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VARIATIONAL PROPERTIES OF SPACE-PERIODIC STANDING
WAVES OF NONLINEAR SCHRODINGER EQUATIONS
WITH GENERAL NONLINEARITIES

PERLA KFOURY"?* AND STEFAN LE Coz?

Abstract. Periodic waves are standing wave solutions of nonlinear Schrodinger equations whose
profile is periodic in space dimension one. We consider general nonlinearities and provide variational
characterizations for the periodic wave profiles. This involves minimizing energy while keeping mass
and momentum constant, as well as minimizing the action over the Nehari manifold. These variational
approaches are considered both in the periodic and anti-periodic settings, and for focusing and defo-
cusing nonlinearities. In appendix, we study the existence properties of periodic solutions of the triple
power nonlinearity.
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1. INTRODUCTION

We consider in one space dimension the nonlinear Schrodinger equation

where ¢ : Ry x R, — C, f is a gauge invariant nonlinearity and b € R\ {0}. Typical examples of nonlinear-
ities that will be considered in this paper are power-type nonlinearities such as f(z) = |z|[P~1z for p > 1, or
combinations of powers such as f(z) = |z[P712 + |2]9712 for p,q > 1.

In the present paper, we are interested in specific solutions of (1.1), which we call periodic waves. Periodic
waves are solutions of the type v (t,z) = e~ y(z), for a given frequency a € R and a fixed profile u periodic
or anti-periodic in space, which verifies an ordinary differential equation (see (2.1)). They are the analogues in
the context of spatially periodic solutions of the so-called standing waves or solitary waves, which are solutions
of (1.1) of the same form, but for which the profile is asked to be spatially localized, e.g. to live in H*(R).
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The study of localized solitary waves has a long history, starting with the early works of Strauss [1] and
Berestycki and Lions [2] for the existence of solitary waves in higher dimensions, together with the seminal
papers of Cazenave and Lions [3] and Berestycki and Cazenave [4] for the stability and instability by blow-up
of solitary waves by variational techniques. The study is still on-going, see e.g. the recent works of Kfoury, Le
Coz and Tsai [5] on the stability of standing waves of the nonlinear Schrodinger equation with double power
nonlinearity and the works of Liu, Tsai and Zwiers [6] and Morrison and Tsai [7] on standing waves of the
nonlinear Schrodinger equation with triple power nonlinearity.

While there now exists an extensive literature on the existence and stability of solitary waves, the study
of periodic waves remains in its infancy, with studies focused mostly on specific nonlinearities such as
the cubic power. The aim of the present paper is to extend the existing results beyond the example of
the cubic nonlinearity and to treat more generic nonlinearities such as generic powers or sums of generic
powers.

Before presenting our main results, we shortly review some of the existing results on periodic waves of
nonlinear Schrédinger equations. Most of the literature focuses on the cubic case, which is completely integrable
and for which explicit expressions of the periodic wave solutions in terms of Jacobi elliptic functions are available.
One of the early studies was performed by Rowland in [8], where he obtained formally the stability of snoidal wave
solutions. Gallay and Haragus [9, 10] proved stability of snoidal waves with respect to same period perturbations
using ordinary differential equations analysis and spectral arguments. Bottman, Deconinck and Nivala [11], and
Deconinck and Segal [12] used the complete integrability to obtain an analytical expression for the spectrum
(in L*(R)) of the linearization of the cubic (focusing and defocusing) nonlinear Schrodinger equation around
a periodic traveling wave. Orbital stability with respect to any subharmonic perturbation was obtained by
Deconinck and Upsal [13] and Gallay and Pelinovsky [14] via a Lyapunov functional using higher-order conserved
quantities of the cubic nonlinear Schrodinger equation. Rogue periodic waves, i.e. rogue waves on a periodic
background, have been constructed by Chen and Pelinovsky [15]. Gustafson, Le Coz and Tsai [16] provided a
global variational characterization of the cnoidal, snoidal, and dnoidal elliptic functions for the cubic case, and
proved orbital stability results for the corresponding solutions.

The existence and orbital stability of periodic waves of the cubic-quintic nonlinear Schrodinger equation
were studied by Alves and Natali in [17] using the construction of a smooth curve of dnoidal profiles by
bifurcation. Existence and orbital instability results of cnoidal periodic waves for the quintic Klein—-Gordon and
nonlinear Schrédinger equations were obtained by Moraes and de Loreno [18] using spectral analysis and Shatah—
Strauss approach. The periodic traveling wave solutions of the derivative nonlinear Schrédinger equation (which
is connected to the cubic-quintic nonlinear Schrédinger equation) were studied by Hayashi [19]. A rigorous
modulational stability theory for periodic traveling wave solutions to equations of nonlinear Schrodinger type
with generic nonlinearities was presented by Leisman, Bronski, Johnson and Marangell in [20], with application
to the cubic and quintic nonlinearities.

