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TIME-INCONSISTENT LINEAR QUADRATIC OPTIMAL CONTROL

PROBLEM FOR FORWARD–BACKWARD STOCHASTIC

DIFFERENTIAL EQUATIONS

Qi Lü1,* and Bowen Ma2

Abstract. We study the time-inconsistent linear quadratic optimal control problem for forward–
backward stochastic differential equations with potentially indefinite cost weighting matrices for both
the state and the control variables. Our research makes two contributions. Firstly, we introduce a novel
type of Riccati equation system with parameters and constraint conditions, known as the generalized
equilibrium Riccati equation. This equation system offers a comprehensive solution for the closed-
loop equilibrium strategy of the problem at hand. Secondly, we establish the well-posedness of the
generalized equilibrium Riccati equation for the one-dimensional case, provided certain conditions are
met.
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1. Introduction

Let (Ω,F ,F,P) be a complete filtered probability space, on which a standard one-dimensional Brownian
motion W (·) is defined, and F = {Ft}t≥0 is the natural filtration generated by W (·).

For a matrix M , we use M† to represent the Moore-Penrose inverse of M and M⊤ to represent the transpose
of M . In addition, for a positive integer n, Sn denotes the space consisting of all n× n symmetric matrices, and
Sn+ denotes the space consisting of all positive semidefinite matrices in Sn. Furthermore, |M |∞ represents the
spectral norm of a matrix M ∈ Rn×m, which is equal to the square root of the largest eigenvalue of M⊤M .

We define some Banach spaces for k ∈ N, t ∈ [0, T ], and p ∈ [1,∞), q ∈ [1,∞).
Firstly, Lp

Ft
(Ω;Rk) is the Banach space consisting of all Ft-measurable random variables ξ : Ω → Rk such

that E|ξ|pRk < ∞, with the canonical norm.

Next, Lp
F(Ω;C([t, T ];Rk)) is the Banach space of all Rk-valued F-adapted continuous stochastic processes

ϕ(·). The norm for this space is defined as |ϕ(·)|Lp
F (Ω;C([t,T ];Rk)) =

(
E max

s∈[t,T ]
|ϕ(s)|pRk

)1/p

.
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Lastly, Lp
F(Ω;L

q(t, T ;Rk)) is a Banach space consisting of Rk-valued F-adapted stochastic processes ϕ(·)

defined on the product space Ω× [t, T ] such that E
(∫ T

t
|ϕ(s)|qRkds

)p/q
< ∞. The norm of this Banach space is

given by the canonical norm. We can also write Lp
F(Ω;L

p(t, T ;Rk)) simply as Lp
F(t, T ;Rk).

Let T > 0 and (t, x) ∈ [0, T ) × L2
Ft
(Ω;Rn). Consider the following controlled linear forward–backward

stochastic differential equation (FBSDE, for short) on the time horizen [t, T ]:


dX(s) = (A(s)X(s) +B(s)u(s))ds+ (C(s)X(s) +D(s)u(s))dW (s), s ∈ [t, T ],

dY (s) = −
(
Â(s)X(s) + B̂(s)u(s) + Ĉ(s)Y (s) + D̂(s)Z(s)

)
ds+ Z(s)dW (s), s ∈ [t, T ],

X(t) = x, Y (T ) = HX(T ),

(1.1)

where A(·), C(·) ∈ L∞(0, T ;Rn×n), B(·), D(·) ∈ L∞(0, T ;Rn×k), Â(·) ∈ L∞(0, T ;Rm×n), B̂(·) ∈ L∞(0, T ;

Rm×k), and Ĉ(·), D̂(·) ∈ L∞(0, T ;Rm×m), H ∈ Rm×n, and the control u(·) ∈ U [t, T ] △
= L2

F(t, T ;Rk).
The equation (1.1) consists of a (forward) stochastic differential equation (SDE, for short) and a backward

stochastic differential equation (BSDE, for short). Since Y (·) and Z(·) do not appear in the SDE in (1.1), one
can first solve the SDE to obtain X(·), and then solve the BSDE to obtain (Y (·), Z(·)). Therefore, based on the
classical well-posedness of SDEs and BSDEs, it is known that for any (t, x) ∈ [0, T ) × L2

Ft
(Ω;Rn) and u(·) ∈

U [t, T ], the equation (1.1) has a unique solution (X(·), Y (·), Z(·)) ∈ L2
F(Ω;C([t, T ];Rn))×L2

F(Ω;C([t, T ];Rm))×
L2
F(t, T ;Rm) (e.g., [1], Sects. 3.1 and 4.1).
We introduce the following cost functional

J (t, x;u(·)) =1

2
Et

[ ∫ T

t

(
⟨Q(s, t)X(s), X(s)⟩+ ⟨R(s, t)u(s), u(s)⟩+ ⟨M(s, t)Y (s), Y (s)⟩

+ ⟨N(s, t)Z(s), Z(s)⟩
)
ds+ ⟨G1(t)X(T ), X(T )⟩+ ⟨G2(t)Y (t), Y (t)⟩

]
,

(1.2)

where Et := E(· | Ft) denotes the conditional expectation with respect to Ft, G1(·) ∈ C([0, T ]; Sn), G2(·) ∈
C([0, T ];Sm), Q(·, ·) ∈ C([0, T ]2;Sn), M(·, ·), N(·, ·) ∈ C([0, T ]2;Sm) and R(·, ·) ∈ C([0, T ]2; Sk).

For any u(·) ∈ U [t, T ], the cost functional J (t, x;u(·)) is well defined. Naturally, we can pose a standard
optimal control problem as follows:

Problem (TI-FBSLQ). For any (t, x) ∈ [0, T )× L2
Ft
(Ω;Rn), find a control ū(·) ∈ U [t, T ] such that

J (t, x; ū(·)) = inf
u(·)∈U [t,T ]

J (t, x;u(·)). (1.3)

Remark 1.1. Recently, Wang et al. [2] made an interesting discovery regarding optimal control problems for
FBSDEs, that is, they found that these problems exhibit a characteristic of being time-inconsistent. In light of
this, we refer to the aforementioned problem as the TI-FBSLQ problem, with the abbreviation “TI”signifying
the time-inconsistency.

For Problem (TI-FBSLQ), a control ū(·) ∈ U [t, T ] that satisfies (1.3) is referred to as a “pre-committed
optimal control”. Although the pre-committed optimal control ū(·) is optimal for the cost functional J (t, x; ·)
for any fixed initial pair (t, x), it may not be practical in practice as it may not remain optimal at later times.
There are two main reasons in order:

(1) In the cost functional (1.2), the coefficients Q(·, t), R(·, t),M(·, t), N(·, t), G1(t), G2(t) depend on the initial
time t. This subjective time-preference leads to time-inconsistent behavior (see [3–6] and the rich reference
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therein). For example, if we assume:{
H = 0, Â(·) = Ĉ(·) = 0, B̂(·) = D̂(·) = 0,

M(·, ·) = 0, N(·, ·) = 0, G2(·) = 0,

then Problem (TI-FBSLQ) will reduce to the model in [4, 6], where an illustrative example is provided.
(2) Even if there is no subjective time-preference, i.e., the coefficients Q(·, t), R(·, t),M(·, t), N(·, t), G1(t),

G2(t) do not depend on the initial time t, Problem (TI-FBSLQ) remains time-inconsistent due to the
forward–backward structure of the control system (1.1) (e.g., [2]). For instance, consider the following
simple example:

Example 1.2. Let n = m = k = 1, 
Ẋ(s) = u(s), s ∈ [t, T ],

Ẏ (s) = u(s), s ∈ [t, T ],

X(t) = x, Y (T ) = 2X(T ),

with cost functional

J (t, x;u(·)) = |Y (t)|2.

A direct calculation gives Y (t) = 2x+
∫ T

t
u(s)ds. Hence,

J (t, x;u(·)) =

(
2x+

∫ T

t

u(s)ds

)2

.

This implies that a control ū(·) ∈ L2(t, T ;R) is an optimal control for the initial pair (t, x) if and only if

∫ T

t

ū(s)ds = −2x.

As a result, for the initial pair (t, x) = (0, 1), an optimal control ū(·) must satisfy

∫ T

0

ū(s)ds = −2.

Therefore, the optimal state satisfies X(T ; 1, ū) = −1. Then there exists 0 < t∗ < T such that

X(t∗; 1, ū) = 1 +

∫ t∗

0

ū(s)ds = 0. (1.4)

For initial pair (t∗, 0), we have

J (t∗, 0;u(·)) = |Y (t∗)|2 =

(∫ T

t∗
u(s)ds

)2

. (1.5)
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Clearly, the restriction of the control ū(·) on [t∗, T ] is not an optimal control for (1.5), since from (1.4),
we have ∫ T

t∗
ū(s)ds = −1.

Thus, the problem is time-inconsistent.

To address the issue of time inconsistency, we propose the following definition.

Definition 1.3. A matrix-valued function Θ(·) ∈ L2(0, T ;Rk×n) is called the closed-loop equilibrium strategy
of Problem (TI-FBSLQ) if for any sequence {εj}∞j=1 ⊂ (0,+∞) converging to 0, (t, x) ∈ [0, T )×L2

Ft
(Ω;Rn) and

v ∈ L2
Ft
(Ω;Rk),

lim
j→∞

J
(
t,X(t);uεj (·)

)
− J

(
t,X(t); ū(·)

)
εj

≥ 0, P-a.s. (1.6)

Here 
dX(s) = (A(s) +B(s)Θ(s))X(s)ds+ (C(s) +D(s)Θ(s))X(s)dW (s), s ∈ [t, T ],

dY (s) = −
[(
Â(s) + B̂(s)Θ(s)

)
X(s) + Ĉ(s)Y (s) + D̂(s)Z(s)

]
ds+ Z(s)dW (s), s ∈ [t, T ],

X(t) = x, Y (T ) = HX(T ),

(1.7)

ū(s) = Θ(s)X(s), uεj (s) = χ[t,t+εj ](s)v +Θ(s)Xεj (s), (1.8)

and Xεj (·) is the solution of equation (1.1) corresponding to the control uεj (·).

Remark 1.4. The variation of control ū(·) in Definition 1.3 is given by χ[t,t+εj ]v+Θ(s)Xεj (s), which is different
from the general form χ[t,t+εj)u(·) used in [3, 4]. Although Definition 1.3 is weaker, it is still useful, as shown
in [7, 8]. We adopt this definition to facilitate the analysis of our problem using the variational approach.

In what follows, for simplicity of notations, for Θ(·) ∈ L2(0, T ;Rk×n), we denote
AΘ(s) := A(s) +B(s)Θ(s),

CΘ(s) := C(s) +D(s)Θ(s),

ÂΘ(s) := Â(s) + B̂(s)Θ(s).

To study the closed-loop equilibrium strategy of Problem (TI-FBSLQ), we need to introduce the following
assumption:

Assumption 1.5. There exists a constant C > 0, such that for any 0 ≤ t ≤ τ ≤ s ≤ T , it holds that

|Q(s, t)−Q(s, τ)|∞ + |R(s, t)−R(s, τ)|∞ + |M(s, t)−M(s, τ)|∞
+ |N(s, t)−N(s, τ)|∞ + |G1(t)−G1(τ)|∞ + |G2(t)−G2(τ)|∞ ≤ C|t− τ |.

(1.9)

Here and in what follows, to simplify the expression, we make two conventions when there is no ambiguity:
First, we denote by C a generic constant which may vary from line to line; Second, when a function in the
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equation involves only a single time variable, we omit it, whereas with two time variables, we explicitly specify
them.

For θ0(·) ∈ L2(0, T ;Rk×n), consider the following equation:



dP1(s; t)

ds
+ P1(s; t)AΘ +A⊤

ΘP1(s; t)

+C⊤
ΘP1(s; t)CΘ +Q(s, t) + Θ⊤R(s, t)Θ = 0, 0 ≤ t ≤ s ≤ T,

dP2

ds
+ P2AΘ + ÂΘ + ĈP2 + D̂P2CΘ = 0, 0 ≤ t ≤ s ≤ T,

dP3(s; t)

ds
+ P3(s; t)AΘ +A⊤

ΘP3(s; t) + C⊤
ΘP3(s; t)CΘ

+P⊤
2 M(s, t)P2 + C⊤

ΘP⊤
2 N(s, t)P2CΘ = 0, 0 ≤ t ≤ s ≤ T,

P1(T ; t) = G1(t), P2(T ) = H, P3(T ; t) = 0, 0 ≤ t ≤ T.

