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TIME-INCONSISTENT LINEAR QUADRATIC OPTIMAL CONTROL
PROBLEM FOR FORWARD-BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS

Q1 LUY" AND BOWEN MA?

Abstract. We study the time-inconsistent linear quadratic optimal control problem for forward—
backward stochastic differential equations with potentially indefinite cost weighting matrices for both
the state and the control variables. Our research makes two contributions. Firstly, we introduce a novel
type of Riccati equation system with parameters and constraint conditions, known as the generalized
equilibrium Riccati equation. This equation system offers a comprehensive solution for the closed-
loop equilibrium strategy of the problem at hand. Secondly, we establish the well-posedness of the
generalized equilibrium Riccati equation for the one-dimensional case, provided certain conditions are
met.
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1. INTRODUCTION

Let (9, F,F,P) be a complete filtered probability space, on which a standard one-dimensional Brownian
motion W (-) is defined, and F = {F; },>¢ is the natural filtration generated by W (-).

For a matrix M, we use M to represent the Moore-Penrose inverse of M and M " to represent the transpose
of M. In addition, for a positive integer n, S™ denotes the space consisting of all n x n symmetric matrices, and
ST denotes the space consisting of all positive semidefinite matrices in S™. Furthermore, |M |, represents the
spectral norm of a matrix M € R™ ™, which is equal to the square root of the largest eigenvalue of M T M.

We define some Banach spaces for k € N, t € [0,T], and p € [1,00), g € [1,00).

Firstly, L’;t (€; R¥) is the Banach space consisting of all F;-measurable random variables ¢ : Q — R¥ such
that E|¢|, < oo, with the canonical norm.

Next, LE(Q; C([t, T];R¥)) is the Banach space of all RF-valued F-adapted continuous stochastic processes

1/p
¢(-). The norm for this space is defined as [¢(-)| Lz ;01 11:R)) = (E Sren[ta% |¢>(s)|§<k> .
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2 Q. LU AND B. MA

Lastly, LE(Q; L9(¢t,T;R¥)) is a Banach space consisting of R¥-valued F-adapted stochastic processes ¢(-)

p/q
defined on the product space Q x [t, T] such that E ( ftT |p(s5) |5 ds) < 00. The norm of this Banach space is

given by the canonical norm. We can also write LE(Q; LP(¢t, T; R¥)) simply as Lb(t, T; RF).
Let T > 0 and (t,z) € [0,T) x L% (€;R™). Consider the following controlled linear forward-backward
stochastic differential equation (FBSDE, for short) on the time horizen [¢, T:

X (s) + B(s)u(s))ds + (C(s)X(s) + D(s)u(s))dW (s), s € [t,T),
+ B(s)u(s) + C(s)Y (s) + D(s)Z(s))ds + Z(s)dW (s), s € [t,T], (1.1)

where A(-),C(-) € L®(0,T;R™*"), B(-),D(-) € L>®(0,T;R"**), A(-) € L>(0,T;R™*"), B(-) € L>(0,T;
R™*%), and C(-), D(-) € L=(0, T; R™<™), H € R™*" and the control u(-) € U[t, T] 2 L2(t, T;R¥).

The equation (1.1) consists of a (forward) stochastic differential equation (SDE, for short) and a backward
stochastic differential equation (BSDE, for short). Since Y (-) and Z(-) do not appear in the SDE in (1.1), one
can first solve the SDE to obtain X (-), and then solve the BSDE to obtain (Y'(-), Z(+)). Therefore, based on the
classical well-posedness of SDEs and BSDEs, it is known that for any (¢,x) € [0,T) x L%, (Q;R") and u(-) €
U[t, T, the equation (1.1) has a unique solution (X (-),Y (-), Z(-)) € LA(; C([t, T); R™)) x L&(Q; C([t, T); R™)) x
La(t,T;R™) (e.g., [1], Sects. 3.1 and 4.1).

We introduce the following cost functional

Tt =3B [ [ (@), X(9) + (Rlsuus)u(s) + (M (Y (5). Y (5)

+(N(s,1)Z(s), Z(s)))ds + (G2 () X(T), X(T)) + <Gz(t)Y(t),Y(f)>},

(1.2)

where E; := E(- | F;) denotes the conditional expectation with respect to F:, G1(:) € C([0,T];S™), Ga(-) €
C([0,T:§™), Q(-) € C([0,T1%87), M(-,-), N(-,-) € C([0, T} S™) and R(-,") & C(0,T]? ).

For any u(-) € U[t,T], the cost functional J(¢,z;u(-)) is well defined. Naturally, we can pose a standard
optimal control problem as follows:

Problem (TI-FBSLQ). For any (t,z) € [0,T) x L%, (;R"), find a control a(-) € U[t, T] such that

J(t,z;a() = inf  J(, z;u()). (1.3)

u(-)EU[t,T]

Remark 1.1. Recently, Wang et al. [2] made an interesting discovery regarding optimal control problems for
FBSDEs, that is, they found that these problems exhibit a characteristic of being time-inconsistent. In light of
this, we refer to the aforementioned problem as the TI-FBSLQ problem, with the abbreviation “TI1”signifying
the time-inconsistency.

For Problem (TI-FBSLQ), a control @(-) € U[t,T] that satisfies (1.3) is referred to as a “pre-committed
optimal control”. Although the pre-committed optimal control 4(-) is optimal for the cost functional J (¢, x;-)
for any fixed initial pair (¢, ), it may not be practical in practice as it may not remain optimal at later times.
There are two main reasons in order:

(1) In the cost functional (1.2), the coefficients Q(-,t), R(-,t), M (-, t), N(-, t), G1(t), G2(t) depend on the initial
time ¢. This subjective time-preference leads to time-inconsistent behavior (see [3—6] and the rich reference
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therein). For example, if we assume:

then Problem (TI-FBSLQ) will reduce to the model in [4, 6], where an illustrative example is provided.
Even if there is no subjective time-preference, i.e., the coefficients Q(-,t), R(-,t), M(-,t), N(-,t), G1(t),
G2(t) do not depend on the initial time ¢, Problem (TI-FBSLQ) remains time-inconsistent due to the
forward—backward structure of the control system (1.1) (e.g., [2]). For instance, consider the following
simple example:

Example 1.2. Let n=m=k=1,

X(s) =u(s), seltT],
Y(s) =u(s), selt,T],
X(t)==z, Y(T)=2X(T),

with cost functional
J(t,z;u(-) = [Y (1)

A direct calculation gives Y (t) = 2z + ftT u(s)ds. Hence,

T
J(t,zyu() = <2x—|—/t u(s)ds)

This implies that a control @(-) € L2(¢,T;R) is an optimal control for the initial pair (¢, ) if and only if

/tT a(s)ds = —2z.

As a result, for the initial pair (¢,2) = (0,1), an optimal control @(-) must satisfy

/O " s)ds = 2

Therefore, the optimal state satisfies X (T';1,%) = —1. Then there exists 0 < ¢t* < T such that

2

I
o
—
—
=
S—

-
X(t*51,u) =1 +/ u(s)ds
0

For initial pair (¢*,0), we have

T 2
T, 0u() = [Y ()] = (/t u(s)d5> : (1.5)



4 Q. LU AND B. MA

Clearly, the restriction of the control @(-) on [t*,T] is not an optimal control for (1.5), since from (1.4),

we have
T
/ a(s)ds = —1.
.

To address the issue of time inconsistency, we propose the following definition.

Thus, the problem is time-inconsistent.

Definition 1.3. A matrix-valued function ©(-) € L?(0,T;R**") is called the closed-loop equilibrium strategy
of Problem (TI-FBSLQ) if for any sequence {¢;}52, C (0, +00) converging to 0, (¢,z) € [0,T) x L%, (€;R") and
v € L3 (R,

jli%lo : >0, P-a.s. (1.6)
Here
dX (s) = (A(s) + B(s)O(s)) X (s)ds + (C(s) + D(s)O(s)) X (s)dW (s), s € [t,T],
dY'(s) = —[(A(s) + B(5)0(5)) X (s) + C(s)Y (s) + D(s)Z(s)]ds + Z(s)dW (s), se[t,T],  (1.7)
X(t)==2, Y(T)=HX(T),
u(s) = 0(s)X(s), u(s)= X[t7t+5j](s)v + O(s) X% (s), (1.8)

and X% (+) is the solution of equation (1.1) corresponding to the control u® (-).

Remark 1.4. The variation of control %(-) in Definition 1.3 is given by X[s,¢4¢,)v +©(s) X% (s), which is different
from the general form X[ ;4. yu(-) used in [3, 4]. Although Definition 1.3 is weaker, it is still useful, as shown
in [7, 8]. We adopt this definition to facilitate the analysis of our problem using the variational approach.

In what follows, for simplicity of notations, for ©(-) € L%(0, T; R¥*"), we denote

To study the closed-loop equilibrium strategy of Problem (TI-FBSLQ), we need to introduce the following
assumption:

Assumption 1.5. There exists a constant C > 0, such that for any 0 <t <7 < s < T, it holds that

|Q(8’t) - Q(377)|00 + |R(S7t) - R(57T)|OO + |M(Svt) - M(S’T)|oo

FIN(s,8) = N(5,7)]oo + [Ga(8) — Ga(7) oo + | Galt) — Galr)]oo < Clt — 7. (1.9)

Here and in what follows, to simplify the expression, we make two conventions when there is no ambiguity:
First, we denote by C a generic constant which may vary from line to line; Second, when a function in the
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equation involves only a single time variable, we omit it, whereas with two time variables, we explicitly specify
them.