Most of the works devoted to the study of periodic waves uses tools such as ordinary differential equations
analysis, bifurcation theory or spectral theory. In the present paper, we focus on the variational properties
of periodic waves, i.e. we characterize them as solutions of minimization problems. The variational problems
that we consider are of two types: first, minimization of the energy over the mass constraint; second, mini-
mization of the action over the Nehari manifold. The first type of minimization problems has the advantage
of leading at the same time to the orbital stability of the wave obtained. On the other hand, it is of course
unable to capture unstable periodic waves. The second type of minimization problems has the advantage of
capturing a wider range of periodic waves. On the other hand, obtaining stability or instability requires further
investigation.

Under mild assumptions on the nonlinearity, the Cauchy problem for (1.1) is locally well-posed (see [21]) in
H} _(R) N Pr, the space of periodic functions (see (3.1) for a precise definition), (as well as in H} _(R) N Ar,
the space of anti-periodic functions), i.e. for any g € H lloc(R) N Pr there exists a unique maximal solution
Y € C((=T.,T*), H. .(R) N Pr). Moreover, we have continuous dependance with respect to the initial data, the

loc
blow-up alternative holds, and the energy, mass and momentum of the solution, defined as follows, are conserved
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along the time evolution:

1 T ) T
== L2de — b du,
ew) =g [ lwPae—b [ P
T T
M) =3 [ Wtde, Pw) =57 [ upae

where by F' we denote the real antiderivative of f, i.e. F(z) = O‘Z‘ f(s)ds and T is the space period.
It is common to consider the so-called action functional, defined for a given a by

S() = E(W) —aM(y),

and the associated Nehari functional, defined by

I() = (5'(®), ) = /0 2 — a /0 o2z — b /0 Rel(f (1)) da.

Periodic waves can be obtained as solutions of various variational problems. As already said, in the present
paper, we consider two variational problems in particular : minimization of the energy over fixed mass (and
sometimes momentum) and minimization of the action over the Nehari manifold. We have investigated these
minimization problems for periodic and anti-periodic functions. Our results can be summarized informally as
follows (see Sects. 4 and 5 for precise statements).

Theorem 1.1. Let the energy, mass, momentum, action and Nehari functionals be defined as above. The
following holds.

1. Let b > 0. There exists a real valued minimizer of the energy, under fized mass or under fized mass and
zero momentum, among periodic functions. The minimal energy is finite and negative. If the mass is larger
than a given threshold, then the minimizer is not a constant, the associated Lagrange multiplier verifies
a < 0, and the minimizer is positive.

2. Let b < 0. There exists a unique (up to phase shift) minimizer of the energy, under fized mass or under

fixed mass and zero momentum, among periodic functions. It is the constant function ue, = ,/27"‘.

3. Letb < 0 and f(u) = Zj\]:l |u|Pi~tu,with p; > 1 for j =1,...,N. There exists a unique (up to phase shift
and complex conjugate) minimizer of the energy, under fixed mass, among anti-periodic functions. It is

the plane wave Uoe = 2%" T

4. Let b>0, a <0 and f(u) = |ulP~ u, with p > 1. The minimum of the action on the Nehari manifold
among periodic functions is finite and there exists a real minimizer.
5. Letb <0, a>0 and f(u) = |u|P~tu, with p > 1. There exists a unique (up to phase shift) minimizer of

the action on the Nehari manifold among periodic functions. It is the constant function e, = (‘T‘l)"f1 .

6. Let b >0, a < % and f(u) = |u|P~tu, with p > 1. The minimum of the minimization problem on the
Nehari manifold among anti-periodic functions is finite and there exists a minimizer. When p is an odd
integer then the minimizer is real.

To establish the results of Theorem 1.1, we proceed in the following way. We start by an analysis of the
ordinary differential equation verified by the profile. We then consider the variational problems themselves. As
we are working with periodic functions, hence on the bounded domain [0, 7], we benefit from the compactness
properties of Sobolev injections and existence of a minimizer is straightforward in most cases. On the other
hand, the identification of the minimizer, or its specific properties, are usually delicate to obtain. In particular,
in the case of minimization over the Nehari manifold for anti-periodic function (see Sect. 5.3), the fact that the
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minimizer is real valued is established thanks to a Fourier rearrangement inequality which we believe to be new
and of independent interest (see Lem. 3.1).

