weakly in W1 which is compactly embedded into L1 —¢,
and so into L™~ !, we obtain that f,, converge to f in L"~!(B(c, R)). Up to a subsequence we can thus assume
that f,, — f pointwise a.e. and by Lemma 2.3 we obtain J; # 0 a.e. We fix r € (0, R) (and pass to a subsequence
if necessary, see e.g. [4], Lem. 2.9) such that

fm — f weakly in WH"1(9B(c,r),R™) and H" '-a.e. on dB(c,r)

and such that there exists a constant Cy so that

/ (1D "1 + | Dy fin| 1) dH" 1 < Cs for all m € N. (3.2)
OB(c,r)

Moreover, using Theorem 2.4 we can assume that all f,, € Wh"~1(0B(e,r), R") satisfy the (N) condition on
0B(c,r). Analogously to the proof of [4], Lemma 2.9 we use the Fatou Lemma and (1.7) to deduce

m—r 00 m—r o0

R R
/ liminf/ A(|cof Df,|) dH"do < liminf/ / A(|cof D f,]) dH" ™ do < .
0 dB(c,r) 0 dB(c,r)

Choosing further r so that the liminf on the lefthand side is finite and thus (passing again to a subsequence)
we have

/ A(|cof Dfp|) dH™ ! < Oy for all m € N. (3.3)
dB(c,r)

We set B := B(c,r) and choose £ > 0 small enough with the exact value to be specified later. Find p €
(0, min{ 57, £}) such that for each z € 9B we have

/ D, f" "t < e (3.4)
OBNB(z,2p)

(we can do that since the integral over the whole 0B is finite). For each fixed z € 9B we find p, € (p,2p) such
that

p/ |Df|"HaH 2 < en Tt (3.5)
OBNOB(z,pz)

which is possible because the length of (p,2p) is p, combined with (3.4). Moreover, we can also choose p, such
that f,, — f occurs H" 2-a.e. on 9B N JB(z, p.) and that

lirl;Inglof ||fm||Wl,nfl(aBnaB(z’pz)’]Rn) < 00.

It follows that up to a subsequence (depending on z and p,, see e.g. [4], Lem. 2.9)

fm — f weakly in W™~ and also uniformly on 0B N dB(z, p.). (3.6)
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f(9B)

FIGURE 2. Behaviour of mappings f (in black) and g (red) on 0B in 2D representation. T
corresponds to points on f(9B) (of course in R™ they are (n — 2)-dimensional), g is represented
by dashed lines connecting these points (of course these are minimizers of (n — 1)-energy in
higher dimensions and not lines) and the gray set F} is created “between” ¢(S;) and f(S;).

Note that on the (n — 2)-dimensional space 9B NdB(z, p.) we have embedding into Hélder functions W=t <

C%1~ %=1 thus f is continuous there and we have the estimate

1
n—1

diam f(OB NOB(z, p.)) < C(ps)'~ w1 (/ |D, f|" 1 dH"—2> < Cse. (3.7)
OBNOB(z,pz)

Using the Vitali type covering, we find B; = B(z;, p;) such that p; = p.,,

0B C | Bz, ps)
j

and the balls B(z;, £ p;) are pairwise disjoint. Here j = 1, ..., jmax. Furthermore, the balls in the Vitali Covering
Theorem are chosen inductively so we can also assume using (3.6) that for a subsequence (chosen in a diagonal
argument)

fm — f weakly in WH™~! and uniformly on B N 0B(z;, p;) for each j. (3.8)
Given j, denote

S;=0BnB;\ | B
I<j

Note that S; satisfies the exterior ball condition of Subsection 2.6. Let T} denote the relative boundary of S;
with respect to 0B.

For each j we define h; on S; such that h; minimizes coordinate-wise the tangential (n — 1)-Dirichlet integral
among functions with boundary data f on T} (see Thm. 2.16). We define h; = f on 0B\ S;. Also we define the
function g on OB as g = h; on each S;. Set (see Fig. 2)

F={yeQ: Deg(f, B,y) # deg(g, B,y)},
Fj ={y € Q': Deg(f, B,y) # Deg(h;, B,y)}.

Let us recall that by Theorem 2.16 we have £™(g(S;)) = 0 and hence Remark 2.8 gives us degg = Degg.
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It is not difficult to find out that

yEUFj for a.e. y € F
J

(this can be viewed e.g. by using (2.8)). Now, by (2.11), (3.4), and the minimizing property
Jg. |D-hj|" "1 dH T < C [o |D-fI""1dH"! we have

PSS (/S (ID- f* =" + |D7hy ") dHn—l)ﬁ
J j '
<0 (/S IDTfI"‘ldw—l)ﬁ o

< CEZ/S |D,f|" " dH ! < COye.
7 J

It follows that f and g have the same degree up to a very small set. It is more convenient for us to work with
g since for this continuous mapping on 0B we can use the classical degree deg and not Deg as for f.