For 0y(-) € L?(0,T;R¥*™), consider the following equation:

% + Py(s;t)Ae + AS Py (s;t)
+Cg Pi(5;t)Co 4+ Q(s,t) + O T R(s,1)0 = 0, 0<t<s<T,
%+P2A@+A@+CP2+DP20@—0 0<t<s<T, w10)
APs(s: t '
% + Pg(S;t)A@ + Ang(s;t) + C@ Pg(S;t)C@
+Py) M(s,t)Py + C4 Py N(s,t)PyCe = 0, 0<t<s<T,
Pi(T;t) = G1(t), P»(T)=H, Ps(T;t)=0, 0<t<T.
where
O(t) = —[R(t,t) + D(t) T (Py(t;t) + Ps(t;t) + Po(t) T N(t,£)Pa(1)) D(1)]"
x [B(t)T(Pi(t;t) + P3(t:1)) + D(t) T (Pu(t:t) + Ps(t:t) + Pa(t) ' N(t,£) P2(t)) C(2)
+ (BT +B@) P(t)" +D(t)TPg(t)TlA)(t)T)Gg(t)PQ(t)] Oo(t) (1.11)

Our first main result is as follows.

Theorem 1.6. Let Assumption 1.5 hold. Then Problem (TI-FBSLQ) admits a closed-loop equilibrium
strategy if and only if there exists 0y(-) € L?(0,T;R**™) such that the equation (1.10) admits a solution

(Pr(5) Po(-), Ps (5 ) satisfying

[R(-,-) + D(- >T(P1<-- Y+ Py(5) + Po() TN, P()) DO
{[BOT(Pl5) + Pol0) + DO (P ) + Pas) + B() TN ) P()CO)] (1.12)
+(B()" +B(~>TP2(~) +DT()P()TD()T)Ga(VPa(-)} € L0, T;RM>™),

X
—~
=

t,t)+ D(t)" (Pi(t;t) + P3(t;t) + Po(t) T N(2, t)Pg(t))D(t)> )
R(B(t)T (Pi(t;t) + Ps(t;t)) + D(t) T (Pr(t;t) + P3(t;t) + Pao(t) " N(¢, 1) Pa(t)) C(2) (1.13)
+HBOT+BOTRMT + D(t)TPQ(t)Tf)(t)T)Gz(t)Pz(t)), ae. te0,7],

and
R(t,t) + D) " Pi(t;t)D(t) + D(t) " P3(t;t)D(t) + D(t) T Pa(t) " N(t,t) Pa(t)D(t) > 0, ae. t€[0,7]. (1.14)

In this case, ©(-) given by (1.11) is a closed-loop equilibrium strategy.
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Remark 1.7. If
H=0, A\() = 6() =0, E() = ﬁ() =0, M('v ) = N('v ) = G2() =0, (1'15)

then the Problem (TI-FBSLQ) can be reduced to the Problem (TISLQ) that was studied in the reference [4]. The
equations (1.10)—(1.11) mentioned in the problem are consistent with the equations derived in [4], Theorem 2.10.
It is worth noting that in [4], the equations were obtained using the approach of multiperson differential games.

However, in our case, we use a different approach, namely, the variational approach, to obtain the equations
(1.10)—(1.11).

Remark 1.8. We will refer to equations (1.10)—(1.14) as the “generalized equilibrium Riccati equation”for
Problem (TI-FBSLQ). This term is used because when condition (1.15) is satisfied and the time-preference
disappears (meaning that the coefficients Q(-,t), R(+,t), G1(t) do not depend on the initial time ¢), our problem
can be naturally reduced to a classical indefinite stochastic LQ problem. In this case, equations (1.10)—(1.14)
become equivalent to the classical generalized Riccati equation as discussed in references [9-11].

In Theorem 1.6, the solvability of equations (1.10)—(1.12) is dependent on the choice of #y. This may appear
to be counterintuitive. However, the following example demonstrates that such dependence is indeed necessary
in Theorem 1.6.

Example 1.9. Let (1.15) hold, n =k =1, and
A() = D(-) = O, B(~) = C(.) = 17 R(S,t) = S — t7

T
Q(s,t) >0, Gi(t)= —/ e~ T=7)Q(r, t)dr.
t

When we choose 0(-) = 0, the equations (1.10)—(1.14) are solvable. In this case, we can get Ps(-) = 0,
PS('; ) =0, and

P psst) - QUot), t<s<T,
S
Pl(T;t):Gl(t)7 Ogti

Therefore Pj(t;t) = 0, and the constraint conditions (1.12)-(1.14) hold. By Theorem 1.6, the closed-loop
equilibrium strategies exist.

When we choose () = —3, the equations (1.10)~(1.11) are solvable, but the constraint conditions (1.13)
fail. Indeed, in this case, we can get Ps(-) =0, Ps(+;-) =0, and

dP(s;t) s—t

B — <s<
P Q(s,t) T t<s<T,

Pl(T,t):Gl(t), Ogti

Hence
T
Pi(t;t) = Gy(t) — /t [—Q(r,t) — (r —t)/4]dr
T T
= _/t e~ T=7)Q(r, t)dr +/t [Q(T, t)+ (1 — t)/4]d7'

= /T (1 —e T NQ(r,t)dr + (T —t)*/8 > 0.
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We can see that
R (R(t,t) + D(t) " Pi(t;t)D(t)) =R (0) 2 R (B(t) " Pi(t;t) + D(t) Pi(t;£)C(t)) .

Consequently, (1.13) does not hold.

This example demonstrates that, in general, for Problem (TI-FBSLQ), the solvability of the equations (1.10)—
(1.14) is dependent on the choice of the parameter 0y(-), even if its closed-loop equilibrium strategy exists.

Theorem 1.6 establishes the connection between the existence of closed-loop equilibrium strategies and the
solvability of the system (1.10)—(1.14). It is natural to inquire about the conditions under which the system
(1.10)—(1.14) is solvable. Unfortunately, as of now, we only have the answer to this question for the one-
dimensional case, which is the second main result of this paper. To present it, we first make the following
assumption:

Assumption 1.10. Let m = n =k = 1. There exists a constant § > 0, such that

N(t,t)>6, te[0,T],
D) D(t) > 5, ae. te|0,T].

Moreover,

Remark 1.11. In Assumption 1.10, DT D > § is a strong requirement which essentially helps us to establish a
priori estimate for ©(-), consequently leading to the well-posedness of (1.10)—(1.11). In some sense, this means
that the control on the diffusion term plays a positive role in obtaining the well-posedness of (1.10)—(1.11). On
the other hand, under Assumptions 1.10, we have

R(t,t)+ D) " (Pi(t;t) + Ps(t;t) + Po(t) TN (t, 1) P(t)) D(t) > 6, ae.te€[0,T].
Then the parameter y(-) in (1.11) naturally vanishes and the generalized equilibrium Riccati equation (1.10)—
(1.14) reduces to an equilibrium Riccati equation (1.10)—(1.11) without the parameter 6y(-).

The second main result of this paper is as follows:

Theorem 1.12. Let Assumptions 1.5-1.10 hold. Then for any 6o(-) € L*(0,T;R), the system (1.10)-
(1.14) admits a unique solution (Pi(-;-), Pa(+), Ps(+;+)). Consequently, Problem (TI-FBSLQ) admits a unique
equilibrium strategy given by

O(t) = —[R(t,1) + D(t)T (Pi(t:t) + Pa(t:t) + Po(t)  N(t,0)Pa(t)) D(1)]
x [B)T (Pi(t;t) + Pa(t;t)) + D(t) " (Pi(tit) + Ps(t;t) + Pa(t) TN (¢, t) Pa(2)) (1.16)
x C(t) + (B(t)" + B(t) Pa(t)" + D(t) " Po(t) T D(t) ") Ga(t) Pa(t)].

Since the seminal work [12] on optimal control problems for forward—backward stochastic differential equations
(FBSDEs), this area of research has received significant attention. Numerous studies have been conducted,



8 Q. LU AND B. MA

although it is impossible to provide an exhaustive list. Interested readers can refer to [13-16], as well as the
references cited therein.

It is worth noting that in the aforementioned literature, the essential time-inconsistency of optimal control
problems for FBSDEs has been ignored, with the focus being on pre-committed optimal control. However, a
recent study [2] revealed that time-inconsistency is indeed present in these problems. This implies that the
pre-committed optimal control obtained at the initial time may not remain optimal at a later time.