The rest of the paper is organized as follows. In Section 2, we present the notation, the assumptions on the
nonlinearity and the analysis of the profile ordinary differential equation. In Section 3, we present a Fourier
rearrangement inequality. Then in Section 4 we study minimization of the energy at fixed mass, and finally in
Section 5 we consider minimization over the Nehari manifold. The appendix gathers related material which was
not fitting directly into the study: we study the existence properties of periodic solutions to the equation with
triple power nonlinearity.

2. ANALYSIS OF THE PROFILE EQUATION

The simplest non-trivial solutions of (1.1) are the standing waves. They are solutions of the form
Y(t,r) = e y(z), acR.
The profile function u(z) satisfies the ordinary differential equation
Uge + au + bf(u) = 0. (2.1)

It is an integrable ordinary differential equation, whose conserved quantities (on C) are the momentum J and
the energy F, given by

1
J=In(u,),  E=glul*+ %IU\Q + bF (u).

The nonlinearity f : C — C is defined for any z € C by f(z) = g(|2]?)z with g € C°([0,+c0),R) N
C?((0,+00), R). For simplicity, we denote by f’ the derivative of fir- For the analysis of the ordinary differential
equation in the present section, we make the following assumptions on the nonlinearity.

(H1) The derivative f’ is non-decreasing on (0, 00).
(H2) At infinity lims_, oo O — o

T2
(H3) The function s — £&) is increasing on (0, 00) and lim,_,o L& = 0.

S T

For the rest of this section, we assume that (H1)—(H3) hold and we study the bounded solutions of the profile
equation (2.1). We will distinguish between two different cases depending on whether J = 0 or not. When
u(x) # 0, we introduce the polar coordinates

with 7 > 0 and 7, ¢ € C?(R). Invariants become

1:2 J2 2
J:T2¢zv EZ%"‘@"‘(I%‘F[)F(T)

If J = 0, then replacing r(x)e’®® with r(x)e’® for some ¢ € [0,27] we can assume that u(z) € R up to a
constant phase. If J # 0, then u(x) # 0 for all z € R, and ¢, # 0, so u is truly complex-valued. Define the
effective potential by

J2 7,2
VJ(T) = ﬁ + CL? + bF(’I")
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FIGURE 1. Possible plots of V as a function of r for f(r) = 73 when J = 0. The left plot
corresponds to a = 1,b = —1, the center plot to a = 1,b = 1, and the right plot toa = —1,b = 1.

—2J

By elementary calculations, we have
J2
Vi(r) = -3 +ar +bf(r).
We describe the potential V;. We start with the case J = 0. Then
2

V(r) = a% FOE(r), V'(r)=ar+bf(r).

IfV'(r) =0 for r > 0, then @ = —%. We know that @ is an increasing function for all r > 0, therefore there
exists at most one value rg > 0 such that

arg + bf(rg) = 0.

We now discuss what happens depending on the values of ¢ and b. Since 1111(1) @ = 0, we have sign(V'(r)) =
T
sign(a), when r approaches 0*. Moreover, we have lim V(r) = sign(b)oo, because we have lim % = +o0.
r——+4oo r—400

We start with the defocusing case where b < 0. If a < 0, then V'(r) < 0 for all » > 0 and there does not exist
bounded solutions. Assume that a > 0. Then V'(r) = 0 has exactly one solution. Therefore the graph of V' as a
function of r is given on the left of Figure 1. The third case is the focusing case where b > 0 with @ > 0. Then
V'(r) > 0 for all » > 0. The graph of V as a function of r is represented on the center of Figure 1. The last case
is the focusing case where b > 0 with a < 0, then V’/(r) = 0 has again exactly one solution, and the graph of V'
as a function of r is represented on the right of Figure 1.

Now we assume that J # 0. If V}(r) = 0 for r > 0, then —J2 + r4 (a + b@) = 0. Let

k(r) = 4 (a—&-bf(r)).

r
We will study the variations of the function k, and infer from these the graph of the potential. We have

r

K (r) = dar® + bf' (r)r® + 3br2 f(r) = r® (4a +bf'(r) + 3bf(r)> .
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FIGURE 2. Possible plots of k as a function of r for f(r) = r3. The left plot corresponds to
a=1,b= —1, the center plot to a = 1,b =1, and the right plot to a = —1,b = 1.
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FIGURE 3. Possible plots of V; as a function of r for f(r) =73 with J # 0 (here J = 0.2). The
left plot corresponds to a = 1,b = —1, the center plot to a = 1,b = 1, and the right plot to
a=-1,b=1.