Step 3. Replacement of f,, on dB(c,r) with continuous g,, that is close to g:

From Theorem 2.16 we know that |h;(S;)| = 0 for each j and thus |g(0B)| = 0. It follows that we can find a
compact set H C Q' \ g(0B) such that

O\ H < B([Vi)), (3.10)

where ® comes from Lemma 2.1. For each m € N and j € {1,...,jmax} let gm ; be defined in S; as the
coordinate-wise minimizer of the (n — 1)-Dirichlet integral among functions with boundary data f,, on T;. We
define g, ; as f,, on OB\ S;. We also define g,,, on OB as g,, ; on each S;.

Since f, — f = g uniformly on T; by (3.8), we have g, — ¢ uniformly on 0B using Theorem 2.16. Hence
we find m € N such that ¢,,,(0B) does not intersect H and

deg(gm, B,-) = deg(g, B,-) in H. (3.11)
Also, we require
|fro — f] = lgm — gl <& onall T}. (3.12)
With the help of (2.14) and (3.7) (which holds also for T}) this implies that
|gm — g] < Ce on 0B.
Similarly as in Figure 2 (but using f,, instead of f), we define

E={yeQ: deg(fm,B,y) =1# deg(gm,B,y)}

(3.13)
E; = {y e deg(fmany) =1# deg(ng,B,y)},

see Figure 3.
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fm(0B)

FIGURE 3. Behaviour of mappings f,, (in black) and g, (red) on 9B in 2D representation.
Let us note that these sets E; are exactly those bubbles discussed in the first step (see Fig. 1). Then
y € UEj for a.e. y € F.
J
Using (2.11) and the minimizing property [o |[Dygm ;|" "t dH" ' < [o |Dyfr|" "t dH" !, we obtain
J J
B, < C/ 1Dy |t AR (3.14)
S

Step 4. Not that many big bubbles where f,, and g,, have different degree:
Choose a > 0 and set

Tt = {j: / D, fon "L dH Y > ),

J

I = {j: / Dy " dHP Y < a).
Sj

Note that (3.14) implies that |E;| are small for j € J~. Hence using (3.2)

o IEl<C ) (/ IDTfmI"‘lcm"—l)ﬁ

jeJ- jeg— 75

< Cavt Z/S | Dy frn |t dH" (3.15)

jeJ

< Caﬁ/ 1Dy | AH T < CyaT,
OB
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where Cy = CCy. We fix a such that
Caa T < & (&[V;)) . (3.16)

We set

w=rt( U E)

je-

and using Lemma 2.1, (3.15) and (3.16) we obtain

(W) < (W) = | | B| < Coam <@ (1),

jeJ-
From the monotonicity of ® we get
W] < Vi, (3.17)
From (3.2) we have
C
#JT < M= 22, (3.18)

a

It follows that we have only boundedly many FE;, j € JT, where the size of the bubble |E;| could be big. This
bound depends on |V;| and ® (and hence ¢) and Cs but it does not depend on m nor on €. We could have
plenty of other small bubbles Ej;, j € J~, but (3.17) implies that the union of their preimages is really small.
Step 5. Big part of f,,(V;) lies in big bubbles:
Set

Y ={z eV, \W: deg(gm, B, fm(x)) = 0}.
With the help of (3.11) we have

V. \Y cWU{z € V,.: Deg(f, B, f(x)) # 0}U
U{z € V;: deg(gm, B, fm()) # 0, Deg(f, B, f(x)) = 0}
CWU{z € V,: Deg(f,B, f(x)) #0}U
U{z €V deg(g, B, f(x)) # Deg(f, B, f(x))}U
U{r € Vi: deg(g, B, () # dea(e, B, ()} Uz € Vet fn(a) & H}.