The study of time-inconsistent problems can be traced back to the mid-18th century, with works by Hume
[17] and Smith [18] analyzing the time-inconsistent behavior of animals and humans. Strotz [19] was the first to
mathematically formulate a time-inconsistent problem within an economic context. Since then, time-inconsistent
problems have been widely studied in economics and finance (e.g., [20-24]), focusing mainly on discrete dynamic
systems, simple ordinary differential equations (ODESs), or stochastic differential equations (SDEs). Inspired by
these studies, researchers in control theory started investigating time-inconsistent optimal control problems.
Substantial literature has been published on this subject, including [2-8, 25], as well as the references cited
therein, for time-inconsistent linear-quadratic (LQ) problems for SDEs. Among these works, there are two main
methods employed. The first one is based on multiperson differential games. By this method, Yong [6] obtained a
unique closed-loop equilibrium strategy for time-inconsistent stochastic LQ problems under standard conditions
(namely, the control cost weighting matrix R is uniformly positive definite, and the other weighting coefficients
Q, G are positive semidefinite). The second one is based on variational approaches and decoupling techniques.
Hu et al. [7, 8] applied this method to obtain a unique equilibrium control and provided an equivalent charac-
terization of that control for time-inconsistent stochastic LQ problems under standard conditions and a singular
case where they still require R+ DT M D to be uniformly positive definite (Here M satisfies a certain Riccati
equation). In these works, the proof of the existence of closed-loop equilibrium strategies or equilibrium controls
essentially requires R+ D"P,D or R+ DT MD to be uniformly positive definite. Recently, through multiper-
son differential games and the establishment of a sharp estimate, Lii and Ma [4] introduced conditions weaker
than prior researches, where R + DT P; D can be singular, to guarantee the existence of closed-loop equilibrium
strategies for time-inconsistent stochastic LQ problems. It should be noted that in the aforementioned works,
the control systems are SDEs, and the time-inconsistency arises from time-preferences or risk-preferences.
Very recently, Wang et al. [2] discovered that the forward-backward structure of the control system can also
lead to time-inconsistency. They introduced a general framework for time-inconsistent optimal control problems
for FBSDEs, and proved the well-posedness of the equilibrium Hamilton-Jacobi-Bellman equation when the
diffusion coefficient does not contain the control variable. They also posed a time-inconsistent FBSDE linear-
quadratic (TI-FBSLQ) problem but did not provide a proof for the well-posedness of the equilibrium Riccati
equation.

Despite the rich literature on optimal control theory for FBSDEs and time-inconsistent optimal control theory
for SDEs, there has been limited research on time-inconsistent optimal control theory for FBSDEs, with the
exception of the aforementioned study in [2].

The main contributions of the current paper are as follows:

1. We obtained the generalized equilibrium Riccati equation for Problem (TI-FBSLQ), which is a coupled
equilibrium Riccati equation system with parameters and constraint conditions. The solvability of this
equation fully characterizes the existence of closed-loop equilibrium strategies for Problem (TI-FBSLQ).
We also provide an equivalent characterization of the closed-loop equilibrium strategy. To obtain the
results, the main difficulties lie in three aspects: First, the cost weighting matrices for the state and the
control are allowed to be indefinite. In [4], Li and Ma utilized multiperson differential games to relax the
standard conditions to some extent, and derived a family of equilibrium Riccati equations depending on
parameters to obtain closed-loop equilibrium strategies. However, the method in [4] is not suitable for
handling the more general indefinite case. To address the indefinite case, we adopt a different approach,
the variational approach. Second, the estimate for the martingale term Z in the BSDE is generally not
enough for us to handle the problem. To overcome this difficulty, we notice that the BSDE is actu-
ally always coupled with a nice SDE, which may imply that Z have some good properties. Hence we
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technically use decoupling techniques multiple times to dig the hidden information of Z. Eventually,
we introduce fourteen auxiliary equations {P;}12, for decoupling. Third, the time-preferences, namely,
Q- t), R(-,t), M(-,t),N(-,t),G1(t), G2(t) depending on the initial time ¢, pose another obstacle to obtain-
ing the result. We overcome it by establishing stability estimates for some auxiliary equations generated
during the derivation and subsequently obtaining some convergence results.

2. Our study reveals a new and interesting phenomenon. For Problem (TI-FBSLQ), even if closed-loop
equilibrium strategies exist, the solvability of the generalized equilibrium Riccati equation depends on
the choice of the parameter. This is different from the time-consistent scenario, where the existence of
closed-loop optimal control implies the solvability of the generalized Riccati equation.

3. When the state is one-dimensional and under slightly stronger assumptions than standard conditions, we
prove the well-posedness of the generalized equilibrium Riccati equation for any chosen parameter. From
this result, we can explicitly obtain a closed-loop equilibrium strategy for Problem (TI-FBSLQ). The main
difficulty lies in the complicated nature of the coupled differential equation system with non-local terms
and constraint conditions. We introduce assumptions to eliminate the constraint conditions and simplify
the problem into a system of differential equations with non-local terms. By appropriately applying the
Banach fixed-point theorem piecewise, we establish the well-posedness on the entire interval.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.6 and
Section 3 addresses the proof of Theorem 1.12.
2. PROOF OF THEOREM 1.6

The purpose of this section is to provide a proof for Theorem 1.6. To achieve this, it is crucial to demonstrate
the following equivalent characterization of closed-loop equilibrium strategies for Problem (TI-FBSLQ).

Theorem 2.1. Let Assumption 1.5 hold. Then O(-) € L2(0,T;R**") is a closed-loop equilibrium strategy of
Problem (TI-FBSLQ) if and only if for a.e. t € [0,T],

R(t,t) + D(t) "P1(t;t)D(t) + D(t) "P3(t;t)D(t) + D(t) "P2(t) T N(t,t)P2(t)D(t) > 0, (2.1)

and

B(t) ' Py(t;t) + (t)TPl(t't)C@( t) 4+ B(t) "Pg(t;t) + D(t) " P3(t;t)Col(t)
+R(L1)OE) + (B(t)T + B(t) " Pa(t ) +D(t)TP2(t)TD(t) ") Ga(t) P2 (1) (2.2)
+D(t)"Py(t) ' N(t, )P z( )Ce(t) =

where (P1(+;+),P2(-),P3(-;-)) satisfies the following equations:

(ﬂ)ldi(;t)JrPl(s;t)A@JrAgPl(s;t)

+CaP1(5;t)Co + Q(s,1)+O T R(s,1)0 =0, 0<t<s<T,
%+P2A9+A@+OP2+DP2O@_O 0<t<s<T, (2.3)
a0 4 py(s:1) Ao + ATPs(s:1) + CIPy(5:1)Co

+Py " M(s,t)Py + Co Py N(s,t)P2Co = 0, 0<t<s<T,
P.(T;t) =Gi(t), P2(T)=H, P3(T;t)=0, 0<t<T.

Proof of Theorem 2.1. Since the proof is long, we divide it into eleven steps.
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Step 1. In this step, we compute J (¢, z;u(-)) — T (¢, z;u(-)).
For any (t,z) € [0,T) x L% (;R"), v € L% (% R¥) and ©(-) € L2(0,T;R**™), consider the following
equations:
dX = AeXds + CoXdW (s), se[t,T),
dY = —(AeX + CY + DZ)ds + ZdW (s), s¢€[t,T], (2.4)
X(t)==z, Y(T)=HX(T),

and

dX®(s;t) = (Ao X" (s;t) + X(tt4eBv)ds + (CoX°(s;t) + X e4e)Dv)dW (s), s € [t,T],
AY*e(s;t) = — (Ao X°(s;t) + X0 Bv + CYS(s;t) + DZ(s;1))ds

(2.5)
+Z°(s;t)dW (), s € [t,T),
Xe(t;t) =2, YS(T;t)= HX(T;t).
Let X§:=X°*-X,Yy :=Y* =Y, 75 :=Z° — Z. Then we have
dX§(s;t) = (A@Xg(s;t) + X[t7t+E]Bv)ds + (C@Xg(s;t) + X[t7t+E]Dv)dW(s), s € [t,T),
Y5 (s;t) = — (A6 X5 (s11) + X(t.e4e) Bv + OV (s1) + DZg(s;))ds (26)
+Z(s;t)dW (s), set,T), '
XE(t:t) =0, YE(T5t) = HXE(T30)
A direct calculation gives that
Tt x;us () = T (8 w5 u())
1 T
= iEt {/ <<Q(s, £) X5 (s51), X5 (s3t)) + (R(s,8) (OXG(s51) + vX[t,44e] ), OXG (s551)
t
+ X [t1e]) + (M (s,0)Y5 (551), Y5 (s58)) + (N (s, 1) Z5 (s51), Zg(s;t)>)ds
T
+ 2 / (<Q(8a t)Xv XS(S, t)> + <R(Sa t)@X? ("‘)XS(S, t) + UX[t,t+€]>
t
+ (M(s,0)Y, Y5 (5:)) + (N(s,4) 2, Zg(s;t)>)ds + Gy (t)XE(T;t), XE(Ts 1))
+ (Ga(t)Y5 (51), Y5 (t51)) + 2(G1 (1) X (T), X5(T5 1)) + 2(G2(1)Y (), Y55 (L5 t)>] :
Consequently, it holds that
Itz () — T (¢ @5 u(-))
(2.7)

t+e
- Jl(ta I) + JQ(ta‘T) + J3(t7'r) + J4(t7l’) + Et/ <®TR(57t)U7XOE(S;t)>d57
t

where
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Ji(t,x) == Et/ <F1 s, 1), X5 (s; t)> + <F2(s,t),vX[t,t+E]>)ds

+mcw><>%@w>

Jo(t,x) == ,]Et (Ff(s,t), X§(s;t))ds + Et<G1( ) X5 (T5t), X5 (T3 t)),

T

J3(t,x) == fIEt (F5(s,t),Y5 (s3t)) + (Fi(s,t), Z5(s;1)))ds (2.8)

/
/o
+= Et<G2 VY5 (6:1), Y5 (6:t)),

T
Jy(t,x) == ]Et/t (<F3(s,t),Y05(s;t)> + <F4(S,t),Z8(s;t)>)ds
TE(G2 ()Y (), Y5 (1:1)),

with
Fi(s,t) = (Q(s,t) + O(s) " R(s,t)O(s)) X (s)
Fis,1) = 3 Rls, t)o + R(s,1)0(s) X (5),
Fi(s,t) = (Qs,t) + O(s) " R(s,1)0(s8)) X§ (53 1), (2.9)
Fy(s,t) = M(s,t)Y(s), Fa(s,t) = N(s,1)Z(s),
Fg(s,t) = M(s,t)Y5 (s5t),  Fi(s,t) = N(s,t)Z5(s;).