(1.10)

where

Θ(t) = −
[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]†
×
[
B(t)⊤

(
P1(t; t) + P3(t; t)

)
+D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
C(t)

+
(
B̂(t)⊤ +B(t)⊤P2(t)

⊤ +D(t)⊤P2(t)
⊤D̂(t)⊤

)
G2(t)P2(t)

]
+ θ0(t)

−
[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]†
×
[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]
θ0(t).

(1.11)

Our first main result is as follows.

Theorem 1.6. Let Assumption 1.5 hold. Then Problem (TI-FBSLQ) admits a closed-loop equilibrium
strategy if and only if there exists θ0(·) ∈ L2(0, T ;Rk×n) such that the equation (1.10) admits a solution
(P1(·; ·), P2(·), P3(·; ·)) satisfying

[
R(·, ·) +D(·)⊤

(
P1(·; ·) + P3(·; ·) + P2(·)⊤N(·, ·)P2(·)

)
D(·)

]†
×
{[
B(·)⊤

(
P1(·; ·) + P3(·; ·)

)
+D(·)⊤

(
P1(·; ·) + P3(·; ·) + P2(·)⊤N(·, ·)P2(·)

)
C(·)

]
+
(
B̂(·)⊤ +B(·)⊤P2(·)⊤ +D⊤(·)P2(·)⊤D̂(·)⊤

)
G2(·)P2(·)

}
∈ L2(0, T ;Rk×n),

(1.12)

R
(
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

)
⊇

R
(
B(t)⊤

(
P1(t; t) + P3(t; t)

)
+D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
C(t)

+
(
B̂(t)⊤ +B(t)⊤P2(t)

⊤ +D(t)⊤P2(t)
⊤D̂(t)⊤

)
G2(t)P2(t)

)
, a.e. t ∈ [0, T ],

(1.13)

and

R(t, t) +D(t)⊤P1(t; t)D(t) +D(t)⊤P3(t; t)D(t) +D(t)⊤P2(t)
⊤N(t, t)P2(t)D(t) ≥ 0, a.e. t ∈ [0, T ]. (1.14)

In this case, Θ(·) given by (1.11) is a closed-loop equilibrium strategy.
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Remark 1.7. If

H = 0, Â(·) = Ĉ(·) = 0, B̂(·) = D̂(·) = 0, M(·, ·) = N(·, ·) = G2(·) = 0, (1.15)

then the Problem (TI-FBSLQ) can be reduced to the Problem (TISLQ) that was studied in the reference [4]. The
equations (1.10)–(1.11) mentioned in the problem are consistent with the equations derived in [4], Theorem 2.10.
It is worth noting that in [4], the equations were obtained using the approach of multiperson differential games.
However, in our case, we use a different approach, namely, the variational approach, to obtain the equations
(1.10)–(1.11).

Remark 1.8. We will refer to equations (1.10)–(1.14) as the “generalized equilibrium Riccati equation”for
Problem (TI-FBSLQ). This term is used because when condition (1.15) is satisfied and the time-preference
disappears (meaning that the coefficients Q(·, t), R(·, t), G1(t) do not depend on the initial time t), our problem
can be naturally reduced to a classical indefinite stochastic LQ problem. In this case, equations (1.10)–(1.14)
become equivalent to the classical generalized Riccati equation as discussed in references [9–11].

In Theorem 1.6, the solvability of equations (1.10)–(1.12) is dependent on the choice of θ0. This may appear
to be counterintuitive. However, the following example demonstrates that such dependence is indeed necessary
in Theorem 1.6.

Example 1.9. Let (1.15) hold, n = k = 1, and
A(·) = D(·) = 0, B(·) = C(·) = 1, R(s, t) = s− t,

Q(s, t) ≥ 0, G1(t) = −
∫ T

t

e−(T−τ)Q(τ, t)dτ.

When we choose θ0(·) = 0, the equations (1.10)–(1.14) are solvable. In this case, we can get P6(·) = 0,
P8(·; ·) = 0, and 

dP1(s; t)

ds
= −P1(s; t)−Q(s, t), t ≤ s ≤ T,

P1(T ; t) = G1(t), 0 ≤ t ≤ T.

Therefore P1(t; t) = 0, and the constraint conditions (1.12)–(1.14) hold. By Theorem 1.6, the closed-loop
equilibrium strategies exist.

When we choose θ0(·) = − 1
2 , the equations (1.10)–(1.11) are solvable, but the constraint conditions (1.13)

fail. Indeed, in this case, we can get P6(·) = 0, P8(·; ·) = 0, and
dP1(s; t)

ds
= −Q(s, t)− s− t

4
, t ≤ s ≤ T,

P1(T ; t) = G1(t), 0 ≤ t ≤ T.

Hence

P1(t; t) = G1(t)−
∫ T

t

[
−Q(τ, t)− (τ − t)/4

]
dτ

= −
∫ T

t

e−(T−τ)Q(τ, t)dτ +

∫ T

t

[
Q(τ, t) + (τ − t)/4

]
dτ

=

∫ T

t

(
1− e−(T−τ)

)
Q(τ, t)dτ + (T − t)2/8 > 0.
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We can see that

R
(
R(t, t) +D(t)⊤P1(t; t)D(t)

)
≡ R (0) ̸⊇ R

(
B(t)⊤P1(t; t) +D(t)⊤P1(t; t)C(t)

)
.

Consequently, (1.13) does not hold.

This example demonstrates that, in general, for Problem (TI-FBSLQ), the solvability of the equations (1.10)–
(1.14) is dependent on the choice of the parameter θ0(·), even if its closed-loop equilibrium strategy exists.

Theorem 1.6 establishes the connection between the existence of closed-loop equilibrium strategies and the
solvability of the system (1.10)–(1.14). It is natural to inquire about the conditions under which the system
(1.10)–(1.14) is solvable. Unfortunately, as of now, we only have the answer to this question for the one-
dimensional case, which is the second main result of this paper. To present it, we first make the following
assumption:

Assumption 1.10. Let m = n = k = 1. There exists a constant δ > 0, such that
R(t, t) ≥ δ, t ∈ [0, T ],

N(t, t) ≥ δ, t ∈ [0, T ],

D(t)⊤D(t) ≥ δ, a.e. t ∈ [0, T ].

Moreover, 
Q(s, t) ≥ 0,

M(s, t) ≥ 0,

G1(t) ≥ 0,

0 ≤ t ≤ s ≤ T.

Remark 1.11. In Assumption 1.10, D⊤D ≥ δ is a strong requirement which essentially helps us to establish a
priori estimate for Θ(·), consequently leading to the well-posedness of (1.10)–(1.11). In some sense, this means
that the control on the diffusion term plays a positive role in obtaining the well-posedness of (1.10)–(1.11). On
the other hand, under Assumptions 1.10, we have

R(t, t) +D(t)⊤
(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t) ≥ δ, a.e. t ∈ [0, T ].

Then the parameter θ0(·) in (1.11) naturally vanishes and the generalized equilibrium Riccati equation (1.10)–
(1.14) reduces to an equilibrium Riccati equation (1.10)–(1.11) without the parameter θ0(·).

The second main result of this paper is as follows:

Theorem 1.12. Let Assumptions 1.5–1.10 hold. Then for any θ0(·) ∈ L2(0, T ;R), the system (1.10)–
(1.14) admits a unique solution (P1(·; ·), P2(·), P3(·; ·)). Consequently, Problem (TI-FBSLQ) admits a unique
equilibrium strategy given by

Θ(t) = −
[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]†
×
[
B(t)⊤

(
P1(t; t) + P3(t; t)

)
+D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)

× C(t) +
(
B̂(t)⊤ +B(t)⊤P2(t)

⊤ +D(t)⊤P2(t)
⊤D̂(t)⊤

)
G2(t)P2(t)

]
.

(1.16)

Since the seminal work [12] on optimal control problems for forward–backward stochastic differential equations
(FBSDEs), this area of research has received significant attention. Numerous studies have been conducted,
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although it is impossible to provide an exhaustive list. Interested readers can refer to [13–16], as well as the
references cited therein.

It is worth noting that in the aforementioned literature, the essential time-inconsistency of optimal control
problems for FBSDEs has been ignored, with the focus being on pre-committed optimal control. However, a
recent study [2] revealed that time-inconsistency is indeed present in these problems. This implies that the
pre-committed optimal control obtained at the initial time may not remain optimal at a later time.

The study of time-inconsistent problems can be traced back to the mid-18th century, with works by Hume
[17] and Smith [18] analyzing the time-inconsistent behavior of animals and humans. Strotz [19] was the first to
mathematically formulate a time-inconsistent problem within an economic context. Since then, time-inconsistent
problems have been widely studied in economics and finance (e.g., [20–24]), focusing mainly on discrete dynamic
systems, simple ordinary differential equations (ODEs), or stochastic differential equations (SDEs). Inspired by
these studies, researchers in control theory started investigating time-inconsistent optimal control problems.
Substantial literature has been published on this subject, including [2–8, 25], as well as the references cited
therein, for time-inconsistent linear-quadratic (LQ) problems for SDEs. Among these works, there are two main
methods employed. The first one is based on multiperson differential games. By this method, Yong [6] obtained a
unique closed-loop equilibrium strategy for time-inconsistent stochastic LQ problems under standard conditions
(namely, the control cost weighting matrix R is uniformly positive definite, and the other weighting coefficients
Q,G1 are positive semidefinite). The second one is based on variational approaches and decoupling techniques.
Hu et al. [7, 8] applied this method to obtain a unique equilibrium control and provided an equivalent charac-
terization of that control for time-inconsistent stochastic LQ problems under standard conditions and a singular
case where they still require R +D⊤MD to be uniformly positive definite (Here M satisfies a certain Riccati
equation). In these works, the proof of the existence of closed-loop equilibrium strategies or equilibrium controls
essentially requires R +D⊤P1D or R +D⊤MD to be uniformly positive definite. Recently, through multiper-
son differential games and the establishment of a sharp estimate, Lü and Ma [4] introduced conditions weaker
than prior researches, where R+D⊤P1D can be singular, to guarantee the existence of closed-loop equilibrium
strategies for time-inconsistent stochastic LQ problems. It should be noted that in the aforementioned works,
the control systems are SDEs, and the time-inconsistency arises from time-preferences or risk-preferences.
Very recently, Wang et al. [2] discovered that the forward–backward structure of the control system can also
lead to time-inconsistency. They introduced a general framework for time-inconsistent optimal control problems
for FBSDEs, and proved the well-posedness of the equilibrium Hamilton-Jacobi-Bellman equation when the
diffusion coefficient does not contain the control variable. They also posed a time-inconsistent FBSDE linear-
quadratic (TI-FBSLQ) problem but did not provide a proof for the well-posedness of the equilibrium Riccati
equation.

Despite the rich literature on optimal control theory for FBSDEs and time-inconsistent optimal control theory
for SDEs, there has been limited research on time-inconsistent optimal control theory for FBSDEs, with the
exception of the aforementioned study in [2].

The main contributions of the current paper are as follows:

1. We obtained the generalized equilibrium Riccati equation for Problem (TI-FBSLQ), which is a coupled
equilibrium Riccati equation system with parameters and constraint conditions. The solvability of this
equation fully characterizes the existence of closed-loop equilibrium strategies for Problem (TI-FBSLQ).
We also provide an equivalent characterization of the closed-loop equilibrium strategy. To obtain the
results, the main difficulties lie in three aspects: First, the cost weighting matrices for the state and the
control are allowed to be indefinite. In [4], Lü and Ma utilized multiperson differential games to relax the
standard conditions to some extent, and derived a family of equilibrium Riccati equations depending on
parameters to obtain closed-loop equilibrium strategies. However, the method in [4] is not suitable for
handling the more general indefinite case. To address the indefinite case, we adopt a different approach,
the variational approach. Second, the estimate for the martingale term Z in the BSDE is generally not
enough for us to handle the problem. To overcome this difficulty, we notice that the BSDE is actu-
ally always coupled with a nice SDE, which may imply that Z have some good properties. Hence we
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technically use decoupling techniques multiple times to dig the hidden information of Z. Eventually,
we introduce fourteen auxiliary equations {Pi}14i=1 for decoupling. Third, the time-preferences, namely,
Q(·, t), R(·, t),M(·, t), N(·, t), G1(t), G2(t) depending on the initial time t, pose another obstacle to obtain-
ing the result. We overcome it by establishing stability estimates for some auxiliary equations generated
during the derivation and subsequently obtaining some convergence results.