From (3.17) and (3.1) we obtain

WU €V, Deg(f, B f(2)) £ 0} < 16 1Vi)

as the second set is empty. Using (3.9) we have

|{y € V': deg(g, B,y) # Deg(f, B,y)}| = |F| < CChe.
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Using Lemmata 2.2 and 2.3 we obtain that (for e small enough)

[{z € V,.: deg(g, B, f(x)) # Deg(f, B, f(x Vel

M < g5l

Since the sets {y: deg(g, B,y) = 0} and {y: deg(g, B,y) = 1} are open and f,,, — f a.e., we can take m so
large that

[{x € Vi deg(g, B, fm(2)) # deg(g, B, f(2))}| < (3.19)

Finally using (3.10) and (2.4) (as in (3.17)) we obtain

o €V, fnla) ¢ HY < Vi
and all these inequalities together give us
VoA Y] < 5Vl (320)
It follows that for many points = € V,. we have
deg(gm, B, fm(x)) =0,
but
deg(fm, B, fm(x)) =1
since f, is a homeomorphism and x € V. C B. Therefore
[{z € Vi fm(x) € E; for some j € JT}| 2%|VT|. (3.21)

Step 6. Integral fS]_ | cof D f,,| is big on a small set S; for some j € J7:
Using (3.18) and (3.21) we fix j € JT such that for

U:={zeV,: fu(z) € E;} we have |U| > V.| > C|V,|.

#J+
From Lemma 2.1 (2.4) we obtain that
|fm(U)] = 2, (3.22)

where § is a constant which does not depend on m or €.
From the definition of E; (see (3.13) and Fig. 3) we obtain that E; is an open set and

OE; C fm(S5) U gm(S;)-
We know that (see (3.7), (3.12) and (2.14))

diam (g, (S;)) < Ce
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and thus we can find a ball By of radius Ce such that g,,(S;) C Bo. Now the set
Ej = E;\ By
is open,
OE; C fn(S;) U dBy.
and using (3.22) we obtain that
|Ej| > 20 —Ce™ > 6
once ¢ is small enough.

It is not difficult to show that the set Ej has finite perimeter, and therefore we can use the isoperimetric
inequality (2.12) and Theorem 2.4 to get

' < |By|'TE < CHPTNOES) < (M (fm(S)) + M (9Bo))
<) (/ | cof D f| dH" + cosnfl).
Sj

It follows that for e sufficiently small we get
1 1-1 n—1
55 n < C(r) | |cof Dfp|dH
Sj

and this estimate on S; (with diam S; < ¢) clearly contradicts the uniform integrability of |cof D f,,| given by
(3.3).

Step 7. Something from outside of B(c,r) goes inside imr(f, B(c,r)):

This case works analogously. We can find a ball B(c¢,r) and V,. C Q\ B(c,r) such that its big part is mapped
inside the topological images of B(c,r). Therefore, f,, creates bubbles inside. We can define F};, F, E; and E
in a similar way and conclude. O

Recall that the symmetric difference of two sets S, T C R™ is defined as
SAT = (S\T)U(T\S).

Lemma 3.1. Let n > 3, Q,Q" C R" be bounded domains and let ¢ satisfy (1.2) and (1.3). Let f,, €
Whn=1(Q,Q), m=0,1,2..., be a sequence of homeomorphisms of Q onto ' with Jg,, >0 a.e. such that

sup/ (\Dfm\"_l + <p(me)) dr < .
m Jo

Assume further that f,, = fo on OQ for all m € N. Let f be a weak limit of fn, in WL =1(Q,R") and B C Q
be a ball such that f satisfies (INV) for B,

o f — f weakly in WH"=1(OB,R"),
o fr— fH" '-a.e. ondB,
o [op (IDfI" " + Dy fra]" ") dH" ™ < C.



WEAK LIMIT OF HOMEOMORPHISMS IN wt~? 21
Then it holds that
|fo(B)Aimy (£, B)| F=5° 0. (3.23)
Proof. Let us assume by contradiction that we have a subsequence f,,, such that
| fn (B)A imy (f, B)| > 4X > 0.

We show that then f does not satisfy (INV).

For simplicity, we pass to that subsequence and keep the notation f,,. We consequentially choose a further
subsequence such that f,,(x) — f(z) a.e. on B and, again passing to subsequences if neccessary, given € > 0 we
find ¢ as in the proof of Theorem 1.2 such that

|im7(f, B)A{y € Q' : deg(g, B,y) # 0} < [{y € Q' : deg(g, B,y) # Deg(f, B,y)}| < e. (3.24)
Let us split into two cases: either |imz(f, B) \ fm(B)| > 2X or |fmn(B) \ imr(f, B)| > 2 for infinitely many m
and thus we can assume that this is true for all m.
In the first case we find
U CQ\ B such that f,,(U,,) Cimp(f, B) and |fr (U )| > 2.
We can assume that e < A and hence we can find U], C U, such that

fm(U},) N (imp(f, B)A{y € ' : deg(g, B,y) #0}) =2

and |f,(U],)| > A\. We know from (2.5) that |U],| > ¥=1(\). Therefore,

|U| > U1 (\)/2, where U = limsup U/, = ﬂ U u,.
k=1m=k

Using Theorem 2.16 (as |h(S)| = 0 there) and (3.24) we have
‘8{3,/ € Q) :deg(g, B,y) # O})| =0 and ‘imT(f,B)A{y € Q) :deg(g, B,y) # 0}| <e€

and according to Lemmata 2.3 and 2.2 their preimages under f are arbitrarily small (depending on ¢). Hence
we can set € to be small enough such that [U’| > ¥~1(\)/2, where