Step 2. In this step, we prove the following estimates:

E: sup |X;(s;t)
s€[t,T]

2. < Celvds, as.,
(2.10)

T
Et< sup |Y05(5;t)|ﬂ2w+/ |Z§(s;t)\f{mds) < Celv|3, as.
s€ft,T) t

The inequality (2.10) should be a known result. However, we failed to find an exact reference for it. Hence,
we provide a proof here for the convenience of readers.
First, for any A € F;, we have

dxaX§(s;t) = (xaAeX§(sit) + XaX[t+)Bv)ds
+(XAC@X0(s;t) + XAX[t’HE]Dv)dW(s), s € [t,T],
xaXg(t;t) = 0.

Then,
E(xa sup [X5(sit)f3)
s€t,T]

—E( sup [xaX5(si0l )
set,T]
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t+e 2 t+e
SCE{(/ \XAthRnds) +/ |x4Dv|3.ds (2.11)
t t

< CE(XA5|U|H21<k),

where the constant C only depends on Ag, Co, B, D, T and is independent of A. Since v is F;-measurable, we
have

E; sup |X§(s;t)|[fn < Celv|r, as.
s€[t,T]

Secondly, we similarly consider the following equation:
dxaYg (s:t) = —(xadeX§(s:t) + XaX[t e BU + xACYE (s:1)

+xaDZ5(s;t))ds + xaZ5(s;t)AW (s), s € [t, T,
xAYs (T t) = xaHXG(T5t).

Then from (2.11), we have

T
B[l s W50+ [ 1250 Ras)|
t

s€t,T]

T
5 (sup VG (st + [ aZg(sit)uds)
t

s€t,T]

< CE [XA|X3<T; )

T ~ R 2
]in + (/ |X_AA@XS(S;75) + XAX[t,t+e]BU|RmdS) }
t

< CE(X_A€|U‘[%M).

This implies that

T
Et( sup |Y05(8;t)|]12w,—|—/ |Z§(s;t)ﬂ2@mds> < Celvfze, as.
s€[t,T) t

In the following four steps, we deal with J;(¢t,z), i =1,--- ,4.

)

Step 3. In this step, we give an estimate of Jy (¢, x).

First, consider the following adjoint equation:

dYi(s;t) = = [A§Yi(s;t) + Cd Zu(s;t) + (Q(s5 1)
+O " R(s;1)0) X |ds + Z1(s;t)dW (s), s € [t,T], (2.12)
Yi(T;t) = G () X (T).

Applying Tto’s formula for (Y7, X§), we have

t+e
Ji(t, ) :Et/ (B™Y1(s;t) + DT Z1(s;t) 4+ Fa(s, 1), v)ds. (2.13)
t
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Next, we get rid of the terms containing Y7 and Z; in (2.13). To this end, we introduce the following equation:

d 3t
% + Pi(s;t)Ae + AL Py (s;1)

+Cgpl (5;t)Co + Q(s,1) + @TR(Svt)@ =0, set,1T],
Pi(T5t) = Ga(2).

(2.14)

By (2.4) and (2.14), we have

d(P1X) = —(P1de + A5P1 + C5P1Ce + Q + © ' RO) Xds + Py Ae Xds + P1Co X AW (s)
= —(A4P1 + C4P1Co + Q + ©T RO) Xds + P1Co XdW (s).

This, together with Py (T;t) = G1(¢), implies that (P1X,P1CoX) is a solution to (2.12). By the uniqueness of
the solution to (2.12), we obtain

{Yl(-;t) =P1(st)X (), (2.15)
Zy(5t) = Pi(51)Co ()X (1)
This, together with (2.13), implies that
t+e
Ji(t,x) = Et/ (BTY1(s;t) + D' Zy(s;t) + Fa(s,t),v)ds
¢ (2.16)

t+e 1
= ]Et/ <(BT’P1(s;t) + DT Pi(s;t)Co + R(s,1)0) X + §R(s, t)v,v>ds.
t

Step 4. In this step, we give an estimate of Ja(¢,x).

First, we introduce the following adjoint equation:

dYa(s;t) = — [Ang(s;t) + C’ng(s; t) + (Q(s,t) + @TR(s,t)G)Xg(s;t)}ds
+Z5(s;t)dW (s), s€tT], (2.17)
Ya(T;t) = Ga(t) X5(T;t).

Applying Ito’s formula for (Y3, X§), we have
1 t+€
Jo(t, ) = iEt/ (B"Ya(s;t) + D' Za(s;t),v)ds. (2.18)
t

To get rid of the terms containing Y> and Z5 in (2.18), we introduce the following equations:

d it
% + Pa(s;t)Ae + Ang(s;t) + C’ng(s;t)C’@ + Q(s,t) + @TR(S, )© =0, seltT],

Po(T;t) = G1(t),

(2.19)
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and
dPs(s;t
P L AZPAs0) + e Pals B + Xasa CIPASOD =0, s€leTL
Py(T; 1) = 0.

From (2.6), (2.19) and (2.20), we get

d(P2X§ + P3v)
= —(P2Ae + A§P2 + CdP2Ce + Q + ©T RO) X(ds
—(AdP3v + X[t,44e)P2BY + Xt,146)CS P2 Dv)ds
+P2 (A0 X§ + Xt,t+2) Bv)ds + P2 (Co X§ + Xt,t4e)Dv)dW (s)
= —[A5(P2X§ + P3v) + CEP2(CoX§ + Xt i1 Dv) + (Q + ©TRO)X§]ds
+P2(CoX§ + X(t,1+e)Dv)dW (s).

This, together with Py(T';t) = G1(t) and Ps(T';t) = 0, implies that (PQXS + P3v, P2 (Co X§ + X[t’tJrE]Dv)) is a
solution to (2.17). Then, the uniqueness of the solution to (2.17) implies that

{Y2(-;t) =P2(5) X5 (3) + Ps(5t)v, (2.21)

Zy(:5t) = Pa(51) (Co () XG5 (-5 1) + D(-)uX(t,4<])-

By Gronwall’s inequality, we get from (2.20) that

t+e 2
sup (Pa(sitlf ([ PatrioB + CTPa(rit) ] v )
t

s€t,T]
t+e
<c U 1+ |@|w>dr}
t

Combining (2.21), (2.22) and (2.10), we obtain that

, (2.22)

1 t+e
Jo(t,x) = iEt/ <BTY2(s;t) + DTZQ(S;t),'U>dS
t
1 e T T
= 7Et/ <(B Pa(s;t) + D Pg(s;t)C@)Xg(s;t)
t

2 (2.23)

+ (BT Ps(s;t) + DTPQ(S;t)X[t7t+E]D)U,U>d8

1 t+e

= 5IEt/ (DT Py(s;t) D, v)ds + Clv|Zro(e).
t

Step 5. In this step, we give an estimate of J5(¢,x).

We first introduce the adjoint equation:

{dYg(s;t) = (CTYa(s;t) + F§(s,))ds + (D Ya(s;t) + F5(s,8))dW (s), s € [t,T], (2.24)

Ya(t;t) = G2(t) Yy (5 1).
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Applying Tto’s formula for (Y3, Y), we have that

1 1 tre
J3(t,x) = iEt<Y3(T; t), HX5(T;t)) + iEt/ <BTY3(S;t)7’U>d8
t
1 T AT €
+§Et (AgYs(s;t), X§(s;t))ds.
t
Similar to the proof of the inequality (2.10), we can prove that

E; sup |Y3(s;t)]? < Celv|ze, as.
s€[t,T]

Next, consider the following equation:

{dY4(s;t) = —(AdYa(sit) + CE Zu(sst) + gng(s;t))ds + Zy(s;6)dW (s), se€[t,T],

Yi(T;t) = H Y3(T;t).

Similar to the proof of the inequality (2.10), we can show that

T
E;| sup |Y4(s;t)|2+/ |Zy(s;t)?ds | < Celvfze, as.
s€[t,T) ¢

Applying Tto’s formula to (Y3, X§), we obtain
1 t+e
J3(t,z) = QEt/ <BTY3(s; t) 4+ BTYy(s;t) + DT Zy(s; t),v)ds.
t
From the inequalities (2.25) and (2.27), we find that

1 t-‘rE
Js3(t,z) = §Et/ <DTZ4(s;t),v>ds + Clv|zko(e).
t

1 t+e
In the rest of this step, we handle the term QEt/ <DTZ4(3; t), v>ds.
t

We first introduce the following equations:

d N ~ —~
% 4 PCT £ ALPL+ CIPDT + AL =0, seltT),
P4(T> :HTu

and

dPs(s;t) = — (AL Ps(s;:1) + CS L (5;1) + PaF5(s,t) + CPaFL (5,1)) ds

+L5(s;t)dW (s), s € [t,T],

Ps(T;t) =0.

15

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Combining (2.24), (2.29) and (2.30), we get that

d(PsYs + Ps)
=~ (PCT + AZPy + CIPADT + AT) Yads + Py (CT Vs + F5 ) ds + Py (DTYs + F ) AW (s)
— (ALPs + C4 L5 + PuF5 + CEPLF) ds + LsdW (s)
= —{A5(PuYs + P5) + C& [Py (DTVs + Fi) + L5 + AV pds + [Py (DY + Ff ) + Lo | dW (s).