2. Our study reveals a new and interesting phenomenon. For Problem (TI-FBSLQ), even if closed-loop
equilibrium strategies exist, the solvability of the generalized equilibrium Riccati equation depends on
the choice of the parameter. This is different from the time-consistent scenario, where the existence of
closed-loop optimal control implies the solvability of the generalized Riccati equation.

3. When the state is one-dimensional and under slightly stronger assumptions than standard conditions, we
prove the well-posedness of the generalized equilibrium Riccati equation for any chosen parameter. From
this result, we can explicitly obtain a closed-loop equilibrium strategy for Problem (TI-FBSLQ). The main
difficulty lies in the complicated nature of the coupled differential equation system with non-local terms
and constraint conditions. We introduce assumptions to eliminate the constraint conditions and simplify
the problem into a system of differential equations with non-local terms. By appropriately applying the
Banach fixed-point theorem piecewise, we establish the well-posedness on the entire interval.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.6 and
Section 3 addresses the proof of Theorem 1.12.

2. Proof of Theorem 1.6

The purpose of this section is to provide a proof for Theorem 1.6. To achieve this, it is crucial to demonstrate
the following equivalent characterization of closed-loop equilibrium strategies for Problem (TI-FBSLQ).

Theorem 2.1. Let Assumption 1.5 hold. Then Θ(·) ∈ L2(0, T ;Rk×n) is a closed-loop equilibrium strategy of
Problem (TI-FBSLQ) if and only if for a.e. t ∈ [0, T ],

R(t, t) +D(t)⊤P1(t; t)D(t) +D(t)⊤P3(t; t)D(t) +D(t)⊤P2(t)
⊤N(t, t)P2(t)D(t) ≥ 0, (2.1)

and

B(t)⊤P1(t; t) +D(t)⊤P1(t; t)CΘ(t) +B(t)⊤P3(t; t) +D(t)⊤P3(t; t)CΘ(t)

+R(t, t)Θ(t) +
(
B̂(t)⊤ +B(t)⊤P2(t)

⊤ +D(t)⊤P2(t)
⊤D̂(t)⊤

)
G2(t)P2(t)

+D(t)⊤P2(t)
⊤N(t, t)P2(t)CΘ(t) = 0,

(2.2)

where (P1(·; ·),P2(·),P3(·; ·)) satisfies the following equations:



dP1(s; t)

ds
+P1(s; t)AΘ+A⊤

ΘP1(s; t)

+C⊤
ΘP1(s; t)CΘ +Q(s, t)+Θ⊤R(s, t)Θ =0, 0 ≤ t ≤ s ≤ T,

dP2

ds
+P2AΘ + ÂΘ + ĈP2 + D̂P2CΘ = 0, 0 ≤ t ≤ s ≤ T,

dP3(s; t)

ds
+P3(s; t)AΘ +A⊤

ΘP3(s; t) + C⊤
ΘP3(s; t)CΘ

+P2
⊤M(s, t)P2 + C⊤

ΘP2
⊤N(s, t)P2CΘ = 0, 0 ≤ t ≤ s ≤ T,

P1(T ; t) = G1(t), P2(T ) = H, P3(T ; t) = 0, 0 ≤ t ≤ T.

(2.3)

Proof of Theorem 2.1. Since the proof is long, we divide it into eleven steps.
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Step 1. In this step, we compute J (t, x;uε(·))− J (t, x;u(·)).

For any (t, x) ∈ [0, T ) × L2
Ft
(Ω;Rn), v ∈ L2

Ft
(Ω;Rk) and Θ(·) ∈ L2(0, T ;Rk×n), consider the following

equations: 
dX = AΘXds+ CΘXdW (s), s ∈ [t, T ],

dY = −
(
ÂΘX + ĈY + D̂Z

)
ds+ ZdW (s), s ∈ [t, T ],

X(t) = x, Y (T ) = HX(T ),

(2.4)

and 

dXε(s; t) =
(
AΘX

ε(s; t) + χ[t,t+ε]Bv
)
ds+

(
CΘX

ε(s; t) + χ[t,t+ε]Dv
)
dW (s), s ∈ [t, T ],

dY ε(s; t) = −
(
ÂΘX

ε(s; t) +χ[t,t+ε]B̂v + ĈY ε(s; t) + D̂Zε(s; t)
)
ds

+Zε(s; t)dW (s), s ∈ [t, T ],

Xε(t; t) = x, Y ε(T ; t) = HXε(T ; t).

(2.5)

Let Xε
0 := Xε −X,Y ε

0 := Y ε − Y, Zε
0 := Zε − Z. Then we have

dXε
0(s; t) =

(
AΘX

ε
0(s; t) + χ[t,t+ε]Bv

)
ds+

(
CΘX

ε
0(s; t) + χ[t,t+ε]Dv

)
dW (s), s ∈ [t, T ],

dY ε
0 (s; t) = −

(
ÂΘX

ε
0(s; t) + χ[t,t+ε]B̂v + ĈY ε

0 (s; t) + D̂Zε
0(s; t)

)
ds

+Zε
0(s; t)dW (s), s ∈ [t, T ],

Xε
0(t; t) = 0, Y ε

0 (T ; t) = HXε
0(T ; t).

(2.6)

A direct calculation gives that

J (t, x;uε(·))− J (t, x;u(·))

=
1

2
Et

[ ∫ T

t

(〈
Q(s, t)Xε

0(s; t), X
ε
0(s; t)

〉
+
〈
R(s, t)

(
ΘXε

0(s; t) + vχ[t,t+ε]

)
,ΘXε

0(s; t)

+ vχ[t,t+ε]

〉
+
〈
M(s, t)Y ε

0 (s; t), Y
ε
0 (s; t)

〉
+
〈
N(s, t)Zε

0(s; t), Z
ε
0(s; t)

〉)
ds

+ 2

∫ T

t

(〈
Q(s, t)X,Xε

0(s; t)
〉
+
〈
R(s, t)ΘX,ΘXε

0(s; t) + vχ[t,t+ε]

〉
+
〈
M(s, t)Y, Y ε

0 (s; t)
〉
+
〈
N(s, t)Z,Zε

0(s; t)
〉)

ds+
〈
G1(t)X

ε
0(T ; t), X

ε
0(T ; t)

〉
+
〈
G2(t)Y

ε
0 (t; t), Y

ε
0 (t; t)

〉
+ 2
〈
G1(t)X(T ), Xε

0(T ; t)
〉
+ 2
〈
G2(t)Y (t), Y ε

0 (t; t)
〉]

.

Consequently, it holds that

J (t, x;uε(·))− J (t, x;u(·))

= J1(t, x) + J2(t, x) + J3(t, x) + J4(t, x) + Et

∫ t+ε

t

〈
Θ⊤R(s, t)v,Xε

0(s; t)
〉
ds,

(2.7)

where
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J1(t, x) := Et

∫ T

t

(〈
F1(s, t), X

ε
0(s; t)

〉
+
〈
F2(s, t), vχ[t,t+ε]

〉)
ds

+Et

〈
G1(t)X(T ), Xε

0(T ; t)
〉
,

J2(t, x) :=
1

2
Et

∫ T

t

〈
F ε
1 (s, t), X

ε
0(s; t)

〉
ds+

1

2
Et

〈
G1(t)X

ε
0(T ; t), X

ε
0(T ; t)

〉
,

J3(t, x) :=
1

2
Et

∫ T

t

(〈
F ε
3 (s, t), Y

ε
0 (s; t)

〉
+
〈
F ε
4 (s, t), Z

ε
0(s; t)

〉)
ds

+
1

2
Et

〈
G2(t)Y

ε
0 (t; t), Y

ε
0 (t; t)

〉
,

J4(t, x) := Et

∫ T

t

(〈
F3(s, t), Y

ε
0 (s; t)

〉
+
〈
F4(s, t), Z

ε
0(s; t)

〉)
ds

+Et

〈
G2(t)Y (t), Y ε

0 (t; t)
〉
,

(2.8)

with 

F1(s, t) ≡
(
Q(s, t) + Θ(s)⊤R(s, t)Θ(s)

)
X(s),

F2(s, t) ≡
1

2
R(s, t)v +R(s, t)Θ(s)X(s),

F ε
1 (s, t) ≡

(
Q(s, t) + Θ(s)⊤R(s, t)Θ(s)

)
Xε

0(s; t),

F3(s, t) ≡ M(s, t)Y (s), F4(s, t) ≡ N(s, t)Z(s),

F ε
3 (s, t) ≡ M(s, t)Y ε

0 (s; t), F ε
4 (s, t) ≡ N(s, t)Zε

0(s; t).

(2.9)

Step 2. In this step, we prove the following estimates:

Et sup
s∈[t,T ]

|Xε
0(s; t)|2Rn ≤ Cε|v|2Rk , a.s.,

Et

(
sup

s∈[t,T ]

|Y ε
0 (s; t)|2Rm +

∫ T

t

|Zε
0(s; t)|2Rmds

)
≤ Cε|v|2Rk , a.s.

(2.10)

The inequality (2.10) should be a known result. However, we failed to find an exact reference for it. Hence,
we provide a proof here for the convenience of readers.

First, for any A ∈ Ft, we have


dχAX

ε
0(s; t) =

(
χAAΘX

ε
0(s; t) + χAχ[t,t+ε]Bv

)
ds

+
(
χACΘX

ε
0(s; t) + χAχ[t,t+ε]Dv

)
dW (s), s ∈ [t, T ],

χAX
ε
0(t; t) = 0.

Then,

E
(
χA sup

s∈[t,T ]

|Xε
0(s; t)|2Rn

)
= E

(
sup

s∈[t,T ]

|χAX
ε
0(s; t)|2Rn

)
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≤ CE
[( ∫ t+ε

t

|χABv|Rnds
)2

+

∫ t+ε

t

|χADv|2Rnds
]

(2.11)

≤ CE
(
χAε|v|2Rk

)
,

where the constant C only depends on AΘ, CΘ, B, D, T and is independent of A. Since v is Ft-measurable, we
have

Et sup
s∈[t,T ]

|Xε
0(s; t)|2Rn ≤ Cε|v|2Rk , a.s.

Secondly, we similarly consider the following equation:
dχAY

ε
0 (s; t) = −

(
χAÂΘX

ε
0(s; t) + χAχ[t,t+ε]B̂v + χAĈY ε

0 (s; t)

+χAD̂Zε
0(s; t)

)
ds+ χAZ

ε
0(s; t)dW (s), s ∈ [t, T ],

χAY
ε
0 (T ; t) = χAHXε

0(T ; t).

Then from (2.11), we have

E
[
χA

(
sup

s∈[t,T ]

|Y ε
0 (s; t)|2Rm +

∫ T

t

|Zε
0(s; t)|2Rmds

)]
= E

(
sup

s∈[t,T ]

|χAY
ε
0 (s; t)|2Rm +

∫ T

t

|χAZ
ε
0(s; t)|2Rmds

)
≤ CE

[
χA|Xε

0(T ; t)|2Rn +
(∫ T

t

∣∣χAÂΘX
ε
0(s; t) + χAχ[t,t+ε]B̂v

∣∣
Rmds

)2]
≤ CE(χAε|v|2Rk).

This implies that

Et

(
sup

s∈[t,T ]

|Y ε
0 (s; t)|2Rm +

∫ T

t

|Zε
0(s; t)|2Rmds

)
≤ Cε|v|2Rk , a.s.

In the following four steps, we deal with Ji(t, x), i = 1, · · · , 4.

Step 3. In this step, we give an estimate of J1(t, x).