U= U\ [/ (0fy € @+ deg(g, Boy) # 0} U (ime (£, B)A{y € @' deg(g. B.y) #0}) ) .
For every x € U’ we have a subsequence f,, such that x € Uy, and thus

fmy () € imp(f, B) N {y € Q' : deg(g, B,y) # 0}.

Since f,, — f pointwise a.e., we have for a.e. x € U’ that

f(z) € {y € ¥ : deg(g, B,y) # 0}.
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However, from the definition of U’ we know that actually

f(z) € {y € ¥ : deg(yg, B,y) # 0},

and since

€T % fﬁl(imT(‘f’ B)A{y e deg(gaBay) 7é O})a

we have that f(z) € imp(f, B) for every € U’. That contradicts (INV).
We deal with the second case analogously. We find

Un C B such that f,,(Uy,) Nimp(f, B) = @ and | f, (U] > 2\

We define the following sets in the same way and arrive to
fmi () € (' \imgp(f, B)) N (2 \ {y € Q' : deg(g, B,y) # 0}).
Again, z is not in the f-preimage of
0{y € Q' : deg(g, B, y) # 0} nor of im7(f, B)A{y € Q' : deg(g, B,y) # 0},

and therefore f(x) ¢ imp(f, B) for a set of a positive measure, which contradicts (INV). O

4. PROOF OF THEOREM 1.2: (N) CONDITION, LOWER SEMICONTINUITY
AND INJECTIVITY A.E.

4.1. Lusin (N) condition

Lemma 4.1. Let f,, € WH"1(Q,R") be a sequence of homeomorphisms with Jy,, > 0 a.e. such that f,, satisfies
the Lusin (N) condition and the sequence of Jacobians Jy, is equiintegrable. Assume that f € Whn=1(Q,R")N
L®(Q,R"™) is a weak limit of fn, in WEP=Y(Q,R"™) such that for every a € § there is r, > 0 such that for
H-a.e. v € (0,7,) it satisfies (3.23) and (INV) for B(a,r). Then,

(i) the distributional Jacobian Det Df > 0 is a Radon measure;
(ii) Det Df is absolutely continuous w.r.t. Lebesgue measure: for any set E C Q with |E| = 0, it holds that
Det Df(E) = 0;
(iii) f satisfies the Lusin (N) condition.

Proof. The first item (¢) is stated in Lemma 2.15 ().

Let E C Q with |E| = 0 be given. Fix ¢ > 0 and let ¢(n) be a constant from the Besicovitch Covering
Theorem. Since F is a set of measure zero, there exists an open set U C 2 such that F C A and |U| < ﬁ.
Consider a covering of E by balls B(a,,) for all @ € E such that B(a,7,) C U, f satisfies (INV) for B(a,7,)
and (3.23) holds on this ball. By the Besicovitch Theorem (e.g. [28], Thm. A.2), we can find at most countable
collection of balls By, := B(ag, 7x) such that

c(n)
Ec|JBicUand | JB. =) |J B
k k

j=1 B;€A;

where subcollections A; consist of disjoined balls B; and the constant ¢(n) depends only on the dimension n.
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Note that since (3.23) is valid for one ball of the covering, it stays true for a finite union of such balls U/ch:1 By:
for any € > 0 and m big enough it holds that

o

Then, by Lemma 2.15 (i4i) we have

Ci

k AN Lj\/j imT (f, Bk) < ° . (41)
3e(n)
k=1

k=1

Deth(Lj\j ) :Deth(C[j) U Bi) gcfj)Deth( U Bi)
k=1 j=1 B;€A; i<M j=1 Bi€A; i<M
e(n)
Z] U ime(f,By)| < c(n)‘Lj\/jimT(f,Bk))
Jj=1 EA A<M k=1

To prove (i), we fix ¢ > 0 and § > 0 such that

for any t < 4, (4.2)

where ¥ is given by Lemma 2.1 (note that in the proof of this part of lemma we have used only equiintegrability
of Jy, and the Lusin (N) condition for f,,). Since |J,, B C U and |U| < § we have using (2.5)

for any m € N.