This, together with P4(T) = H' and P5(T;t) = 0, implies that (P4Y3 + Ps, Py(DTYs + F5) + L5) is a solution
to (2.26). From the uniqueness of the solution to (2.26), we find that

{Y4(';t) = Pa(-)Ys (1) + Ps (1), (231)
Za(5t) = Pa()D() " Ya(51) + PaC)N (1) Z5 (1) + Ls(58).
Combining (2.31) and (2.25), we get that
1 t+e
5Et/ (DT Zy(s;t),v)ds
¢
1 t+e (232)
= 5]Et / (DT (P4N(s,t)Z5(s:t) + L5(s;t)),v)ds + Clo[30(e).
¢
Next, we introduce the following equations:
dPs ~ A =~
E+7’6A@+Ae+0796+l)77609207 s €[t T,
dPr(s;t) = A SR8 2.33
% + CPr(s;t) + X[t,t+e] Pe B + X(t,t4e)B + DPsDX[t,t4e) =0, s € [t, T, ( )
Ps(T) = H, P7(T5t)=0.
Similar to the proof of (2.31), we can show that
{Yoa('%t) =Ps() X5 (5 1) + X4 Pr (5 ), (2.34)
Z5 (1) = Ps() (Co (X5 (1) + Xt D(-)v).-
This, together with the inequality (2.10), yields
t+e
1IEt/ <DTP4N(S,t)Z§(S;t),U>dS
2 )i
1 t+e T .
= SE, <D PuN(s,t)Pe(Co X5 (s; ) + DUX[t7t+E]),v>ds (2.35)
¢

1 t+e
= 5IEt/ <DT734N(5,t)776Dv,v>ds + Clv|3ko(e).
¢
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Lastly, by (2.34), we can rewrite the equation (2.30) as

dPs(s;t) =—[ALPs(s:t) + C§ L (5:8)+ PaM (5, 1) (Pe X (5:) + Xt e/ Pr(s5:t)v)
+CgP4N(s, t)Ps (C@Xé(s; t)+ X[t7t+5}Dv)}ds + L5(s;t)dW (s), s € t,T], (2.36)
Ps(T;t) = 0.

Let us further introduce the following equations:

d it
% + Ps(s;t) Ao + AGPs(s;t) + Cd Ps(s;)Co

+P4M(s5,t)Ps + C&P4N(5,t)PsCo = 0, set,T),

(2.37)

and

dPy(s;t
% + AEPo(5:8) + X101 C& Ps (1) D + X142 Ps(s51) B

X[ttt PaM (8, 8)Pr (1) + X4+ C& PaN (5, )P D = 0, seltT], (2.38)
Po(T;1) = 0.

Using Ito’s formula, we have

d(PsX§ + Pyv)
= —(PsAe + A§Ps + C&PsCo + PaMPs + CL PaNPsCo) X§ds
+ Ps (Ao X§ + X(t1+e)Bv)ds + Ps(Co X§ + X[t,t4e)Dv)dW (s)
- (Agp9 + X[t,t+s}CgP8D + Xt,t+e] P8 B + X[t,t 4] PaM Pr
+ X[t t+e] OgP4N776D) vds
= —[AL (PsX§ + Pov) + O Ps(Co XS + Xjt14e/Dv)
+ PaM (PeX§ + Xjt,i+e)Prv) + C& PaNPs(CoX§ + Xt1+qDv)]ds
+ Ps(CoX§ + X(t,14+eDv)dW (s).

This, together with Ps(T;t) = 0 and Py(T;t) = 0, implies that (PsXS + Pyv, Ps(Co X§ + X[t,t+e]DU)) is a
solution to (2.36). Then, the uniqueness of the solution to (2.36) implies that

{P5(-,t) = Ps( ) X5 (5 t) 4+ Po(5 t)v,
Ls(-5t) = Ps(51) (Col(s) XG5 (5t) + Xit.e+6) D()v).
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This, together with the inequalities (2.10), implies that

1 t+e
iEt/ <DT£5(5; t), v>ds
t

1

t+e
i]Et / <DTP8(S,t) (C@XS +DUX[t,t+E])7U>dS
t

1 t+e
= 5IEt/ <DTPg(s;t)Dv,v>ds + Clv|3ro(e).
t

Consequently, from equations (2.28), (2.32), (2.35) and (2.39), we obtain that

1 t+6
J3(t,z) = iEt/ (D" Zy(s;t),v)ds + Clv[Zro(e)
¢

1
2

Step 6. In this step, we give an estimate of J4(¢,x).

We first introduce the following adjoint equation:

{dY5(s;t) = (CTYs(s;t) + Fa(s,t))ds + (DT Ys(s;t) + Fa(s, t))dW (s),

Ys(t;t) = G2(t)Y ().
Applying Tto’s formula for (Y5, Y$), we have

~

Ju(t,z) =B (Y5(T;t), HX5(T51)) + E, /f+€ (B7Ys5(s;t),v)ds

T
4B, [ (AYi(si), X5 (s:)ds.
t

Similar to the treatment of Js(¢,z) in Step 5, we introduce another adjoint equation:

{dyﬁ(s; t) = —(AQYs(s:t) + C& Zo(s;1) + AL Ys(s;1))ds + Zo(s;)dW (s),

Y5(T;t) = H ' Y5(T; ).

Applying Ito’s formula for (Y5, X§), we get

t+e
Et/ BTY5 (s;t), >ds—HEt/ <BTYg(s;t) +DTZe(s;t),v>ds
t

= Et/ BTY5 (s;t) + B Ys(s;t) + D' Zg(s;t),v)ds.

t+e
_ _E, / <(DTP4N(3, t)PsD + D Py(s; 1) D)v, v>ds +Clvleole).
t

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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Now, our goal is to represent Ys(-;¢) and (}%(-;t),ZG(~;t)) by X(-). To this end, consider the following

equations:
dPio AT | AT To AT . AT _
1s + P1oC" + AgP1o + CogProD + Ag =0, s € [t, T],
dPii(s;t) = —(Ag?’n(s;t) + Cgﬁu(s;t) + P1oF5(s,t)
+COSProFu(s, t))ds + Li1(s;t)dW (s), s € [t,T],
Pi(T)=H", Pu(T;t)=0.

Similar to the proof of (2.31), we can show that

{Ys(-;t) =P1o()Y5(t) + P15 t),
Zg(t) = Pro(-) (D) TYs(5) + Fa(-, 1)) + L1 (58).

From (2.44) and (2.46), we obtain

t+e R
Ju(t,x) = Et/ <BTY5(5; t)+ B Ys(s;t) + DTZ6(s;t),v>ds
¢

t+e N .
—E, / <(BT + B Pig+ D P1oD")Y5(s:t) + B Pi1(s;t)
t

+ D PioFy(s,t) + DTLH(s;t),v>ds.

Next, we introduce the following equation:

dPlQ
ds
P12(T) = H.

+ Prado + Ao + CPry + DP12Co =0, s € [0, T,

Similar to the proof of (2.31), we can obtain that

By (2.49) and (2.41), we get that

dYs(s;t) = (CTYs(s;t) + M(s,1)P1aX)ds
+(DTYs5(s5t) + N(s,t)P1aCo X )dW (s), s € [t,T],
Ys(t;t) = Ga(t)Pra(t) X (1).

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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Now we study the relationship between Y5 and X. To this end, we introduce the following equation:

dP13(s; t) = [(7)13(8; t)C@ — ﬁTplg(S; t) — N(s, t)PlgC@)C@
—P13 (8; t)A@ + éTplg(S; t) + M(S, t)Plz] ds

Iy (2.51)
+( — P13(s;t)Co + DT7313(5; t) + N (s, t)PlgC'@)dW(s), s € [t,T],
Pis(t;it) = G2(t)Pi2(t).
Similar to the proof of (2.31), we get that

Ys(:5t) = Prs(-6) X (). (2.52)

Combining (2.47), (2.49) and (2.52), we obtain that

t+e R R
Jut.0)=E: [ (BT + BT+ DTPuDT)Yi(sit)
t
+ BT Pu(sit) + DT PioFi(s,t) + DT Lui(st),v)ds

(2.53)

t+e R R
=E; / <[(B—r + BTPm + DT7)10DT)P13(S; t) + DTPmN(S, t)PlQC@]X
t

+ BTP(s;t) + DT Ly1(s51), v>ds.

Next, we derive the relationship between X (-) and (Pll(-;t),£11(~; t)) First, by (2.49), we can rewrite the
second equation of (2.45) as

dPii(s;t) = —(Ag'PH(S; t) + C'@T)Eu(s; t) + ProM(s,t)P12X
+CEP1oN (s, 1)P1aCo X )ds + L1 (s; £)dW (), (2.54)
Pll(T; t) =0.