First, consider the following adjoint equation:
dY1(s; t) = −

[
A⊤

ΘY1(s; t) + C⊤
ΘZ1(s; t) +

(
Q(s; t)

+Θ⊤R(s; t)Θ
)
X
]
ds+ Z1(s; t)dW (s), s ∈ [t, T ],

Y1(T ; t) = G1(t)X(T ).

(2.12)

Applying Ito’s formula for ⟨Y1, X
ε
0⟩, we have

J1(t, x) = Et

∫ t+ε

t

〈
B⊤Y1(s; t) +D⊤Z1(s; t) + F2(s, t), v

〉
ds. (2.13)
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Next, we get rid of the terms containing Y1 and Z1 in (2.13). To this end, we introduce the following equation:


dP1(s; t)

ds
+ P1(s; t)AΘ +A⊤

ΘP1(s; t)

+C⊤
ΘP1(s; t)CΘ +Q(s, t) + Θ⊤R(s, t)Θ = 0, s ∈ [t, T ],

P1(T ; t) = G1(t).

(2.14)

By (2.4) and (2.14), we have

d
(
P1X

)
= −

(
P1AΘ +A⊤

ΘP1 + C⊤
ΘP1CΘ +Q+Θ⊤RΘ

)
Xds+ P1AΘXds+ P1CΘXdW (s)

= −
(
A⊤

ΘP1 + C⊤
ΘP1CΘ +Q+Θ⊤RΘ

)
Xds+ P1CΘXdW (s).

This, together with P1(T ; t) = G1(t), implies that (P1X,P1CΘX) is a solution to (2.12). By the uniqueness of
the solution to (2.12), we obtain

{
Y1(·; t) = P1(·; t)X(·),

Z1(·; t) = P1(·; t)CΘ(·)X(·).
(2.15)

This, together with (2.13), implies that

J1(t, x) = Et

∫ t+ε

t

〈
B⊤Y1(s; t) +D⊤Z1(s; t) + F2(s, t), v

〉
ds

= Et

∫ t+ε

t

〈(
B⊤P1(s; t) +D⊤P1(s; t)CΘ +R(s, t)Θ

)
X +

1

2
R(s, t)v, v

〉
ds.

(2.16)

Step 4. In this step, we give an estimate of J2(t, x).

First, we introduce the following adjoint equation:
dY2(s; t) = −

[
A⊤

ΘY2(s; t) + C⊤
ΘZ2(s; t) +

(
Q(s, t) + Θ⊤R(s, t)Θ

)
Xε

0(s; t)
]
ds

+Z2(s; t)dW (s), s ∈ [t, T ],

Y2(T ; t) = G1(t)X
ε
0(T ; t).

(2.17)

Applying Ito’s formula for ⟨Y2, X
ε
0⟩, we have

J2(t, x) =
1

2
Et

∫ t+ε

t

〈
B⊤Y2(s; t) +D⊤Z2(s; t), v

〉
ds. (2.18)

To get rid of the terms containing Y2 and Z2 in (2.18), we introduce the following equations:
dP2(s; t)

ds
+ P2(s; t)AΘ +A⊤

ΘP2(s; t) + C⊤
ΘP2(s; t)CΘ +Q(s, t) + Θ⊤R(s, t)Θ = 0, s ∈ [t, T ],

P2(T ; t) = G1(t),

(2.19)
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and 
dP3(s; t)

ds
+A⊤

ΘP3(s; t) + χ[t,t+ε]P2(s; t)B + χ[t,t+ε]C
⊤
ΘP2(s; t)D = 0, s ∈ [t, T ],

P3(T ; t) = 0.
(2.20)

From (2.6), (2.19) and (2.20), we get

d
(
P2X

ε
0 + P3v

)
= −

(
P2AΘ +A⊤

ΘP2 + C⊤
ΘP2CΘ +Q+Θ⊤RΘ

)
Xε

0ds

−
(
A⊤

ΘP3v + χ[t,t+ε]P2Bv + χ[t,t+ε]C
⊤
ΘP2Dv

)
ds

+P2

(
AΘX

ε
0 + χ[t,t+ε]Bv

)
ds+ P2

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
dW (s)

= −
[
A⊤

Θ

(
P2X

ε
0 + P3v

)
+ C⊤

ΘP2

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
+
(
Q+Θ⊤RΘ)Xε

0

]
ds

+P2

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
dW (s).

This, together with P2(T ; t) = G1(t) and P3(T ; t) = 0, implies that
(
P2X

ε
0 + P3v,P2(CΘX

ε
0 + χ[t,t+ε]Dv)

)
is a

solution to (2.17). Then, the uniqueness of the solution to (2.17) implies that{
Y2(·; t) = P2(·; t)Xε

0(·; t) + P3(·; t)v,

Z2(·; t) = P2(·; t)
(
CΘ(·)Xε

0(·; t) +D(·)vχ[t,t+ε]

)
.

(2.21)

By Gronwall’s inequality, we get from (2.20) that

sup
s∈[t,T ]

|P3(s; t)|2∞ ≤ C
(∫ t+ε

t

∣∣P2(τ ; t)B + C⊤
ΘP2(τ ; t)D

∣∣
∞dτ

)2

≤ C
[∫ t+ε

t

(1 + |Θ|∞)dτ

]2
.

(2.22)

Combining (2.21), (2.22) and (2.10), we obtain that

J2(t, x) =
1

2
Et

∫ t+ε

t

〈
B⊤Y2(s; t) +D⊤Z2(s; t), v

〉
ds

=
1

2
Et

∫ t+ε

t

〈(
B⊤P2(s; t) +D⊤P2(s; t)CΘ

)
Xε

0(s; t)

+
(
B⊤P3(s; t) +D⊤P2(s; t)χ[t,t+ε]D

)
v, v
〉
ds

=
1

2
Et

∫ t+ε

t

⟨D⊤P2(s; t)Dv, v⟩ds+ C|v|2Rko(ε).

(2.23)

Step 5. In this step, we give an estimate of J3(t, x).

We first introduce the adjoint equation:{
dY3(s; t) =

(
Ĉ⊤Y3(s; t) + F ε

3 (s, t)
)
ds+

(
D̂⊤Y3(s; t) + F ε

4 (s, t)
)
dW (s), s ∈ [t, T ],

Y3(t; t) = G2(t)Y
ε
0 (t; t).

(2.24)
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Applying Ito’s formula for ⟨Y3, Y
ε
0 ⟩, we have that

J3(t, x) =
1

2
Et

〈
Y3(T ; t), HXε

0(T ; t)
〉
+

1

2
Et

∫ t+ε

t

〈
B̂⊤Y3(s; t), v

〉
ds

+
1

2
Et

∫ T

t

〈
Â⊤

ΘY3(s; t), X
ε
0(s; t)

〉
ds.

Similar to the proof of the inequality (2.10), we can prove that

Et sup
s∈[t,T ]

|Y3(s; t)|2 ≤ Cε|v|2Rk , a.s. (2.25)

Next, consider the following equation:{
dY4(s; t) = −

(
A⊤

ΘY4(s; t) + C⊤
ΘZ4(s; t) + Â⊤

ΘY3(s; t)
)
ds+ Z4(s; t)dW (s), s ∈ [t, T ],

Y4(T ; t) = H⊤Y3(T ; t).
(2.26)

Similar to the proof of the inequality (2.10), we can show that

Et

(
sup

s∈[t,T ]

|Y4(s; t)|2 +
∫ T

t

|Z4(s; t)|2ds

)
≤ Cε|v|2Rk , a.s. (2.27)

Applying Ito’s formula to ⟨Y4, X
ε
0⟩, we obtain

J3(t, x) =
1

2
Et

∫ t+ε

t

〈
B̂⊤Y3(s; t) +B⊤Y4(s; t) +D⊤Z4(s; t), v

〉
ds.

From the inequalities (2.25) and (2.27), we find that

J3(t, x) =
1

2
Et

∫ t+ε

t

〈
D⊤Z4(s; t), v

〉
ds+ C|v|2Rko(ε). (2.28)

In the rest of this step, we handle the term
1

2
Et

∫ t+ε

t

〈
D⊤Z4(s; t), v

〉
ds.

We first introduce the following equations:dP4

ds
+ P4Ĉ

⊤ +A⊤
ΘP4 + C⊤

ΘP4D̂
⊤ + Â⊤

Θ = 0, s ∈ [t, T ],

P4(T ) = H⊤,
(2.29)

and 
dP5(s; t) = −

(
A⊤

ΘP5(s; t) + C⊤
ΘL5(s; t) + P4F

ε
3 (s, t) + C⊤

ΘP4F
ε
4 (s, t)

)
ds

+L5(s; t)dW (s), s ∈ [t, T ],

P5(T ; t) = 0.

(2.30)
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Combining (2.24), (2.29) and (2.30), we get that

d
(
P4Y3 + P5

)
= −

(
P4Ĉ

⊤ +A⊤
ΘP4 + C⊤

ΘP4D̂
⊤ + Â⊤

Θ

)
Y3ds+ P4

(
Ĉ⊤Y3 + F ε

3

)
ds+ P4

(
D̂⊤Y3 + F ε

4

)
dW (s)

−
(
A⊤

ΘP5 + C⊤
ΘL5 + P4F

ε
3 + C⊤

ΘP4F
ε
4

)
ds+ L5dW (s)

= −
{
A⊤

Θ

(
P4Y3 + P5

)
+ C⊤

Θ

[
P4

(
D̂⊤Y3 + F ε

4

)
+ L5

]
+ Â⊤

ΘY3

}
ds+

[
P4

(
D̂⊤Y3 + F ε

4

)
+ L5

]
dW (s).

This, together with P4(T ) = H⊤ and P5(T ; t) = 0, implies that
(
P4Y3 +P5,P4(D̂

⊤Y3 +F ε
4 ) +L5

)
is a solution

to (2.26). From the uniqueness of the solution to (2.26), we find that

{
Y4(·; t) = P4(·)Y3(·; t) + P5(·; t),

Z4(·; t) = P4(·)D̂(·)⊤Y3(·; t) + P4(·)N(·, t)Zε
0(·; t) + L5(·; t).

(2.31)

Combining (2.31) and (2.25), we get that

1

2
Et

∫ t+ε

t

〈
D⊤Z4(s; t), v

〉
ds

=
1

2
Et

∫ t+ε

t

〈
D⊤(P4N(s, t)Zε

0(s; t) + L5(s; t)
)
, v
〉
ds+ C|v|2Rko(ε).

(2.32)

Next, we introduce the following equations:


dP6

ds
+ P6AΘ + ÂΘ + ĈP6 + D̂P6CΘ = 0, s ∈ [t, T ],

dP7(s; t)

ds
+ ĈP7(s; t) + χ[t,t+ε]P6B + χ[t,t+ε]B̂ + D̂P6Dχ[t,t+ε] = 0, s ∈ [t, T ],

P6(T ) = H, P7(T ; t) = 0.

(2.33)

Similar to the proof of (2.31), we can show that

{
Y ε
0 (·; t) = P6(·)Xε

0(·; t) + χ[t,t+ε]P7(·; t)v,

Zε
0(·; t) = P6(·)

(
CΘ(·)Xε

0(·; t) + χ[t,t+ε]D(·)v
)
.

(2.34)

This, together with the inequality (2.10), yields

1

2
Et

∫ t+ε

t

〈
D⊤P4N(s, t)Zε

0(s; t), v
〉
ds

=
1

2
Et

∫ t+ε

t

〈
D⊤P4N(s, t)P6

(
CΘX

ε
0(s; t) +Dvχ[t,t+ε]

)
, v
〉
ds

=
1

2
Et

∫ t+ε

t

〈
D⊤P4N(s, t)P6Dv, v

〉
ds+ C|v|2Rko(ε).

(2.35)
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Lastly, by (2.34), we can rewrite the equation (2.30) as


dP5(s; t) =−

[
A⊤

ΘP5(s; t) + C⊤
ΘL5(s; t)+ P4M(s, t)

(
P6X

ε
0(s; t) + χ[t,t+ε]P7(s; t)v

)
+C⊤

ΘP4N(s, t)P6

(
CΘX

ε
0(s; t) + χ[t,t+ε]Dv

)]
ds+ L5(s; t)dW (s), s ∈ [t, T ],

P5(T ; t) = 0.