Z |B| < 6, and therefore ’fm<6 )‘

keN

)

Relying on (4.1)—(4.2), for M big enough there exists m such that

Det Df(E) < Deth(U Bk) < Deth(Cﬁ ) +§ < c(n)‘Lj\jimT(f,Bk)’ +
keN k=1 k=1
M

o[ 20)| el (U 1) (U e r30)] 5 < =

k=1 k=1 k=1

For (i) it is enough to notice that |f(B)| < |imr f(B)| by Lemma 2.14. Hence
M
E)| < ‘U imT(faBk)‘ +3
k=1

<[s(U )|+ i (U )

S

CE

o 150

OJ\(")

k=1

Since € > 0 has been chosen arbitrary, we conclude Det Df(E) = |f(E)| = 0.
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4.2. Lower semicontinuity

The main obstacle to obtain the lower semicontinuity of F is to ensure the weak convergence of Jacobians.
One usually has to assume higher regularity of f € W1 (see e.g. [25-27]) but this is not available for us.

Lemma 4.2. Let f, € WL L (Q,R") be a sequence of homeomorphisms with Jg, > 0 a.e., such that
fm satisfies the Lusin (N) condition and the sequence of Jacobians Jy, is equiintegrable. Assume that
f e whn=HQ,R") N L>(Q,R") is a weak limit of f,, in WE""1(Q,R"™) such that for every a € ) there is
ro > 0 such that for H*-a.e. v € (0,7,) it satisfies (3.23) and (INV) for B(a,r). Then there exists a subsequence
{Jse, Ymen of {Jg, bren such that Jy, —— Jp weakly in L'(£2).

Proof. By the Dunford-Pettis Theorem (e.g. [32], Thm. B.103) there exist a (non-relabeled) subsequence J,
and a function j € L'(Q) s.t. Jy, — j weakly in L!(Q2), and hence for any measurable set E C

/Eme(x)dxﬁ/Ej(x)d:E.

Let B be such that f satisfies the (INV) condition and (3.23) for B, then by the area formula (2.1) and (3.23)
we have

[ I @ de = 11 (B)] = i (1. D).

On the other hand, by Lemma 2.15 (4i)—(¢é¢) and Lemma 4.1 (i), we know that

Det (5) = [ J(@)do = |ime (5]

Therefore, for all such balls, it holds that
[ i@ds = ma(s. )| = [ Jy(a)ds,
B B

which in turn implies j(z) = Jy(z) for a.e. x € Q. O

Lemma 4.3. Under conditions of Theorem 1.2, the functional F is lower semicontinuous with respect to weak
convergence, i.e., (1.8) holds.

Proof. Weak convergence f; — f in W1~ implies weak convergence (up to subsequence) in L' of all minors
det;(Dfp,) of order I <n — 2 (see e.g. [40], Lem. 5.10):

| deti(D fon)llLi () < CID finllins < CM T,

Weak convergence of det,,_1(Dfy) = cof Dfy in L' follows by the standard argument, provided uniform inte-
grability (1.6) (see [1], Thm. 6.2 or [41], Thm. 7.5-1). The equiintegrability of .Jy, follows from (1.3) by the de
la Valée Poussin Theorem (e.g. [32], Thm. B.104). Moreover, conditions of Lemma 3.1 are fulfilled (see Step 2
of the proof in Section 3). Therefore, Lemmata 3.1 and 4.2 ensure Jf, — J; weakly in L', which now allows
us to use De Giorgi Theorem [33], Theorem 3.23 to conclude the lower semicontinuity (1.8) of F. O

4.3. Injectivity almost everywhere

One of the main reasons to consider the (INV) condition is that it implies injectivity a.e. ([14], Lem. 3.7, [4],
Lem. 3.4) as discussed in Introduction. In the setting of this paper, we can say even more.
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Lemma 4.4. Let conditions of Theorem 1.2 be fulfilled and let h be a weak limit of f;* in WH1(Q/,R™). Then
h(f(z)) =z for a.e. x € Q and under additional assumption |0 = 0 we have f(h(y)) =y for a.e. y € .

Proof. From Theorem 2.5 we obtain that there is a subsequence of f,,! which converges weakly in W11 to some
h and we work with this subsequence here.