Secondly, we introduce the following equation:

d it
% + Pra(s;1)Ae + AGPua(si ) + CdPra(si 1)Co

+P1oM(s,t)P1s + C&P1oN(s,t)P1aCo = 0, s € [t,T], (259
P1a(T5t) =0,

Similar to the proof of (2.31), we can prove that

{Pu(';t) =Pua(51)X (), (2.56)

L11(5t) = Pua(58)Co (1) X (+).
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From (2.53) and (2.56), we obtain that
J4 (t7 l‘)
t+e R .
= Et/ <[(BT + BTP10+ DTploDT)Plzg(S; t)
t
+ DTPmN(s, t)PlgC@]X + BTPH(S; t)+ DLy (s;1), U>d8 (2.57)
t+e . R
= Et/ <[(BT + B Pio+ D PioD ") Pis(s;t)
t

+ DTPioN(s,£)P12Co + BT Pra(sit) + D Pra(s; t)Co] X, v>ds

Step 7. We combine the results in Step 3—-Step 6 to study J(¢,x;u®(-)) — J (¢, z;u(:)).
From (2.7)-(2.9), (2.16), (2.23), (2.40) and (2.57), for any (¢,z) € [0,T) x L% (% R"), v € L% (Q;R*) and
O(-) € L(0,T; RF*™), we have that
Tt x;u% () = T (& w5 u())
t+e 1 t+e 1 t+e 1
= <(/ iR(s,t)ds —|—/ iDT’Pg(s;t)Dds —|—/ §DTP8(S;t)DdS
t ¢ ¢

t+e 1 t+e
+ / 5DT7>4N(3,7:)736,Dds)v,v> + <Et / [BTP,(s;t) (2.58)
t t

+D Py (s5;t)Co + R(s,1)0 + (BT + BTP1g+ D P1yD ") Prs(s; t)
+D " PioN(s,t)P12Ce + BT Pra(s;t) + D Pra(s; t)C@]de,v> +Clof2eo(e).

Moreover, by comparing the equation (2.3) with the equations (2.14), (2.19), (2.29), (2.33), (2.37), (2.45), (2.48),
(2.55), we see that for any © € L?(0,T;R¥*") and 0 <t < s < T, it holds that

Pi(s;t) = Pi(s;t) = Pa(s;t),
Py(s)" =Pu(s) = Pro(s) = Ps(s)T =Pra(s)", s €lt,T]. (2.59)
Ps(s;t) = Ps(s;t) = Pra(s;t),

Step 8. In this step, we establish some regularity estimates.

To this end, we first make some preparation. For X (-) and Y5(-;t) = Pi3(:;¢) X (-) (see Eq. (2.52)), by the
equations (2.4), (2.50), we can see that E; X (-;¢) and E;Y5(;¢) satisfy the following equations:

dE; X (s;t) = AgE: X (s;t)ds, s € [t, T,
E.X(t;t) = x,
and

dE,Ys(s;t) = (CTE,Ys(s;1) + M(s,t)PraBe X (s5;8))ds, s € [t,T],
Et%(t; t) = Gg(t)Plz(t)x.
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Consider the following equations:

dU(s;t) = AoU(s:t), s € [t,T],
U(t;t) =1,

and

ds

{dF(S;t) = CTT(s;t) + M(s,t)Pra¥(s; 1), s € [t,T],
L(t;t) = Ga(t)Pra(t).

Then we have

E:X(s;t) = U(s;t)x,
1 X (1) = W(s;t) (2.60)
E,Y5(s;t) =T'(s;t)z.
Rewrite the equation for T'(-;t) as
dl'(s;t) 1o, )
o - C 'T(s;t) + M(s,t)P12¥(s;t), se€[r,T], (2.61)
D(r;t) =T'(1;1),

where 0 <t <7 <s<T. Then

|F(T;t)—F(T;T)|OO

< {Gz(t)P12(t)—Gz(T)Pm(T)’OO + /T IGTF(S;t) + M(s,t)Plgkll(s;t)|oods

< C(Jt = 7|+ |Pra(t) — Pi2(7)]),
which, together with Assumptions 1.5, yields

IT(s;t) — T(857) |00
< T(r5t) = T(rs 7)o + / |67 (D(5;1) — (7)) + M(n, )P (155 1)
—M(n, 7)Pr2¥(n;7)|__dn

< C(|t — 7|+ |P12(t) — 7312(7')|OO) + / (C|F(n;t) —T (7)o +Ct — 7'|)d77.
This, together with Gronwall’s inequality, implies

IT(s:t) = T(s:7)]oe <C(It = 7| 4 [Pra(t) — Pra(7)]oo)-
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By a similar (but simpler) argument, we can show that for any 0 <t <7 < s < T, it holds that

[W(s;t) = W(s;7)|oe <Clt — 7],
ID(s3t) = T(s57)|o0 < C(|It = 7] + [Pr2(t) — Pr2(7)]o0),
[P1(s;t) — P1(8;7)|o < Clt — 7],
Ps(s;t) = Ps(s; 7)o < Clt —7].

Step 9. In this step, we prove the following result:

lim 1 HElR fds = SR(t,1), te[0,T
glji%gt 5(8’)8_5(,)’ E[a]a
1 t+e
lim — D" Py(s;t)Dds = D(t) " Pa(t; t)D(t), ae.t € [0,T],
e—
lim © / DT Py(s:t)Dds = D(t) T Py(t:)D(E), ace. ¢ € [0,T],
E—r
t+e
11_%% DT PyN(s,t)PsDds = D(t) T P4(t)N(t,t)Ps(t)D(t), a.c. t € [0,T],
€ t
and
lim 1 t+EBT7> t)W(s;t)ds = B(t) ' Pi(t;t
El_r%g 1(S>(87)S_ () 1(7)7
1 tJrE
liH(l) - D'Pi(s;t)Co¥(s;t)ds = D(t) " Py (t;1)Co(2),
e— t
t+e
lin%é [R(s,£)0+ BT P1a(s; )| U(s; t)ds = R(t, 1)O(t) + B(t) Pra(t; ),
e—
lim 1 / DT PN (5. )PraCoW(s: )ds = D(t) Pu(ON(LHPu(nCe(t), > €107
1 t+e
lim — DT Py (s;1)CoW(s;t)ds = D(t) T Pra(t;1)Co(2),
e—
1 tJrE R .
lim — (BT + B"Pig+ D" P1oD")I(s;t)ds
e—=0 € t
= (B(t)" + B(t) Pio(t) + D(t) "Pro(t) D(t) ") Ga(t)Pra(t),
Since
1 t+e
’g/ DTPQ(s;t)Dds—D(t)TPQ(t;t)D(t)‘
t oo
1 t+e
< g/ ’DT (Pa(s;t) — Pg(t;t))D’mds
t

1 t+e
+‘g / DTPQ(t;t)Dds—D(t)TPg(t;t)D(t)‘
t

o0

23

(2.62)

(2.63)

(2.64)
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1 t+e
ch/ ‘Pg(s;t)—’/)g(t;t)’oods
t

1 t+e
+ ‘g / DT Py(t;t)Dds — D(t)TPQ(t;t)D(t)‘
t o0

1 t+e 1 t+e
< cg/ [Pa(s;t) — Pa(tt)| _ds +Cg/ DT = D(t)"|oeds,
+ t

by Lebesgue’s differentiation theorem, we have

t+e
lim 1 DT Py(s;t)Dds = D(t) " Py(t;t)D(t), ae. t € [0,T].

e—=0¢€ J;

Other formulas in (2.63) can be proved similarly.
Except for the second equality in (2.64), the other ones can be proved similarly. Since

o0

1 t+e
. / DTP1(s;t)C@\IJ(s;t)ds—D(t)Tpl(t;t)C@(t)‘

t+e
< %/ DT (Pi(sit) = Pa(t:1) CoW(sit)]  ds
t

t+e
+§/ |DTP1(t:t)Co (V(s;t) — W(t;t))| _ds
t
1

€

1 t+e
<cz [ IPrlst) - Prltit)] o1+ [l

+

oo

/ o DTPy(t;1)CoW(t; t)ds — D(t) Py (t; t)C@(t)’

t
1 t+e
+Cg/ |\Il(s;t)—\Il(t;t)|oo(1+|6|Oo)ds
t
+e

€
N E /tt+s(1 ) |@|°°)2d3} - [C /:JFE |P1(s;t) — Pu(t; t)’iod‘g)
+ ( /t“'f | (s;t) — \I](t;t)ﬁodS)l/T

/ DTt 1) CeW(t: s — D) TP t)C@(t)’

+

oo

! /t DT Py (t;t)CoW(t;t)ds — D(t)TPl(t;t)C@(t)’

1/2

M | =

—_

_|_

¢ { /tt+€(1 + |@|m)2ds} v [C_ /tHE 1Py (s:t) — Pu(t: t)|iods>

oo

m

1/2

IN
[

3

9

1 t+e
+Cg/ |C@—C@(t)’ood8,
t

we get the second equality in (2.64) immediately.
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Step 10. In this step, we prove the “only if” part of Theorem 2.1.
Choose any sequence {e;}52; C (0,+00) satisfying lim e; = 0. By (2.58), for any (t,x,v) € [0,T) x
J]—00
L% (Q;R™) x L% (2 RF), we have that

It us () = Tt x5 u())

lim
o0 £
1 t+e; 1 t+e; 1
= lim {<(/ fR(s,t)ds—i—/ ~D T Py(s;t)Dds
j—roo €5 NJt 2 t 2

t-‘rEj 1 t-‘rEj 1
+/ §DTP8(s;t)Dds+/ 2DT7>4N(s,t)P6Dds)v,v>
t t

1 t-‘rt’;‘j

+ <€{Et/ [BTpl(s;t) + D" Py(s;t)Co + R(s,1)©
J t

+ (BT + B Pig+ D P1oD ") Pi3(s;t) + D PioN(s,t)P12Ce

+ BTPuy(s:) + DT Pra(s; t)C@}de}, v>} >0, Pas.

This, together with (2.52), (2.59), (2.60), (2.63) and (2.64), yields (2.1) and (2.2).
Step 11. In this step, we prove the “if” part of Theorem 2.1.