(2.36)

Let us further introduce the following equations:


dP8(s; t)

ds
+ P8(s; t)AΘ +A⊤

ΘP8(s; t) + C⊤
ΘP8(s; t)CΘ

+P4M(s, t)P6 + C⊤
ΘP4N(s, t)P6CΘ = 0, s ∈ [t, T ],

P8(T ; t) = 0,

(2.37)

and


dP9(s; t)

ds
+A⊤

ΘP9(s; t) + χ[t,t+ε]C
⊤
ΘP8(s; t)D + χ[t,t+ε]P8(s; t)B

+χ[t,t+ε]P4M(s, t)P7(s; t) + χ[t,t+ε]C
⊤
ΘP4N(s, t)P6D = 0, s ∈ [t, T ],

P9(T ; t) = 0.

(2.38)

Using Ito’s formula, we have

d
(
P8X

ε
0 + P9v

)
= −

(
P8AΘ +A⊤

ΘP8 + C⊤
ΘP8CΘ + P4MP6 + C⊤

ΘP4NP6CΘ

)
Xε

0ds

+ P8

(
AΘX

ε
0 + χ[t,t+ε]Bv

)
ds+ P8

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
dW (s)

−
(
A⊤

ΘP9 + χ[t,t+ε]C
⊤
ΘP8D + χ[t,t+ε]P8B + χ[t,t+ε]P4MP7

+ χ[t,t+ε]C
⊤
ΘP4NP6D

)
vds

= −
[
A⊤

Θ

(
P8X

ε
0 + P9v

)
+ C⊤

ΘP8

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
+ P4M

(
P6X

ε
0 + χ[t,t+ε]P7v

)
+ C⊤

ΘP4NP6

(
CΘX

ε
0 + χ[t,t+ε]Dv

)]
ds

+ P8

(
CΘX

ε
0 + χ[t,t+ε]Dv

)
dW (s).

This, together with P8(T ; t) = 0 and P9(T ; t) = 0, implies that
(
P8X

ε
0 + P9v,P8(CΘX

ε
0 + χ[t,t+ε]Dv)

)
is a

solution to (2.36). Then, the uniqueness of the solution to (2.36) implies that

{
P5(·, t) = P8(·; t)Xε

0(·; t) + P9(·; t)v,

L5(·; t) = P8(·; t)
(
CΘ(s)X

ε
0(·; t) + χ[t,t+ε]D(·)v

)
.
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This, together with the inequalities (2.10), implies that

1

2
Et

∫ t+ε

t

〈
D⊤L5(s; t), v

〉
ds

=
1

2
Et

∫ t+ε

t

〈
D⊤P8(s; t)

(
CΘX

ε
0 +Dvχ[t,t+ε]

)
, v
〉
ds

=
1

2
Et

∫ t+ε

t

〈
D⊤P8(s; t)Dv, v

〉
ds+ C|v|2Rko(ε).

(2.39)

Consequently, from equations (2.28), (2.32), (2.35) and (2.39), we obtain that

J3(t, x) =
1

2
Et

∫ t+ε

t

〈
D⊤Z4(s; t), v

〉
ds+ C|v|2Rko(ε)

=
1

2
Et

∫ t+ε

t

〈(
D⊤P4N(s, t)P6D +D⊤P8(s; t)D

)
v, v
〉
ds+ C|v|2Rko(ε).

(2.40)

Step 6. In this step, we give an estimate of J4(t, x).

We first introduce the following adjoint equation:

{
dY5(s; t) =

(
Ĉ⊤Y5(s; t) + F3(s, t)

)
ds+

(
D̂⊤Y5(s; t) + F4(s, t)

)
dW (s), s ∈ [t, T ],

Y5(t; t) = G2(t)Y (t).
(2.41)

Applying Ito’s formula for ⟨Y5, Y
ε
0 ⟩, we have

J4(t, x) = Et

〈
Y5(T ; t), HXε

0(T ; t)
〉
+ Et

∫ t+ε

t

〈
B̂⊤Y5(s; t), v

〉
ds

+Et

∫ T

t

〈
Â⊤

ΘY5(s; t), X
ε
0(s; t)

〉
ds.

(2.42)

Similar to the treatment of J3(t, x) in Step 5, we introduce another adjoint equation:

{
dY6(s; t) = −

(
A⊤

ΘY6(s; t) + C⊤
ΘZ6(s; t) + Â⊤

ΘY5(s; t)
)
ds+ Z6(s; t)dW (s), s ∈ [t, T ],

Y6(T ; t) = H⊤Y5(T ; t).
(2.43)

Applying Ito’s formula for ⟨Y6, X
ε
0⟩, we get

J4(t, x) = Et

∫ t+ε

t

〈
B̂⊤Y5(s; t), v

〉
ds+ Et

∫ t+ε

t

〈
B⊤Y6(s; t) +D⊤Z6(s; t), v

〉
ds

= Et

∫ t+ε

t

〈
B̂⊤Y5(s; t) +B⊤Y6(s; t) +D⊤Z6(s; t), v

〉
ds.

(2.44)
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Now, our goal is to represent Y5(·; t) and
(
Y6(·; t), Z6(·; t)

)
by X(·). To this end, consider the following

equations:



dP10

ds
+ P10Ĉ

⊤ +A⊤
ΘP10 + C⊤

ΘP10D̂
⊤ + Â⊤

Θ = 0, s ∈ [t, T ],

dP11(s; t) = −
(
A⊤

ΘP11(s; t) + C⊤
ΘL11(s; t) + P10F3(s, t)

+C⊤
ΘP10F4(s, t)

)
ds+ L11(s; t)dW (s), s ∈ [t, T ],

P10(T ) = H⊤, P11(T ; t) = 0.

(2.45)

Similar to the proof of (2.31), we can show that

{
Y6(·; t) = P10(·)Y5(·; t) + P11(·; t),

Z6(·; t) = P10(·)
(
D̂(·)⊤Y5(·; t) + F4(·, t)

)
+ L11(·; t).

(2.46)

From (2.44) and (2.46), we obtain

J4(t, x) = Et

∫ t+ε

t

〈
B̂⊤Y5(s; t) +B⊤Y6(s; t) +D⊤Z6(s; t), v

〉
ds

= Et

∫ t+ε

t

〈(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)Y5(s; t) +B⊤P11(s; t) (2.47)

+D⊤P10F4(s, t) +D⊤L11(s; t), v
〉
ds.

Next, we introduce the following equation:


dP12

ds
+ P12AΘ + ÂΘ + ĈP12 + D̂P12CΘ = 0, s ∈ [0, T ],

P12(T ) = H.

(2.48)

Similar to the proof of (2.31), we can obtain that

{
Y (·) = P12(·)X(·),

Z(·) = P12(·)CΘ(·)X(·).
(2.49)

By (2.49) and (2.41), we get that


dY5(s; t) =

(
Ĉ⊤Y5(s; t) +M(s, t)P12X

)
ds

+
(
D̂⊤Y5(s; t) +N(s, t)P12CΘX

)
dW (s), s ∈ [t, T ],

Y5(t; t) = G2(t)P12(t)X(t).

(2.50)
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Now we study the relationship between Y5 and X. To this end, we introduce the following equation:



dP13(s; t) =
[(
P13(s; t)CΘ − D̂⊤P13(s; t)−N(s, t)P12CΘ

)
CΘ

−P13(s; t)AΘ + Ĉ⊤P13(s; t) +M(s, t)P12

]
ds

+
(
− P13(s; t)CΘ + D̂⊤P13(s; t) +N(s, t)P12CΘ

)
dW (s), s ∈ [t, T ],

P13(t; t) = G2(t)P12(t).

(2.51)

Similar to the proof of (2.31), we get that

Y5(·; t) = P13(·; t)X(·). (2.52)

Combining (2.47), (2.49) and (2.52), we obtain that

J4(t, x) = Et

∫ t+ε

t

〈(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)Y5(s; t)

+B⊤P11(s; t) +D⊤P10F4(s, t) +D⊤L11(s; t), v
〉
ds

= Et

∫ t+ε

t

〈[(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)P13(s; t) +D⊤P10N(s, t)P12CΘ

]
X

+B⊤P11(s; t) +D⊤L11(s; t), v
〉
ds.

(2.53)

Next, we derive the relationship between X(·) and
(
P11(·; t),L11(·; t)

)
. First, by (2.49), we can rewrite the

second equation of (2.45) as


dP11(s; t) = −

(
A⊤

ΘP11(s; t) + C⊤
ΘL11(s; t) + P10M(s, t)P12X

+C⊤
ΘP10N(s, t)P12CΘX

)
ds+ L11(s; t)dW (s),

P11(T ; t) = 0.

(2.54)

Secondly, we introduce the following equation:


dP14(s; t)

ds
+ P14(s; t)AΘ +A⊤

ΘP14(s; t) + C⊤
ΘP14(s; t)CΘ

+P10M(s, t)P12 + C⊤
ΘP10N(s, t)P12CΘ = 0, s ∈ [t, T ],

P14(T ; t) = 0,

(2.55)

Similar to the proof of (2.31), we can prove that

{
P11(·; t) = P14(·; t)X(·),

L11(·; t) = P14(·; t)CΘ(·)X(·).
(2.56)
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From (2.53) and (2.56), we obtain that

J4(t, x)

= Et

∫ t+ε

t

〈[(
B̂⊤ +B⊤P10+D⊤P10D̂

⊤)P13(s; t)

+D⊤P10N(s, t)P12CΘ

]
X +B⊤P11(s; t)+D⊤L11(s; t), v

〉
ds

= Et

∫ t+ε

t

〈[(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)P13(s; t)

+D⊤P10N(s, t)P12CΘ +B⊤P14(s; t) +D⊤P14(s; t)CΘ

]
X, v

〉
ds

(2.57)

Step 7. We combine the results in Step 3–Step 6 to study J (t, x;uε(·))− J (t, x;u(·)).

From (2.7)–(2.9), (2.16), (2.23), (2.40) and (2.57), for any (t, x) ∈ [0, T ) × L2
Ft
(Ω;Rn), v ∈ L2

Ft
(Ω;Rk) and

Θ(·) ∈ L2(0, T ;Rk×n), we have that

J (t, x;uε(·))− J (t, x;u(·))

=
〈(∫ t+ε

t

1

2
R(s, t)ds+

∫ t+ε

t

1

2
D⊤P2(s; t)Dds+

∫ t+ε

t

1

2
D⊤P8(s; t)Dds

+

∫ t+ε

t

1

2
D⊤P4N(s, t)P6Dds

)
v, v
〉
+
〈
Et

∫ t+ε

t

[
B⊤P1(s; t) (2.58)

+D⊤P1(s; t)CΘ +R(s, t)Θ +
(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)P13(s; t)

+D⊤P10N(s, t)P12CΘ +B⊤P14(s; t) +D⊤P14(s; t)CΘ

]
Xds, v

〉
+ C|v|2Rko(ε).

Moreover, by comparing the equation (2.3) with the equations (2.14), (2.19), (2.29), (2.33), (2.37), (2.45), (2.48),
(2.55), we see that for any Θ ∈ L2(0, T ;Rk×n) and 0 ≤ t ≤ s ≤ T , it holds that

P1(s; t) = P1(s; t) = P2(s; t),

P2(s)
⊤ = P4(s) = P10(s) = P6(s)

⊤ = P12(s)
⊤,

P3(s; t) = P8(s; t) = P14(s; t),

s ∈ [t, T ]. (2.59)

Step 8. In this step, we establish some regularity estimates.

To this end, we first make some preparation. For X(·) and Y5(·; t) = P13(·; t)X(·) (see Eq. (2.52)), by the
equations (2.4), (2.50), we can see that EtX(·; t) and EtY5(·; t) satisfy the following equations:{

dEtX(s; t) = AΘEtX(s; t)ds, s ∈ [t, T ],

EtX(t; t) = x,

and {
dEtY5(s; t) =

(
Ĉ⊤EtY5(s; t) +M(s, t)P12EtX(s; t)

)
ds, s ∈ [t, T ],

EtY5(t; t) = G2(t)P12(t)x.
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Consider the following equations:

dΨ(s; t)

ds
= AΘΨ(s; t), s ∈ [t, T ],

Ψ(t; t) = I,

and

dΓ(s; t)

ds
= Ĉ⊤Γ(s; t) +M(s, t)P12Ψ(s; t), s ∈ [t, T ],

Γ(t; t) = G2(t)P12(t).