Recall that we know that J¢(z) > 0 for a.e. z € Q. Since f satisfies (N) we can use (2.2) (for A = f~}(E))
to obtain that

|f~Y(E)| = 0 for every E C R™ with |E| = 0. (4.3)

Therefore, for a.e. € Q we know that f(z) is a Lebesgue point of h.
Moreover, we claim that for a.e. z € 2 and every n > 0 there exists a ball B = B(a,r) such that f satisfies
(INV) and (3.23) for B and

x € B, r<mn, and f(x) € imr(f, B) is a point of density 1 of imz(f, B). (4.4)
Indeed, choose a countable set of balls

B:= {B(C,Tz‘) cceQ'nQ, rme27 27 foralli € N
and f satisfies (INV) and (3.23) for B(c, rz)}

For every B; € B we know that a.e. point of imp(f, B;) is a point of density 1 and with the help of (4.3) we
can find a null set ¥; such that

f(x) € imp(f, B;) for each € B; \ ¥; and f(x) is a point of density of imp(f, Bj).

Then X := J; % is a null set and for every x € '\ X we have (4.4) for some ball B;.
Let us first prove that h(f(z)) = = a.e. We pick x such that f(z) is a Lebesgue point of h and f(x) is a point
of density of imp(f, B) for some ball B = B(a,r) satisfying (4.4). Now we can find a ball B around f(z) so that

1 . . N
|B/Bh(z)—h(f(m))|dz<r/2 and  |{yeB: yeimr(f B} > 098l

Using the convergence of f.! to hin L]

(¥, R™) and (3.23), we fix m big enough so that
/B F1(2) = h(2)|dz < r[Bl/2 and  |fm(B)Aimo(f, B)| < 0.1]B|.
Combining the estimates, we obtain
é' /B @) —h(f@)ldz<r  and  |{ye B ye fu(B)}] > 08Bl

We claim that this implies

h(f(x)) € B(a,4r), (4.5)
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since otherwise we get a contradiction from

@;Aym%a—hum»dz> Ih(f(2)) —a— (f1(z) — a)| d=

B |B| {yEB: Y€ fm(B)}
>08(4r—r)>r.

Since r > 0 is chosen arbitrary, we conclude from (4.5) that h(f(z)) = for a.e. z € Q.
It is not difficult to see that f(2) C €. From Lemma 4.2 and change of variables (2.2) we know that

|| :klim |fx(Q)| = lim /Jfk(x)dx:/Jf(x)da:: N(f,Q,v)dy.
ade ] k—o0 Q 9] R

From the a.e.-injectivity [14], Lemma 3.7 of f together with the (N) condition for f we now obtain

| = N@@@@:A Ldy = |£(9)].

R™ (@)

Since f(Q) C Q" and |0Q'| = 0 we obtain that a.e. point y € Q' lies in f(Q) and N(f,€,y) = 1 there.

The other equality f(h(y)) =y for a.e. y € Q' now follows easily. We know h(f(z)) = 2 holds for a.e. z € Q
and that f satisfies the (N) condition. Hence for a.e. y € f(2) we can pick = € Q such that f(z) =y and
h(f(x)) = z. Now

Note that in this proof we do not need any Sobolev regularity but only f,.1 — hin L} O

loc*

Proof of Theorem 1.2. Theorem 1.2 now follows from results in Section 3, Lemma 4.1, Lemma 4.4 and
Lemma 4.3. O

4.4. Counterexamples to lower semicontinuity

The following example shows that one has to ask the condition (N) for f,, to conclude lower semicontinuity
of a quasiconvex functional, even if ¢ and A satisfy (1.2) and (1.6).

Lemma 4.5 (Counterexample for Isc). Let p < n, then there exist ¢ and A that satisfy (1.2) and (1.6) and
homeomorphisms fm,, f:[0,1]" = [0,1]" such that J¢, , J¢ > 0 a.e., (1.7) is fulfilled, f, = id on 0([0,1]")
and f,, converge to f weakly in WP ([0,1]",R™). However, f, does not satisfy the Lusin (N) condition for all
m € N and

m—r oo

/ J¢(x)dx > lim inf/ Jt,. (z) de.

(o,nn (o,

Proof. Take any A(t) < Ct?, where C' > 0 and 3 > 1 are some constants, and take ¢ which behaves like an
identity around 1 and satisfies (1.2). Consider a Ponomarev-type map g: [0,1]" — [0,1]", g € W2([0, 1]*,R")

which maps a Cantor-set C4 of measure zero to a Cantor-set Cp = g(C4) of positive measure, and which is
identical on 9([0, 1]™). Such a map can be found by the standard construction (see [28], Chap. 4.3) with