Choose any sequence {¢;}32; C (0, +00) satisfying lim €; = 0. By (2.1), (2.2) and (2.59), for any ¢ € [0, 77,
j—oo

we have
1ot T T T
= (R(s,s) + D' Pa(s;s)D + D' Ps(s;s)D + D' P4N(s,s)PsD)ds > 0, (2.65)
JJt
and
1 t+e;
= [BTpl(s; s)+DTPy(s;5)Co + B Pra(s; s)
JjJt

+ DT Pra(s;5)Co + R(s,5)0 + (BT + B Py (2.66)
=+ DT’PloﬁT)thplg + DT7310N(5, 5)7712(7@] dS = O

On the other hand, by Assumption 1.5 and (2.62), it holds that

1 tJréIj
— / (R(s,8) + D" Pa(s;s)D + D' Ps(s;s)D
t

&j

1 t+e;
+ D"P4N(s,s)PeD)ds — - / (R(s,t) + D" Ps(s;t)D
g Jt

+ D" Ps(s;t)D + D' PyN(s,t)PgD)ds| < Cej,

oo
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and

1 t+e;
= / {BTP1 (5;58) + D" Pi(s;8)Co + BT P14(s;s)
JJt

+ DT Piu(s;5)Co + R(s,5)0 + (BT + B Py

+ DTPloﬁT)Gzpu + DTPlON(Sv 8)73120@} ds
1 t+8j
-= [BTpl(s;t)\I!(s;t) + DTPy(s;)Col(s; )
JjJt
+ BT P4(s;t)U(s;t) + DT Pra(s;t)CoW(s;t)
+ R(s5,8)0U(s;t) + (BT + B Pig + D P1oD " )T(s;1)

+ DT PN (s, t)P1aCoW(s; t)} ds

oo

t+e; 1 t+e;

< Cgj +C/ (1+\@|oo)ds+cg—/ |F(5;5)—F(s;t)‘oods
t i Jt
t+e; C ! t+e;

SC&j —|—C/ (1+‘@|Oo>d8+;/ |P12(t)—7312|00d5
t i Ji
tte; C] t+e; ps

gcgj+c/ (1+\G)|Oo)ds+€—/ / (14 10(7)|0 ) drds.
¢ i Jt t

Combining (2.65), (2.66) and (2.58), we get
o T2 () = Tt ()

Jj—oo €j

t-‘r&j
= lim {<1 [/ (R(s,s) + D" Pa(s;s)D + D Ps(s;s)D
i—voo (\265 L)y
1 t+e, T
5j/t [B P1(s;s)
+ D Pi(s;5)Co + BT Pia(s;s) + D" Pry(s;5)Co + R(s,5)0
+ (ET + BTPm + DTploﬁT)G2P12

+DTPN (s, s)PGD)ds}v7v> T <

+ DTPwN(s, 3)77126'@} ds x,v>}
: 1 e T T
> ( lim —{ (R(s, ) + D" Py(s;5)D + DT Py(s; 5)D
. 1

1 t+e;
+ DTP4N(3,S)776D)ds}U,U> —|—< lim 7/ [BTpl(S;s)
t

oo €j
+D"p; (s;9)Co + BT7314(8; s)+ DT7714(8; $)Co + R(s,)0©
+ (ET + B Py + DTP1013T)G27312

+ DT PyN(s, S)’PmC@)} ds z, v>
>0, P-as.

This completes the proof.
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Now we are in a position to prove Theorem 1.6.

Proof of Theorem 1.6. The “only if” part. Suppose there exists an equilibrium strategy ©O(:) €
L?(0,T;R¥*"). By Theorem 2.1, we get (P1(-;-),P2(-),P3(-;+)) as the solution of the equation (2.3). Let
(Pi(5;-), P2 (+), Ps(++)) = (P1(+;+), P2(-),P3(+;+)). From the equation (2.2), we get (1.13) and know that there
exists a 0p(-) € L?(0,T; R**™) such that (1.11) holds. From (1.11), we find that

[R(t,t) + ) (Py(t;t) + Ps(t;t) + Po(t) T N(t, 1) Pa(t)) D(2) ]T
[R(t,t) + D(t)" (Pi(t;t) + P3(t;t) + Pa(t) " N(t,t)Pa(t)) D(t)] O(
R(t,t) + T(P t;t) + P3(t;t) + Pa(t) " N(t, ) Pa(t) )D(t)]
(

x [B(t) (Pl(t t)+ Ps(t;t)) + D(t )T (Pi(t;t) + Ps(t;t) + P» t) TN (t, )Pyt ))C(t)
+ (BT +B(t) " P(t)" + D)  Pa(t) DT (1)) Ga(t) Pa(t)],

which implies (1.12). Lastly, (1.14) follows from (2.1).

The “if” part. Note that the systems (1.10) and (2.3) are consistent. If such a 6y(-) € L?(0, T; R¥*™) exists,
then by (1.12), we know that the ©(:) defined by (1.11) is in L2(0,T;R**"™). Moreover, by (1.11), (1.13)
and (1.14), we see that (2.1) and (2.2) hold. Thus, from Theorem 2.1, such ©(-) is a closed-loop equilibrium
strategy. O

3. PROOF OF THEOREM 1.12

In this section, we prove Theorem 1.12. To reach this goal, we first reduce the systems (1.10)—(1.12) into an
integral equation system, which is more convenient to be handled.

Proposition 3.1. Let Assumption 1.5 hold. Then Problem (TI-FBSLQ) admits a closed-loop equilibrium
strategy if and only if there exists 0y(-) € L*(0, T; RF*™) such that the following system

O(s,t) =1 +/ Ae®(r,t)dr —|—/ Co®(r, t)dW (r), 0<t<s<T,
t t
T
Py(t)=H +/ (P,Ag + Ag + CP, + DP,Cg)ds, 0<t<T
t

Pi(t) = E, {@(T, )T G1(t)®(T,t) + /T D(s,t)" (Q(s,t) + O R(s,1)©

P M(s,£)Py + CgﬁQTN(s,t)f’QC@)Q(s,t)ds}, 0<t<T

where
O(s)=—[R(s,5) + D(s)" (Pi(s) + Pa(s) " N(s,5)Pa(s)) D(s)]"
x [B(s)" Pi(s) + D(s)" (Pu(s) + Pa(s) " N(s, ) Pa(s)) C(s)
+ (B(s) "+ B(s) " Pa(s)" + D(s)" Pa(s) " D(s) ") Ga(s5) Pa(s)]
+00(s) — [R(s,5) + D(s)" (Pi(s) + Pa(s)TN(s,5) Pa(s)) D(s)]' (32)

% [R(s,5) + D(s)™ (Pi(s) + Pa(s) T N(5,5)Ps(s)) D(5)] 0 5),

admits a solution (Py(-), Py(-)) satisfying
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n

R(,)+D()" (Pi(-) + Po() TN(-, ) P2(-)) D(")]
x[B()TPi(-) + D) (Pi() + Pa() " () »(-))C ()
+(B()T +B() Po(-)" + D) Po(-) T D() ") Ga(-)Pa()] € L*(0, T;R*™),
R (R(t,t) + D@ (Pu(t) + Pa(t) N (&, 1) P <>)D<t>) > (3.3)
72(19(t)TP1 £)+ DT (1) (Pu(t) + Pa(t TN(t,t)Pg(t))C(t)
+(B®T+BEOTRO + DO B0 D) )G (t)Pa()), ae.te0,7],
R(t,t) + D) TP (t)D(t) + D(t)T Py(t) T N{(t, t)Pg( )D( ) >0, a.e. t € [0, 7).

Proof. The “only if” part. By Theorem 1.6, we know that there exists 0(-) € L?(0,T; R¥*") such that the
equations (1.10)—(1.14) admit a solution (Pi(-;-), Pa(-), P3(-;-)). Let

P(s;t) := Py(s;t) + Ps(s; 1),
{P1< ) := P(s;5), Pa(s) := Ps(s). (3.4)

Apply Ito’s formula to s — P(s, t)Tf’(s; t)®(s,t), we have

ﬁl(t) - CI)(T’ t)TGl (t)q)(T’ t)

- /T ®(s,t) " (Q(s,t) + OT R(s,1)0 + P M(s,t) P
+ C4 Py N(s,t)P2Co)®(s,t)ds — /T (®(s,t) T P(s,t)Co®(s,t)
+®(s,t) CEP(s,£)P(s,))dW (s),

which implies the last equation in (3.1). Combining (1.10)—(1.14), we see (3.3) holds.

The “if” part. Since there exists 0y(-) € L?(0,T; R¥*") such that the equations (3.1)—(3.3) admit a solution
(Pi(+), P2(+)). With (Py(-), Px(-)) and 6y(-), we choose ©(-) as in (3.2), which is in L?(0,T;R¥*") by (3.3).
Consider the following system:

%(;;t)+Pf(s; t)Ao + AgPl*(s; t)
+C4 Py (s;t)Co + Q(s,t) + © T R(s,1)0 = 0, 0<t<s<T,
df *Ao + Ao + CP} + DP}Ce = 0, 0<t<s<T, (3.5)
(H%’T(;’t) + P (s;t)Ae + AL P; (s;t) + Co P (s;1)Co
+P; "M (s, )P +C3 Py " N(s,t)P;Co = 0, 0<t<s<T,
Py(T;t) = Gy(t), P(T) = H, P} (T;t) =0, 0<t<T.