o

As f'(r) and f(r)/r are increasing, the derivative k' changes sign at most once. When b < 0 and a < 0, k is
always negative decreasing, V; has no critical point and (2.1) has no bounded solution. We then consider the
defocusing case where b < 0 and @ > 0. In this case the graph of k(r) as a function of r is presented on the
left of Figure 2. Hence V/(r) = 0 has 2 solutions for J? < r. where k’(r.) = 0 and the maximum occurs. The
graph of V; as a function of r is presented on the left of Figure 3. In that case, V; admits a minimum and a
maximum. When J? = 7., V is monotonically decreasing but still admits a critical point, which gives rise to a
unique bounded solution of (2.1) (which is a plane wave). When J? > r., V is monotonically decreasing with
no critical point, and (2.1) has no bounded solution. The third case is the focusing case where b > 0 and a > 0.
We know that k(r) is a strictly increasing function presented on the center of Figure 2. Therefore, Vj(r) =0
has a unique solution. Then the graph of V; as a function of r is given in the center of Figure 3. The last case
is the focusing case where b > 0 and a < 0. The graph of k as a function of r is represented on the right of
Figure 2. Therefore, V;(r) = 0 has a unique solution. Then the graph of V; as a function of r is represented on
the right of Figure 3.
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We now represent the phase portraits in each case where bounded solutions exist. In polar coordinates, the
equation (2.1) becomes

J2
Tow = g +ar+bf(r)=0.

We rewrite this second-order differential equation in the form of a first-order system by introducing new

coordinates
Y2 Tz '

Then the differential system is the following

, (., Y2 _ ([ filyr,y2)
Yy =Gy) = (;13 — ayr —bf(y1)> B (fZ(ylay2)) '

We start by finding the equilibrium points y such that G(y) = 0. Then we find the isoclines Iy and I, where

ch = {(ylayQ) S Rz : f2(y1,y2) = Oé} .

fi(yr,92)
We start with the case J = 0. We have
Io = {(y1,y2) € R? : g5 # 0, a1 + bf(y1) = 0},
and
Lo ={(y1,92) €R?: —ayy —bf(y1) #0, y2 =0}

These isoclines Iy and I, meet at the equilibrium points of the system and determine the regions where the
trajectories are monotonic:

Qi+ ={yeR’ fi(y) >0, fy) >0}
Qi-={yeR?® fily)>0, faly) <0}
Q+={yeR? fi(y) <0, fa(y) >0}
Q- ={yeR?’ fiy) <0, faly) <0}

Then we study the stability of the equilibrium points. The Jacobian matrix of G is of the form

Je = <—a—2f’(y1) é) '

Classification of equilibrium points is determined by the eigenvalues A\; and Ag of the Jacobian matrix Jg. Since
the trace of Jg is 0, the eigenvalues verify A\; = —\5. Depending on the discriminant of Jg, two situations may
arise. If \; = =Xy #£ 0 (or A\; = —X2 = 0 and b < 0) are real numbers, then the point is a saddle. If \; = —Ag #£ 0
are purely imaginary numbers (or A\; = —A2 = 0 and b > 0) then the point is a center.
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FIGURE 4. Example of phase portraits of the solutions for the defocusing case when J = 0.

We start with the defocusing case where b < 0 and a > 0. We know that @ is an increasing function
on (0,00) therefore in this case there exists a unique rg > 0 such that arg 4+ bf(rg) = 0. Thus we have three
equilibrium points (0,0), (ro,0) and (=79, 0). Hence

Io = {(y1,y2) € R? 1 yy € {0, £r0}, 2 # 0}, (2.2)

and

I = {(y1,y2) €R? : 41 ¢ {0, £r0},y2 = 0}. (2.3)

The characteristic polynomial of the Jacobian matrix Jg is given by P(A\) = A2 +a+bf’(y1). At the equilibrium
point (0,0) the eigenvalues are A = +iy/a (recall that a > 0). Since the eigenvalues are purely imaginary, the
equilibrium point (0,0) is a center. At the equilibrium points (+rg,0) we have a + bf’(rg) < 0, therefore the
eigenvalues are non-zero real numbers of opposite signs and the equilibrium point is a saddle point. The phase
portrait is given in Figure 4.

For the focusing case where b > 0 with @ > 0 we have only one equilibrium point (0,0). The eigenvalues
are given at the equilibrium point (0,0) by A = +iy/a and the equilibrium point (0,0) is a center. The phase
portrait is given on the left of Figure 5.