1 1
ak:kaandbkzl—i—komWhere0<a<min{z7(n_nl)ﬁ}.
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FIGURE 4. f3 and its action on Q(

l)~
2

o=

Referring the reader to [28], Chapter 4.3 for details, we just notice that on the k-th level we have

n—1
|Dgzmax{bk7bk—1bk}%ka’ Jg%(bk> .le’

ar Grp—1 — Qg afg ap—1 — Qg
n— a(n— —kn 1
|cof Dg| < C|Dg|" ! =~ k"1 and Hh&waz2kkmm
It follows that the map ¢ has finite energy since
- 1
|Dg(z)[Pdx < CY 2Fn2=Fn _—_ kP < oo,
/. N
s 1
/ A(|cof Dg(x)])dx < C | cof Dg(x)| dx < C’Z 2k”2_k”Wkaﬁ(”_l) < o0, (4.6)
(0,1)" (0,1)» k=1

/ o(Jg(x)) dz < oo, and / Ky " (z)dr < / |Dg(z)|7=T da < oco.
(0,1)" (0,1)" (0,1)"

We set f1 = g and we divide the cube [0, 1]™ into m™ equal cubes both in the domain and in the target. Fix one
of those m" small cubes @, = {z € [0,1]" : ||z — 2]ls < 55} with a center point z and define f,,,|q.: Q. — Q.

2m
as a scaled and translated copy of g

Jm(z) = %g(m(x —2)) + 2.

It is easy to see by change of variables that

/' WMPM=/ \Dgl? dz
(0,1)™ (0,1)n

and analogously for other integrals in (4.6). It follows that sup,, F(fm) = F(g) < oo and hence there is a
subsequence which converges weakly in W1 "1, Since f,, — f := id pointwise, the identity mapping is a weak
limit of f,.
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By construction, g maps the Cantor-set C4 to the Cantor-set Cp, where C4 is a set where g fails the Lusin
(N) condition. Hence, for every m € N and for each @, it holds that

1-|C
Jg,. (z) de = #.
QZ m
Therefore,
/ me(x)dx:1—|CB|<1:/ J¢(z) de,
(o, (0,1
so the lower semicontinuity fails at least for this quasiconvex functional. O

4.5. (N) condition and lower semicontinuity in the context of Theorem 1.1

Proof of Theorem 1.1. The fact that the limit f satisfies the (INV) condition follows from [3], Theorem 3.1a
and Lemma 2.3.

As in Step 2 of Section 3, we know that for every center and almost every radius the corresponding ball
satisfies the conditions of Lemma 3.1. Thus,

|fm(B)A iy (f, B)| 257 0. (4.7)

Further, the (N) condition of f and the lower semicontinuity of G follow from Lemmata 4.1-4.2, provided
with (4.7). To prove the lower semicontinuity of G, we just note that the function

n— _n_ __1_
g(z,y) =a" ' +am Ty T + o(y)

is convex, and as in Lemma 4.3 use the De Giorgi Theorem ([33], Thm. 3.23) again. Let us note that our
functional depends only on |Df| and det D f, but not on cof D f, so we do not need to care about convergence
of (n — 1) x (n — 1) subdeterminants here.

Further, from [23], Corollary 4.2 we conclude that there exists a subsequence of f,,! which converges weakly-x
in BV to some h, in particular f,,1 — h in Llloc. Injectivity almost everywhere of both f and h is then obtained

by following the lines of proof of Lemma 4.4. O

5. APPLICATION TO CALCULUS OF VARIATIONS

Let n > 3 and Q, Q' C R™ be bounded domains, e.g. representing the reference and deformed configurations
in nonlinear elasticity. Define the energy functional

£(f) = /QW(Df(x))dm, (5.1)

where W: R"*"™ — R is a polyconvex function, i.e., W can be expressed as a convex function of the minors of
its argument, satisfying

C(IF|"™' + ¢(det F) + A(|cof F|) — 1), if det F >0,

. (5.2)
if det F <0,

v

oo,

for some C' > 0 and for some positive functions A and ¢. Consider a homeomorphism fy from € onto €’ such
that £(fo) < oo, and the following sets of admissible functions:
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Hy (Q,R?) = {f : Q0 — R™: f is a homeomorphism of € onto (' satisfying
the Lusin (N) condition, f = fo on 89, and £(f) < &( fo)}
and
Hp (QR") = {f : Q — R" : there are fn, € My, (QR") with f,, — f weakly in W"~1(Q,R")}.
Note that ﬂ;ﬁ; (©2,R™) is weakly (sequentially) closed and hence it is a suitable set of mappings for variational

approach:

Proposition 5.1. Let g, € ﬁ%(Q,R") and assume that g,, — g weakly in W1"=1(Q,R"). Then g €
ﬁ;; (Q,R™). In particular, there exists a sequence fm € My (Q,R™) such that fp, = g weakly in Whrn=1(Q,R"),
9= fo on 00, and sup,, &(fm) < E(fo) < oc.