Then we have

{
EtX(s; t) = Ψ(s; t)x,

EtY5(s; t) = Γ(s; t)x.
(2.60)

Rewrite the equation for Γ(·; t) as

dΓ(s; t)

ds
= Ĉ⊤Γ(s; t) +M(s, t)P12Ψ(s; t), s ∈ [τ, T ],

Γ(τ ; t) = Γ(τ ; t),
(2.61)

where 0 ≤ t ≤ τ ≤ s ≤ T . Then

∣∣Γ(τ ; t)−Γ(τ ; τ)
∣∣
∞

≤
∣∣G2(t)P12(t)−G2(τ)P12(τ)

∣∣
∞ +

∫ τ

t

∣∣Ĉ⊤Γ(s; t) +M(s, t)P12Ψ(s; t)
∣∣
∞ds

≤ C
(
|t− τ |+ |P12(t)− P12(τ)|∞

)
,

which, together with Assumptions 1.5, yields

|Γ(s; t)− Γ(s; τ)|∞

≤ |Γ(τ ; t)− Γ(τ ; τ)|∞ +

∫ s

τ

∣∣Ĉ⊤(Γ(η; t)− Γ(η; τ)
)
+M(η, t)P12Ψ(η; t)

−M(η, τ)P12Ψ(η; τ)
∣∣
∞dη

≤ C
(
|t− τ |+ |P12(t)− P12(τ)|∞

)
+

∫ s

τ

(
C|Γ(η; t)− Γ(η; τ)|∞ + C|t− τ |

)
dη.

This, together with Gronwall’s inequality, implies

|Γ(s; t)− Γ(s; τ)|∞ ≤ C
(
|t− τ |+ |P12(t)− P12(τ)|∞

)
.
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By a similar (but simpler) argument, we can show that for any 0 ≤ t ≤ τ ≤ s ≤ T , it holds that

|Ψ(s; t)−Ψ(s; τ)|∞ ≤ C|t− τ |,

|Γ(s; t)− Γ(s; τ)|∞ ≤ C
(
|t− τ |+ |P12(t)− P12(τ)|∞

)
,

|P1(s; t)− P1(s; τ)|∞ ≤ C|t− τ |,

|P8(s; t)− P8(s; τ)|∞ ≤ C|t− τ |.

(2.62)

Step 9. In this step, we prove the following result:



lim
ε→0

1

ε

∫ t+ε

t

1

2
R(s, t)ds =

1

2
R(t, t), t ∈ [0, T ],

lim
ε→0

1

ε

∫ t+ε

t

D⊤P2(s; t)Dds = D(t)⊤P2(t; t)D(t), a.e. t ∈ [0, T ],

lim
ε→0

1

ε

∫ t+ε

t

D⊤P8(s; t)Dds = D(t)⊤P8(t; t)D(t), a.e. t ∈ [0, T ],

lim
ε→0

1

ε

∫ t+ε

t

D⊤P4N(s, t)P6Dds = D(t)⊤P4(t)N(t, t)P6(t)D(t), a.e. t ∈ [0, T ],

(2.63)

and 

lim
ε→0

1

ε

∫ t+ε

t

B⊤P1(s; t)Ψ(s; t)ds = B(t)⊤P1(t; t),

lim
ε→0

1

ε

∫ t+ε

t

D⊤P1(s; t)CΘΨ(s; t)ds = D(t)⊤P1(t; t)CΘ(t),

lim
ε→0

1

ε

∫ t+ε

t

[
R(s, t)Θ+B⊤P14(s; t)

]
Ψ(s; t)ds = R(t, t)Θ(t) +B(t)⊤P14(t; t),

lim
ε→0

1

ε

∫ t+ε

t

D⊤P10N(s, t)P12CΘΨ(s; t)ds = D(t)⊤P10(t)N(t, t)P12(t)CΘ(t),

lim
ε→0

1

ε

∫ t+ε

t

D⊤P14(s; t)CΘΨ(s; t)ds = D(t)⊤P14(t; t)CΘ(t),

lim
ε→0

1

ε

∫ t+ε

t

(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)Γ(s; t)ds
=
(
B̂(t)⊤ +B(t)⊤P10(t) +D(t)⊤P10(t)D̂(t)⊤

)
G2(t)P12(t),

a.e. t ∈ [0, T ] (2.64)

Since

∣∣∣1
ε

∫ t+ε

t

D⊤P2(s; t)Dds−D(t)⊤P2(t; t)D(t)
∣∣∣
∞

≤ 1

ε

∫ t+ε

t

∣∣D⊤(P2(s; t)− P2(t; t)
)
D
∣∣
∞ds

+
∣∣∣1
ε

∫ t+ε

t

D⊤P2(t; t)Dds−D(t)⊤P2(t; t)D(t)
∣∣∣
∞
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≤ C 1
ε

∫ t+ε

t

∣∣P2(s; t)− P2(t; t)
∣∣
∞ds

+
∣∣∣1
ε

∫ t+ε

t

D⊤P2(t; t)Dds−D(t)⊤P2(t; t)D(t)
∣∣∣
∞

≤ C 1
ε

∫ t+ε

t

∣∣P2(s; t)− P2(t; t)
∣∣
∞ds+ C 1

ε

∫ t+ε

t

|D⊤ −D(t)⊤|∞ds,

by Lebesgue’s differentiation theorem, we have

lim
ε→0

1

ε

∫ t+ε

t

D⊤P2(s; t)Dds = D(t)⊤P2(t; t)D(t), a.e. t ∈ [0, T ].

Other formulas in (2.63) can be proved similarly.
Except for the second equality in (2.64), the other ones can be proved similarly. Since∣∣∣∣1ε

∫ t+ε

t

D⊤P1(s; t)CΘΨ(s; t)ds−D(t)⊤P1(t; t)CΘ(t)

∣∣∣∣
∞

≤ 1

ε

∫ t+ε

t

∣∣D⊤(P1(s; t)− P1(t; t)
)
CΘΨ(s; t)

∣∣
∞ds

+
1

ε

∫ t+ε

t

∣∣D⊤P1(t; t)CΘ

(
Ψ(s; t)−Ψ(t; t)

)∣∣
∞ds

+

∣∣∣∣1ε
∫ t+ε

t

D⊤P1(t; t)CΘΨ(t; t)ds−D(t)⊤P1(t; t)CΘ(t)

∣∣∣∣
∞

≤ C 1
ε

∫ t+ε

t

∣∣P1(s; t)− P1(t; t)
∣∣
∞(1 + |Θ|∞)ds

+ C 1
ε

∫ t+ε

t

∣∣Ψ(s; t)−Ψ(t; t)
∣∣
∞(1 + |Θ|∞)ds

+

∣∣∣∣1ε
∫ t+ε

t

D⊤P1(t; t)CΘΨ(t; t)ds−D(t)⊤P1(t; t)CΘ(t)

∣∣∣∣
∞

≤ C
[
1

ε

∫ t+ε

t

(1 + |Θ|∞)2ds

]1/2 [(
1

ε

∫ t+ε

t

∣∣P1(s; t)− P1(t; t)
∣∣2
∞ds

)1/2

+

(
1

ε

∫ t+ε

t

∣∣Ψ(s; t)−Ψ(t; t)
∣∣2
∞ds

)1/2
]

+

∣∣∣∣1ε
∫ t+ε

t

D⊤P1(t; t)CΘΨ(t; t)ds−D(t)⊤P1(t; t)CΘ(t)

∣∣∣∣
∞

≤ C
[
1

ε

∫ t+ε

t

(1 + |Θ|∞)2ds

]1/2 [(
1

ε

∫ t+ε

t

∣∣P1(s; t)− P1(t; t)
∣∣2
∞ds

)1/2

+

(
1

ε

∫ t+ε

t

∣∣Ψ(s; t)−Ψ(t; t)
∣∣2
∞ds

)1/2

+

(
1

ε

∫ t+ε

t

∣∣D⊤ −D(t)⊤
∣∣2
∞ds

)1/2
]

+ C 1
ε

∫ t+ε

t

∣∣CΘ − CΘ(t)
∣∣
∞ds,

we get the second equality in (2.64) immediately.
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Step 10. In this step, we prove the “only if” part of Theorem 2.1.

Choose any sequence {εj}∞j=1 ⊂ (0,+∞) satisfying lim
j→∞

εj = 0. By (2.58), for any (t, x, v) ∈ [0, T ) ×

L2
Ft
(Ω;Rn)× L2

Ft
(Ω;Rk), we have that

lim
j→∞

J (t, x;uεj (·))− J (t, x;u(·))
εj

= lim
j→∞

{〈
1

εj

(∫ t+εj

t

1

2
R(s, t)ds+

∫ t+εj

t

1

2
D⊤P2(s; t)Dds

+

∫ t+εj

t

1

2
D⊤P8(s; t)Dds+

∫ t+εj

t

1

2
D⊤P4N(s, t)P6Dds

)
v, v

〉
+

〈
1

εj

{
Et

∫ t+εj

t

[
B⊤P1(s; t) +D⊤P1(s; t)CΘ +R(s, t)Θ

+
(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)P13(s; t) +D⊤P10N(s, t)P12CΘ

+B⊤P14(s; t) +D⊤P14(s; t)CΘ

]
Xds

}
, v

〉}
≥ 0, P-a.s.

This, together with (2.52), (2.59), (2.60), (2.63) and (2.64), yields (2.1) and (2.2).

Step 11. In this step, we prove the “if” part of Theorem 2.1.

Choose any sequence {εj}∞j=1 ⊂ (0,+∞) satisfying lim
j→∞

εj = 0. By (2.1), (2.2) and (2.59), for any t ∈ [0, T ],

we have

1

εj

∫ t+εj

t

(
R(s, s) +D⊤P2(s; s)D +D⊤P8(s; s)D +D⊤P4N(s, s)P6D

)
ds ≥ 0, (2.65)

and

1

εj

∫ t+εj

t

[
B⊤P1(s; s) +D⊤P1(s; s)CΘ +B⊤P14(s; s)

+D⊤P14(s; s)CΘ +R(s, s)Θ +
(
B̂⊤ +B⊤P10

+D⊤P10D̂
⊤)G2P12 +D⊤P10N(s, s)P12CΘ

]
ds = 0.

(2.66)

On the other hand, by Assumption 1.5 and (2.62), it holds that

∣∣∣∣ 1εj
∫ t+εj

t

(
R(s, s) +D⊤P2(s; s)D +D⊤P8(s; s)D

+D⊤P4N(s, s)P6D
)
ds− 1

εj

∫ t+εj

t

(
R(s, t) +D⊤P2(s; t)D

+D⊤P8(s; t)D +D⊤P4N(s, t)P6D
)
ds

∣∣∣∣
∞

≤ Cεj ,
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and ∣∣∣∣ 1εj
∫ t+εj

t

[
B⊤P1(s; s) +D⊤P1(s; s)CΘ +B⊤P14(s; s)

+D⊤P14(s; s)CΘ +R(s, s)Θ +
(
B̂⊤ +B⊤P10

+D⊤P10D̂
⊤)G2P12 +D⊤P10N(s, s)P12CΘ

]
ds

− 1

εj

∫ t+εj

t

[
B⊤P1(s; t)Ψ(s; t) +D⊤P1(s; t)CΘΨ(s; t)

+B⊤P14(s; t)Ψ(s; t) +D⊤P14(s; t)CΘΨ(s; t)

+R(s, t)ΘΨ(s; t) +
(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)Γ(s; t)
+D⊤P10N(s, t)P12CΘΨ(s; t)

]
ds

∣∣∣∣
∞

≤ Cεj + C
∫ t+εj

t

(
1 + |Θ|∞

)
ds+ C 1

εj

∫ t+εj

t

∣∣Γ(s; s)− Γ(s; t)
∣∣
∞ds

≤ Cεj + C
∫ t+εj

t

(
1 + |Θ|∞

)
ds+

C
εj

∫ t+εj

t

∣∣P12(t)− P12

∣∣
∞ds

≤ Cεj + C
∫ t+εj

t

(
1 + |Θ|∞

)
ds+

C
εj

∫ t+εj

t

∫ s

t

(
1 + |Θ(τ)|∞

)
dτds.