Since P;(-) and Ps(-) solve the same differential equation, we get that Pj(-) = Py(-) by the uniqueness of the
solution to the second equation of (3.5).
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Set Py (s;t) := Py (s;t) + P;(s;t). Similar to the proof of the “only if” part, we can obtain a representation
of Py (t;t), and consequently deduce that Py (¢;t) = Py (t). Therefore, ©(-) can be rewritten as

O(s) =— [R(s,s) + D(S)T(Pl*(s; )+ P;(s;8) + Py (s) " N(s,s)Ps (s ) (s) f

X [B(S)T(Pl*(S'S) +P5(s;8)) + D(s )T (P (s;s) +P3 (s s) Py (s)"N(s,s)P;(s )
x C(s)+ (B(s)" + B(s) " P5(s)" + D(s) " P5(s)" D(s)")Ga(s) Ps (s)]
+00(s) = [R(s,5) + D(s)" (P{(s;5) + P (s35) + Ps (s ) N(s,5)P;(s))D(s)]'
x [R(s,s) + D(s) " (Py(s:5) + Py (s;5) + P (5) " N(s,5)P5 (5)) D(s)] 6o s)-

(s
)

Combining (3.3) and Theorem 1.6, the sufficiency is proved. O
Now, we prove Theorem 1.12 via Proposition 3.1.
Proof of Theorem 1.12. We divide the proof into four steps.

Step 1. In this step, we prove the boundedness of O(-), Py(-) and Py(-) in (3.1)~(3.2).
By Assumption 1.10 and the last equation in (3.1), we get that Py(-) > 0.
Since m =n =k =1, O(-) can be rewritten as

O(s) = (R(s, 8) + D(8)2151(8) +D(S)2 (5,5)Pa(s)?) "

x {(B(
+[D () (
=: [1(s) + I2(s),

where

111 (s)| = =
R(s,s) + D(s)2P;
< max { |B(s) + D(s

and

Hence, we have
O(t)] < C, a.e. t €[0,T].

From the second equation in (3.1), we have

T ~ —~
|1Bo(1)] < |H]| +/ (l46 + € + DCo| x | Py + | Ao )ds
t
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which, together with Gronwall’s inequality, implies that
Py(s)<C,  sel0,T).
Similarly, we can get

sup sup E|®(s,t)]* <C.
te[0,T] s€[t,T)

Then,

f’l(t):E{ )+ /T D(s (s,t) + O?R(s,t) + (P2)>M(s,t) + C3(P2)*N (s, t)]ds}

T
=G (H)ED(T, t)? +/ (s,t) + O?R(s,t) + (P2)?M(s,t) + C3(P2)>N(s,t)|EQ(s, t)*ds

<C.

Step 2. In this step, we establish estimates for P;(-) and Py(-).
Given ©; (i = 1,2), and

dP; <, s~
1o =~ (PiAe, + Ao, + CP+ DPyCe,), s €[0,T),
P2(T) Ha

we have

Py(t) - P3(t)
T ~ ~ ~ ~
- / [(B} — P2)Ae, + P2B(©) — ©) + B(6, — 05)
t
+C(P; — P}) + D(P; — P})Co, + DP3D(0; — 0,)]ds.

By Gronwall’s inequality, we get that

o~ o~ T ~ o~
BL() — B2 (1) g/ (C|B} — B2| +c|o, — 0y])ds (3.6)

' T
SC/ ‘@1 —@2’(218

<C(T —t) ]@1 92(')’[,00(1:,T;R)’

which yields

sup ’ﬁ;(s)—ﬁg(sﬂ <C(T-—-t ‘@1

—O2( )iy -
selt,T] P
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Similarly, for 0 <t <7 < T, consider the following equation:

d®i(s,t) = Ag, (s, t)ds + Co, @i (s, t)dW (s), s€[t,7], i=1,2,
Oi(t,t) =1.

By standard estimate for SDEs(e.g., [1], Thm. 3.2), we have

E sup |<I>1(s7t)—<1>2(s,t)‘2 SC/ ’@1—®2|2ds
¢

sE[t,T]

2
<C(r—1)[01() = 020) 1y

where the constant C is independent of the choice of ¢t and 7.
For ¢ =1, 2, let

T

Pi) E{# (L0 @' (1.0 + [ (5,07 [Q(sit) + O R(s, 08,

t
()T M(s.8) P + O3, (PY) N(s.1) P Co, | @/ )ds .
From (3.6) and (3.8), we obtain that
[PL(t) = PE)
T
t

< E{\Gl(t) (@1(T, )2 — D%(T, 1)?)| +/ [‘Q(s,t) (@1(s,1)° = ®2(s,1)%)|

| R(s, 1) (@1 (5,0)20F = 92(5,1)203) |+ [M (5, 1) (@ (5,)2(P§)? — 92(s,)2(F})?) |

NG, ) (@ (5, 02(P)C3, - 02(s,6)2(PF)2CR,) ” ds}

1/2

< c{ (IE|<I>1(T, t) — (T, t)|2)1/2 + /tT [<E|<I>1(s,t) - <I>2(s,t)|2)

(E|8 (s, )0, (I)2(S7t)62’2)1/2 N (E‘q)l(s’t)ﬁ; _ @2(5,15)1322’2)1/2

(
+<IE|<I)1(5, )P} Co, — ®*(s,t)PiCo, |2) 1/1 ds}
T 1/2

{ 101(s) — @2(s)y2ds)

(
+/tT ( 01(7) = ©a(r)dr + [61(s5) — ©(s)|* + [P (5) - ﬁi(s)F)de

1/2

IN

c /tT 101 (s) — @Q(s)y%s)

C(T —t)2|e1(-) — @2(')|L°0(t,T;R)'

IN

31

(3.9)



32 Q. LU AND B. MA

Step 3. Define the mapping Fy : L™ (to, T;R) — L (to, T;R) as follows (tg is to be determined later): for
©(-) € L>=(to, T3 R),
R(s.) <> ( ) + Pa(s) TN (s,5) Pa(s)) D(s)]
B(S)Tpl (s)T(Pi(s) + Pa(s) " N(s,5)Pa(s ))C’(s)
)T+ D(s)" Po(s) T D(5) ") Ga(s)Pa(s)]
T(Pi(s) + Pa(5) TN (s, ) Pa(s ))D( )]
Py(s)TN(s,5)Pa(s)) D(s)]6o(s), Vs € [to, T,

Fo(0())(s) = — |
[
+(B(s)T + ( )TPQ(S
+ 6o(s) — [ (s,s) + D(s)
x [R(s,s) + D(s)" (P1(s) +

X

where (Py(-), Py(-)) are the solution to the equation (3.1) by choosing O(-) to be the control strategy on time
interval [t1,T] in the equation (3.2).
Given ©;() € L®(ty, T;R), i = 1,2,

Fo(01(-))(s) — Fo(©2(-))(s)

= {[(R(s,5) + D(s)*Pi(s) + D(s)° B3 (5)°N(5,9)) "

—(R(s, s) + D(s)2P2(s) +D(s)2pg(s)2N(s,s))‘1]

+{ (R(s,s) + D(s)2P2(s) + D(s)?P(s)?N(s,s)) " (3.10)
+

53 (|1 PL(5) = PE(s)| + | PE (5)° = P3 (5)°))
(1P s) = BRs) |+ |PR(s) — PGs)| + | 3()° = PA(s1))
< C(|P(s) = PY(s)| + | P3(s) = P3(s)] + | P ()" = P3(s)°]).
By (3.7) and (3.9), we get that
[Fo(©1())() = Fo(@2()()] ) < CT = 10)2[01) = 2] g (3.11)
Choose tq such that C(T — to)'/? < 1/2, via Banach fixed-point theorem, we know there is a unique fixed point

©*(-) € L*®(tp, T;R) for the mapping Fy.
Step 4. Define the mapping Fy : L (t1,t0; R) — L>®(t1,t0; R) as follows (¢; is to be determined later): for
@() S Loo(tl, to; R),

:{ [R(s,5) + D(s)T (Pi(s) + Pa(s) " N(s, ) Py(s )D s)|"

(s)]
x [B(s) TPi(s)+ D(s)" (]31(5)—|—P2( )TN (s,8)Ps(s))C(s)

~

+(B(s)" + B(s)" Pa(s)" + D(s) "Pa(s) " D(s ) 1) Ga(s)Pa(s)]
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+00(s) — [R(s,5) + D(s)T (Pi(s) + Pa(s) T N(s, 5)Pa(s)) D(s)]"
x [R(s,s) + D(S)T(]Bl(s)—&-ﬁg(s)TN(s, s)ﬁg(s))D(s)]Go(s)} X Xt1,t0] (8), 8 € [t1,t0],

where (Py(+), P5(+)) is the solution of the equation (3.1) by choosing O()X[t1,t0](*) + O*(-)X[to, 77 (+) to be the
control strategy on time interval [t1, 7] in the equation (3.2).
Given ©;(-) € L*>®(t1,t0; R), ¢ = 1,2, similar to the proof of (3.11), we can show that

|F1(®1())() - F1(®2(.))(.)|L°°(t1,t0;R) < C(to - t1>1/2’@1(') - 92(.)|L°°(t1,tg;R)'

By choosing tg — t; = T — tg, it follows from Banach fixed-point theorem that there is a unique fixed point
©*(-) € L™ (t1,to;R) for the mapping F. Inductively, we obtain the existence and uniqueness of the solution
to the equations (3.1)—(3.3). By Proposition 3.1 and Theorem 1.6, we complete the proof. O
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