Proof. Since W11 is reflexive and separable we can find {L;}ien C (W171)* which is dense. We can assume
(passing to a subsequence) that

1

. for every i € {1,...,m}.

|Li(gm - g)‘ <

For every g., we can find a sequence in #y, (€2, R™) which converges weakly and thus we can fix f,, € Hy, (2, R"™)
such that

1
|Li(gm — fm)| < — for every i € {1,...,m}.
m

It follows that for every ¢ € N we have

lim Li(fm) = Li(g)'

m—o0

Since fr(z) € Q' C B(0,R) for all z € Q, ||[Dfmlln—1 < E(fm) < E(fo) result in || fin|lwin-1 < M for all m
and some constant M > 0, so we easily obtain that

lim L(fn) = L(g) for every L € (Wh" 1",

m—r oo

Note further that the set fo + VVO1 ’”71(9, R™) is closed and convex and thus weakly closed, therefore, g = fo
on 0f). O

Proposition 5.2. Let g, g, € ﬁ}vo (Q,R™) and assume that g,, — g weakly in W"~1(Q,R"™). Then (up to a
subsequence) J,, — J, weakly in L'(Q).

Proof. Let us first prove that for every ball B, such that f satisfies the (INV) condition and (3.23) for B,
i _[imr (g, B)| = | ime (g, B)|. (53)

Fix such a ball B for all m € N and € > 0. In view of Lemma 3.1, for any m € N there exists a sequence
fmk € Hyy (2, R™) such that

|fm,k<B)AimT<gmaB)| <

DN | ™
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Using the diagonal procedure as in Proposition 5.1, we find a sequence fp, (m) € Hyz, (2, R™) with f, tm) — 9
weakly in W1 mn=1 Again by Lemma 3.1 it holds that

N ™

for m big enough. Combining these two inequalities, we obtain (5.3).
Now the proof follows proof of Lemma 4.2, since for every a € Q there is 7, > 0 such that for H'-a.e. r € (0,7,)
the mapping ¢ satisfies (3.23) and (INV) for B(a,r). O

Theorem 5.3. Letn > 3 and 2, ' C R™ be bounded domains, let also W: R™*™ — R be a polyconvex function
satisfying (5.2) for some functions A and ¢ satisfying (1.2)—(1.6) and a constant C > 0. Assume further that fo
is a homeomorphism from Q onto Q' such that £(fy) < oo, where £ is the energy defined by (5.1). Then there
exists f € ﬁz) (2, R™) such that

E(f) =inf{E(h): heH; (QR")}.

Moreover, [ satisfies the (INV) condition and the Lusin (N) condition.

Proof. Let f, be a minimizing sequence for &, then f,, form a bounded sequence in Wbtn=1 and hence using
Proposition 5.1 there is f € ’H;jo (2, R™) such that (up to a subsequence) f,, — f weakly in W1"~1. Provided

with Proposition 5.2, we obtain that £ is lower semicontinuous in ﬁ}uo (©,R™) following the proof of Lemma 4.3.
Proposition 5.1 and Theorem 1.2 imply thus that f satisfies the (INV) and the (N) conditions and also that

E(f) <liminf£(f) = lim E(fm) = inf{E(h) : heHy, (AR} <E(S).

m—r o0

Remark 5.4. Let us note that it is not clear if the two following infima
inf{E(h) : heHs,(QR)} and inf{E(h): heFH, (QR")},

are equal or not since the space Hy, (2, R") is not compact.
Analogously we can use the results of [3] and Section 4.5 to obtain the following theorem.

Theorem 5.5. Letn > 3 and Q, Q' C R™ be Lipschitz domains, let also W: R"*™ — R be a polyconvez function
satisfying
o\
W) > C(IFI" + p(det F) + (J55) " 1), i detF >0,
0, if det F' <0,

for some function ¢ satisfying (1.2)—(1.3) and (1.4), and a constant C > 0. We assume that W may be repre-
sented as a convex function of subdeterminants of order strictly less than n — 1 and of det F, i.e., it is not a
function of subdeterminants of order n — 1. Assume further that fy is a homeomorphism from 0 onto ' such
that E(fo) < 0o, where £ is the energy defined by (5.1). Then there exists f € ﬁ;; (Q,R™) such that

E(f)=int{E(h): heHy (QR™)}.

Moreover, [ satisfies the (INV) condition and the Lusin (N) condition.
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Proof. The proof is analogous to the proof of Theorem 5.3. The only difference is that in the proof of lower
semicontinuity we do not have (1.6) and therefore we cannot prove weak convergence of cof D f,,, as in the proof of
Lemma 4.3. However, we do not need this as our W “does not depend” on (n —1) x (n — 1) subdeterminants. [
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