Combining (2.65), (2.66) and (2.58), we get

lim
j→∞

J (t, x;uεj (·))− J (t, x;u(·))
εj

= lim
j→∞

{〈
1

2εj

[ ∫ t+εj

t

(
R(s, s) +D⊤P2(s; s)D +D⊤P8(s; s)D

+D⊤P4N(s, s)P6D
)
ds
]
v, v

〉
+

〈
1

εj

∫ t+εj

t

[
B⊤P1(s; s)

+D⊤P1(s; s)CΘ +B⊤P14(s; s) +D⊤P14(s; s)CΘ +R(s, s)Θ

+
(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)G2P12

+D⊤P10N(s, s)P12CΘ

]
ds x, v

〉}
≥
〈

lim
j→∞

1

2εj

[ ∫ t+εj

t

(
R(s, s) +D⊤P2(s; s)D +D⊤P8(s; s)D

+D⊤P4N(s, s)P6D
)
ds
]
v, v

〉
+

〈
lim
j→∞

1

εj

∫ t+εj

t

[
B⊤P1(s; s)

+D⊤P1(s; s)CΘ +B⊤P14(s; s) +D⊤P14(s; s)CΘ +R(s, s)Θ

+
(
B̂⊤ +B⊤P10 +D⊤P10D̂

⊤)G2P12

+D⊤P10N(s, s)P12CΘ

]
ds x, v

〉
≥ 0, P-a.s.

This completes the proof.
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Now we are in a position to prove Theorem 1.6.

Proof of Theorem 1.6. The “only if” part. Suppose there exists an equilibrium strategy Θ(·) ∈
L2(0, T ;Rk×n). By Theorem 2.1, we get (P1(·; ·),P2(·),P3(·; ·)) as the solution of the equation (2.3). Let
(P1(·; ·), P2(·), P3(·; ·)) = (P1(·; ·),P2(·),P3(·; ·)). From the equation (2.2), we get (1.13) and know that there
exists a θ0(·) ∈ L2(0, T ;Rk×n) such that (1.11) holds. From (1.11), we find that[

R(t, t) +D(t)⊤
(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]†[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]
Θ(t)

=
[
R(t, t) +D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
D(t)

]†
×
[
B(t)⊤

(
P1(t; t) + P3(t; t)

)
+D(t)⊤

(
P1(t; t) + P3(t; t) + P2(t)

⊤N(t, t)P2(t)
)
C(t)

+
(
B̂(t)⊤ +B(t)⊤P2(t)

⊤ +D(t)⊤P2(t)
⊤D̂⊤(t)

)
G2(t)P2(t)

]
,

which implies (1.12). Lastly, (1.14) follows from (2.1).

The “if” part. Note that the systems (1.10) and (2.3) are consistent. If such a θ0(·) ∈ L2(0, T ;Rk×n) exists,
then by (1.12), we know that the Θ(·) defined by (1.11) is in L2(0, T ;Rk×n). Moreover, by (1.11), (1.13)
and (1.14), we see that (2.1) and (2.2) hold. Thus, from Theorem 2.1, such Θ(·) is a closed-loop equilibrium
strategy.

3. Proof of Theorem 1.12

In this section, we prove Theorem 1.12. To reach this goal, we first reduce the systems (1.10)–(1.12) into an
integral equation system, which is more convenient to be handled.

Proposition 3.1. Let Assumption 1.5 hold. Then Problem (TI-FBSLQ) admits a closed-loop equilibrium
strategy if and only if there exists θ0(·) ∈ L2(0, T ;Rk×n) such that the following system



Φ(s, t) = I +

∫ s

t

AΘΦ(r, t)dr +

∫ s

t

CΘΦ(r, t)dW (r), 0 ≤ t ≤ s ≤ T,

P̃2(t) = H +

∫ T

t

(
P̃2AΘ + ÂΘ + ĈP̃2 + D̂P̃2CΘ

)
ds, 0 ≤ t ≤ T,

P̃1(t) = Et

[
Φ(T, t)⊤G1(t)Φ(T, t) +

∫ T

t

Φ(s, t)⊤
(
Q(s, t) + Θ⊤R(s, t)Θ

+P̃⊤
2 M(s, t)P̃2 + C⊤

Θ P̃⊤
2 N(s, t)P̃2CΘ

)
Φ(s, t)ds

]
, 0 ≤ t ≤ T,

(3.1)

where

Θ(s)=−
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
×
[
B(s)⊤P̃1(s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
C(s)

+
(
B̂(s)⊤+B(s)⊤P̃2(s)

⊤ +D(s)⊤P̃2(s)
⊤D̂(s)⊤

)
G2(s)P̃2(s)

]
+ θ0(s)−

[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
(3.2)

×
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]
θ0(s),

admits a solution (P̃1(·), P̃2(·)) satisfying
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

[
R(·, ·) +D(·)⊤

(
P̃1(·) + P̃2(·)⊤N(·, ·)P̃2(·)

)
D(·)

]†
×
[
B(·)⊤P̃1(·) +D(·)⊤

(
P̃1(·) + P̃2(·)⊤N(·,·)P̃2(·)

)
C(·)

+
(
B̂(·)⊤ +B(·)⊤P̃2(·)⊤ +D(·)⊤P̃2(·)⊤D̂(·)⊤

)
G2(·)P̃2(·)

]
∈ L2(0, T ;Rk×n),

R
(
R(t, t) +D(t)⊤

(
P̃1(t) + P̃2(t)

⊤N(t, t)P̃2(t)
)
D(t)

)
⊇

R
(
B(t)⊤P̃1(t) +D⊤(t)

(
P̃1(t) + P̃2(t)

⊤N(t, t)P̃2(t)
)
C(t)

+
(
B̂(t)⊤ +B(t)⊤P̃2(t)

⊤ +D(t)⊤P̃2(t)
⊤D̂(t)⊤

)
G2(t)P̃2(t)

)
, a.e. t ∈ [0, T ],

R(t, t) +D(t)⊤P̃1(t)D(t) +D(t)⊤P̃2(t)
⊤N(t, t)P̃2(t)D(t) ≥ 0, a.e. t ∈ [0, T ].

(3.3)

Proof. The “only if” part. By Theorem 1.6, we know that there exists θ0(·) ∈ L2(0, T ;Rk×n) such that the
equations (1.10)–(1.14) admit a solution (P1(·; ·), P2(·), P3(·; ·)). Let{

P̃ (s; t) := P1(s; t) + P3(s; t),

P̃1(s) := P̃ (s; s), P̃2(s) := P2(s).
(3.4)

Apply Ito’s formula to s → Φ(s, t)⊤P̃ (s; t)Φ(s, t), we have

P̃1(t)− Φ(T, t)⊤G1(t)Φ(T, t)

=

∫ T

t

Φ(s, t)⊤
(
Q(s, t) + Θ⊤R(s, t)Θ + P⊤

2 M(s, t)P2

+ C⊤
ΘP⊤

2 N(s, t)P2CΘ

)
Φ(s, t)ds−

∫ T

t

(
Φ(s, t)⊤P̃ (s, t)CΘΦ(s, t)

+ Φ(s, t)⊤C⊤
Θ P̃ (s, t)Φ(s, t)

)
dW (s),

which implies the last equation in (3.1). Combining (1.10)–(1.14), we see (3.3) holds.

The “if” part. Since there exists θ0(·) ∈ L2(0, T ;Rk×n) such that the equations (3.1)–(3.3) admit a solution

(P̃1(·), P̃2(·)). With (P̃1(·), P̃2(·)) and θ0(·), we choose Θ(·) as in (3.2), which is in L2(0, T ;Rk×n) by (3.3).
Consider the following system:



dP ∗
1 (s; t)

ds
+P ∗

1 (s; t)AΘ +A⊤
ΘP

∗
1 (s; t)

+C⊤
ΘP ∗

1 (s; t)CΘ +Q(s, t) + Θ⊤R(s, t)Θ = 0, 0 ≤ t ≤ s ≤ T,

dP ∗
2

ds
+ P ∗

2AΘ + ÂΘ + ĈP ∗
2 + D̂P ∗

2CΘ = 0, 0 ≤ t ≤ s ≤ T,

dP ∗
3 (s; t)

ds
+ P ∗

3 (s; t)AΘ +A⊤
ΘP

∗
3 (s; t) + C⊤

ΘP ∗
3 (s; t)CΘ

+P ∗
2
⊤M(s, t)P ∗

2 + C⊤
ΘP ∗

2
⊤N(s, t)P ∗

2CΘ = 0, 0 ≤ t ≤ s ≤ T,

P ∗
1 (T ; t) = G1(t), P

∗
2 (T ) = H,P ∗

3 (T ; t) = 0, 0 ≤ t ≤ T.

(3.5)

Since P ∗
2 (·) and P̃2(·) solve the same differential equation, we get that P ∗

2 (·) = P̃2(·) by the uniqueness of the
solution to the second equation of (3.5).
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Set P̃ ∗
1 (s; t) := P ∗

1 (s; t) + P ∗
3 (s; t). Similar to the proof of the “only if” part, we can obtain a representation

of P̃ ∗
1 (t; t), and consequently deduce that P̃ ∗

1 (t; t) = P̃1(t). Therefore, Θ(·) can be rewritten as

Θ(s) =−
[
R(s, s) +D(s)⊤

(
P ∗
1 (s; s) + P ∗

3 (s; s) + P ∗
2 (s)

⊤N(s, s)P ∗
2 (s)

)
D(s)

]†
×
[
B(s)⊤

(
P ∗
1 (s; s) +P ∗

3 (s; s)
)
+D(s)⊤

(
P ∗
1 (s; s) + P ∗

3 (s; s) + P ∗
2 (s)

⊤N(s, s)P ∗
2 (s)

)
× C(s) +

(
B̂(s)⊤ +B(s)⊤P ∗

2 (s)
⊤ +D(s)⊤P ∗

2 (s)
⊤D̂(s)⊤

)
G2(s)P

∗
2 (s)

]
+ θ0(s)−

[
R(s, s) +D(s)⊤

(
P ∗
1 (s; s) + P ∗

3 (s; s) + P ∗
2 (s)

⊤N(s, s)P ∗
2 (s)

)
D(s)

]†
×
[
R(s, s) +D(s)⊤

(
P ∗
1 (s; s) + P ∗

3 (s; s) + P ∗
2 (s)

⊤N(s, s)P ∗
2 (s)

)
D(s)

]
θ0(s).

Combining (3.3) and Theorem 1.6, the sufficiency is proved.

Now, we prove Theorem 1.12 via Proposition 3.1.

Proof of Theorem 1.12. We divide the proof into four steps.

Step 1. In this step, we prove the boundedness of Θ(·), P̃1(·) and P̃2(·) in (3.1)–(3.2).

By Assumption 1.10 and the last equation in (3.1), we get that P̃1(·) ≥ 0.
Since m = n = k = 1, Θ(·) can be rewritten as

Θ(s) =
(
R(s, s) +D(s)2P̃1(s) +D(s)2N(s, s)P̃2(s)

2
)−1

×
{(

B(s) +D(s)C(s)
)
P̃1(s) + B̂(s)G2(s)P̃2(s)

+
[
D(s)C(s)N(s, s) +

(
B(s) +D(s)D̂(s)

)
G2(s)

]
P̃2(s)

2
}

=: I1(s) + I2(s),

where

|I1(s)| =

∣∣∣∣∣
(
B(s) +D(s)C(s)

)
P̃1(s)

R(s, s) +D(s)2P̃1(s) +D(s)2N(s, s)P̃2(s)2

∣∣∣∣∣
≤ max

{
|B(s) +D(s)C(s)|

δ
,
|B(s) +D(s)C(s)|

D(s)2

}
≤ C

δ
, a.e. s ∈ [0, T ],

and

|I2(s)| =

∣∣∣∣∣ B̂(s)G2(s)P̃2(s) +
[
D(s)C(s)N(s, s) +

(
B(s) +D(s)D̂(s)

)
G2(s)

]
P̃2(s)

2

R(s, s) +D(s)2P̃1(s)+D(s)2N(s, s)P̃2(s)2

∣∣∣∣∣
≤ max

{
C
δ
,

C
D(s)2δ

}
≤ max

{
C
δ
,
C
δ2

}
, a.e. s ∈ [0, T ].

Hence, we have

|Θ(t)| < C, a.e. t ∈ [0, T ].

From the second equation in (3.1), we have

|P̃2(t)| ≤ |H|+
∫ T

t

(∣∣AΘ + Ĉ + D̂CΘ

∣∣× ∣∣P̃2

∣∣+ ∣∣ÂΘ

∣∣)ds,
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which, together with Gronwall’s inequality, implies that

P̃2(s) < C, s ∈ [0, T ].

Similarly, we can get

sup
t∈[0,T ]

sup
s∈[t,T ]

E|Φ(s, t)|2 < C.

Then,

P̃1(t)=E
{
Φ(T, t)2G1(t) +

∫ T

t

Φ(s, t)2
[
Q(s, t) + Θ2R(s, t) + (P̃2)

2M(s, t) + C2
Θ(P̃2)

2N(s, t)
]
ds
}

= G1(t)EΦ(T, t)2 +
∫ T

t

[
Q(s, t) + Θ2R(s, t) + (P̃2)

2M(s, t) + C2
Θ(P̃2)

2N(s, t)
]
EΦ(s, t)2ds

< C.

Step 2. In this step, we establish estimates for P̃1(·) and P̃2(·).
Given Θi (i = 1, 2), and


dP̃ i

2

ds
= −

(
P̃ i
2AΘi

+ ÂΘi
+ ĈP̃ i

2 + D̂P̃ i
2CΘi

)
, s ∈ [0, T ],

P̃ i
2(T ) = H,

we have

P̃ 1
2 (t)− P̃ 2

2 (t)

=

∫ T

t

[(
P̃ 1
2 − P̃ 2

2

)
AΘ1

+ P̃ 2
2B
(
Θ1 −Θ2

)
+ B̂

(
Θ1 −Θ2

)
+ Ĉ

(
P̃ 1
2 − P̃ 2

2

)
+ D̂

(
P̃ 1
2 − P̃ 2

2

)
CΘ1

+ D̂P̃ 2
2D
(
Θ1 −Θ2

)]
ds.

By Gronwall’s inequality, we get that

∣∣P̃ 1
2 (t)− P̃ 2

2 (t)
∣∣ ≤∫ T

t

(
C
∣∣P̃ 1

2 − P̃ 2
2

∣∣+ C
∣∣Θ1 −Θ2

∣∣)ds (3.6)

≤C
∫ T

t

∣∣Θ1 −Θ2

∣∣ds
≤C(T − t)

∣∣Θ1(·)−Θ2(·)
∣∣
L∞(t,T ;R)

,

which yields

sup
s∈[t,T ]

∣∣P̃ 1
2 (s)− P̃ 2

2 (s)
∣∣ ≤ C(T − t)

∣∣Θ1(·)−Θ2(·)
∣∣
L∞(t,T ;R). (3.7)
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Similarly, for 0 ≤ t ≤ τ ≤ T , consider the following equation:

{
dΦi(s, t) = AΘi

Φi(s, t)ds+ CΘi
Φi(s, t)dW (s), s ∈ [t, τ ], i = 1, 2,

Φi(t, t) = I.

By standard estimate for SDEs(e.g., [1], Thm. 3.2), we have

E sup
s∈[t,τ ]

∣∣Φ1(s, t)− Φ2(s, t)
∣∣2 ≤ C

∫ τ

t

∣∣Θ1 −Θ2

∣∣2ds (3.8)

≤ C(τ − t)
∣∣Θ1(·)−Θ2(·)

∣∣2
L∞(t,τ ;R)

,

where the constant C is independent of the choice of t and τ .
For i = 1, 2, let

P̃ i
1(t) =E

{
Φi(T, t)⊤G1(t)Φ

i(T, t) +

∫ T

t

Φi(s, t)⊤
[
Q(s, t) + Θ⊤

i R(s, t)Θi

+ (P̃ i
2)

⊤M(s, t)P̃ i
2 + C⊤

Θi
(P̃ i

2)
⊤N(s, t) P̃ i

2 CΘi

]
Φi(s, t)ds

}
.

From (3.6) and (3.8), we obtain that

∣∣P̃ 1
1 (t)− P̃ 2

1 (t)
∣∣

≤ E
{∣∣G1(t)

(
Φ1(T, t)2 − Φ2(T, t)2

)∣∣+ ∫ T

t

[∣∣∣Q(s, t)
(
Φ1(s, t)2 − Φ2(s, t)2

)∣∣∣
+
∣∣∣R(s, t)

(
Φ1(s, t)2Θ2

1 − Φ2(s, t)2Θ2
2

)∣∣∣+∣∣∣M(s, t)
(
Φ1(s, t)2(P̃ 1

2 )
2 − Φ2(s, t)2(P̃ 2

2 )
2
)∣∣∣

+
∣∣∣N(s, t)

(
Φ1(s, t)2(P̃ 1

2 )
2C2

Θ1
− Φ2(s, t)2(P̃ 2

2 )
2C2

Θ2

)∣∣∣]ds}
≤ C

{(
E
∣∣Φ1(T, t)− Φ2(T, t)

∣∣2)1/2 + ∫ T

t

[(
E
∣∣Φ1(s, t)− Φ2(s, t)

∣∣2)1/2
+
(
E
∣∣Φ1(s, t)Θ1 − Φ2(s, t)Θ2

∣∣2)1/2 + (E∣∣Φ1(s, t)P̃ 1
2 − Φ2(s, t)P̃ 2

2

∣∣2)1/2
+
(
E
∣∣Φ1(s, t)P̃ 1

2CΘ1
− Φ2(s, t)P̃ 2

2CΘ2

∣∣2)1/2]ds}
≤ C

[(∫ T

t

∣∣Θ1(s)−Θ2(s)
∣∣2ds)1/2 (3.9)

+

∫ T

t

(∫ s

t

∣∣Θ1(τ)−Θ2(τ)
∣∣2dτ +

∣∣Θ1(s)−Θ2(s)
∣∣2 + ∣∣P̃ 1

2 (s)− P̃ 2
2 (s)

∣∣2)1/2ds]
≤ C

(∫ T

t

∣∣Θ1(s)−Θ2(s)
∣∣2ds)1/2

≤ C(T − t)1/2
∣∣Θ1(·)−Θ2(·)

∣∣
L∞(t,T ;R)

.
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Step 3. Define the mapping F0 : L∞(t0, T ;R) → L∞(t0, T ;R) as follows (t0 is to be determined later): for
Θ(·) ∈ L∞(t0, T ;R),

F0(Θ(·))(s) =−
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
×
[
B(s)⊤P̃1(s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
C(s)

+
(
B̂(s)⊤ +B(s)⊤P̃2(s)

⊤ +D(s)⊤P̃2(s)
⊤D̂(s)⊤

)
G2(s)P̃2(s)

]
+ θ0(s)−

[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
×
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]
θ0(s), ∀ s ∈ [t0, T ],

where (P̃1(·), P̃2(·)) are the solution to the equation (3.1) by choosing Θ(·) to be the control strategy on time
interval [t1, T ] in the equation (3.2).

Given Θi(·) ∈ L∞(t0, T ;R), i = 1, 2,

F0(Θ1(·))(s)− F0(Θ2(·))(s)

=
{[(

R(s, s) +D(s)2P̃ 1
1 (s) +D(s)2P̃ 1

2 (s)
2N(s, s)

)−1

−
(
R(s, s) +D(s)2P̃ 2

1 (s) +D(s)2P̃ 2
2 (s)

2N(s, s)
)−1
]

×
[(
B(s) +D(s)C(s)

)
P̃ 1
1 (s) + B̂(s)G2(s)P̃

1
2 (s)

+
[
D(s)C(s)N(s, s) +

(
B(s) +D(s)D̂(s)

)
G2(s)

]
P̃ 1
2 (s)

2
]}

+
{(

R(s, s) +D(s)2P̃ 2
1 (s) +D(s)2P̃ 2

2 (s)
2N(s, s)

)−1
(3.10)

×
[(
B(s) +D(s)C(s)

)(
P̃ 1
1 (s)− P̃ 2

1 (s)
)
+ B̂(s)G2(s)

(
P̃ 1
2 (s)− P̃ 2

2 (s)
)

+
[
D(s)C(s)N(s, s) +

(
B(s) +D(s)D̂(s)

)
G2(s)

](
P̃ 1
2 (s)

2 − P̃ 2
2 (s)

2
)]}

≤ C
δ2
(∣∣P̃ 1

1 (s)−P̃ 2
1 (s)

∣∣+ ∣∣P 2
2 (s)

2−P 1
2 (s)

2
∣∣)

+
C
δ

(∣∣P̃ 1
1 (s)− P̃ 2

1 (s)
∣∣+ ∣∣P̃ 2

2 (s)− P̃ 1
2 (s)

∣∣+ ∣∣P̃ 2
2 (s)

2 − P̃ 1
2 (s)

2
∣∣)

≤ C
(∣∣P̃ 1

1 (s)− P̃ 2
1 (s)

∣∣+ ∣∣P̃ 1
2 (s)− P̃ 2

2 (s)
∣∣+ ∣∣P̃ 1

2 (s)
2 − P̃ 2

2 (s)
2
∣∣).

By (3.7) and (3.9), we get that∣∣F0(Θ1(·))(·)− F0(Θ2(·))(·)
∣∣
L∞(t0,T ;R)

≤ C(T − t0)
1/2
∣∣Θ1(·)−Θ2(·)

∣∣
L∞(t0,T ;R)

. (3.11)

Choose t0 such that C(T − t0)
1/2 < 1/2, via Banach fixed-point theorem, we know there is a unique fixed point

Θ∗(·) ∈ L∞(t0, T ;R) for the mapping F0.

Step 4. Define the mapping F1 : L∞(t1, t0;R) → L∞(t1, t0;R) as follows (t1 is to be determined later): for
Θ(·) ∈ L∞(t1, t0;R),

F1(Θ(·))(s) =
{
−
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
×
[
B(s)⊤P̃1(s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
C(s)

+
(
B̂(s)⊤ +B(s)⊤P̃2(s)

⊤ +D(s)⊤P̃2(s)
⊤D̂(s)⊤

)
G2(s)P̃2(s)

]
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+ θ0(s)−
[
R(s, s) +D(s)⊤

(
P̃1(s) + P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]†
×
[
R(s, s) +D(s)⊤

(
P̃1(s)+P̃2(s)

⊤N(s, s)P̃2(s)
)
D(s)

]
θ0(s)

}
×χ[t1,t0](s), s ∈ [t1, t0],

where (P̃1(·), P̃2(·)) is the solution of the equation (3.1) by choosing Θ(·)χ[t1,t0](·) + Θ∗(·)χ[t0,T ](·) to be the
control strategy on time interval [t1, T ] in the equation (3.2).

Given Θi(·) ∈ L∞(t1, t0;R), i = 1, 2, similar to the proof of (3.11), we can show that

∣∣F1(Θ1(·))(·)− F1(Θ2(·))(·)
∣∣
L∞(t1,t0;R)

≤ C(t0 − t1)
1/2
∣∣Θ1(·)−Θ2(·)

∣∣
L∞(t1,t0;R)

.

By choosing t0 − t1 = T − t0, it follows from Banach fixed-point theorem that there is a unique fixed point
Θ∗(·) ∈ L∞(t1, t0;R) for the mapping F1. Inductively, we obtain the existence and uniqueness of the solution
to the equations (3.1)–(3.3). By Proposition 3.1 and Theorem 1.6, we complete the proof.
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[1] Q. Lü and X. Zhang, Mathematical Control Theory for Stochastic Partial Differential Equations. Springer, Cham
(2021).

[2] H. Wang, J. Yong and C. Zhou, Optimal controls for forward–backward stochastic differential equations: time-
inconsistency and time-consistent solutions. J. Math. Pures Appl. 190 (2024) 103603.
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