The last case is the focusing case with b > 0 and a < 0. There exists a unique 79 > 0 such that arg+bf(ro) =0
and we have three equilibrium points: (0,0), (rg,0) and (—rg,0). As before, the isoclines I and I, are given by
(2.2) and (2.3). At the equilibrium point (0,0) the eigenvalues are A = ++/—a and the equilibrium point (0, 0)
is a saddle. At the equilibrium points (£rg, 0) the eigenvalues are non zero purely imaginary numbers hence the
equilibrium point is a center. The phase portrait is given on the right of Figure 5.

The second case is when J # 0. We have

J2
Iy = {(y1»y2) eR?: I —ay1 —bf(y1) = 0,92 7’50},
i

and

2

J
Io = {(y1,92) € R*: i ayr — bf(y1) # 0,2 = 0}.
i
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FIGURE 5. Examples of phase portraits of the solutions for the focusing case when J = 0.
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FIGURE 6. Example of phase portrait of the solutions when J? = r..

The Jacobian matrix of GG is of the form

0 1
e\ 8L —a—bfw) o)

We start with the defocusing case where b < 0, a > 0 and J? < r.. In this case the equation ii— —ayy —
bf(y1) = 0 has 2 solutions rg and r, such that 0 < rg < r, (rq = r4 if J> = r.). Thus we have two equilibrium
points (rg,0) and (r,, 0). The characteristic polynomial of the Jacobian matrix Jg is given by P(\) = A% + % +
a+0bf'(y1). On the first equilibrium point (rg,0) we have A\? = —% — 1+ f'(rg) = =V (rg) <0, because
Vy(r) is convex at rg and therefore the eigenvalues are purely imaginary and the equilibrium point (rg,0) is a
center. On the second equilibrium point (r,,0) we have A\? = —% — 14 f'(rq) = =V (rq) > 0, because V;(r)
is concave at 74 and therefore the eigenvalues are non-zero real numbers of opposite signs hence the equilibrium
point is a saddle. The phase portrait is given on the left of Figure 7. When J? = 7, the equilibrium point is
the only bounded solution and is a saddle-node. The phase portrait for this case is given in Figure 6.

For the focusing case where b > 0, with both cases a > 0 or a < 0, the equation %;— —ay; —bf(y1) =0has 1
solution 7¢g. On the equilibrium point (r¢,0) we have A? = —%E —a— f'(rg) < 0, therefore the eigenvalues are

purely imaginary and the equilibrium point (rg,0) is a center. The phase portrait for these two cases is given
on the right of Figure 7.
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In the following, we study the variational properties of periodic states. We start by establishing a Fourier
rearrangement inequality that will be useful later on. We then study the minimization of the energy at fixed
mass (and momentum) in various settings (periodic, anti-periodic, focusing/defocusing nonlinearity). Finally,
we consider the minimization of the action over the Nehari manifold.

3. A FOURIER REARRANGEMENT INEQUALITY

We start by presenting an inequality based on a Fourier rearrangement process that will be useful later on.
This is a generalization of a result used in [16] in the cubic case. Before giving the statement of the result, we
introduce some notation.

We will denote norms on L4(0,T) spaces by

N
||u||Lq—||u||Lq<o7T)—</0 |u|q> ,

and the complex L? inner product by

= /OT fgda.

We will be interested in spatially periodic solutions ¢ € H. _(R) N Pr, and anti-periodic solutions ¢ €
H! (R)N Ar, where

loc

Pr = {f € LlOC(R) 8 f(l‘ + T) = f(l‘)}, AT - {f € LlOC(R> : f(x +T) = —f(.T)} (31)
Lemma 3.1. Let v € H} (R)N Az and p > 1 an odd integer. Then there exists v € H} (R)N Az such that:
o(@) € R, ollee = flollzzs 102022 = [10uvllz2,  [[0llLess = (0] oss-

Proof. Since v € H, lloc(R) nA T, its Fourier series expansion contains only terms indexed by odd integers:

L on
— § PR AL
= vje T,

JEL
jodd
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We define v by its Fourier series expansion
- L gom
o(z) = E 0;e T,

JEZ
jodd

It is clear that o(z) € R, and by Plancherel formula, we have

[oll2 = [JollL2,  1020][L2 = [|0v] L2,

so all we have to prove is that ||0]|pp+1 > ||v]|pr+1. We have

lo(z)]? = Z lv;|? + Z W™ FE 4 e T
JEZ ne2N
jodd nz2

where we have defined

we ¥

J>k,j+k=n
j, kodd

V;jU_f + VEU—j.

Let N = p—;l. We start with

ptl
p+1 __ 2\ 2
[P = (Jvf?)
N
om i om
— §:|'Uj|2+§ :wneznTx+wne O
JEZL ne2N
jodd n>2
N—k
N
N im 27 —in 2T
ZE (k E |’Uj|2 § wneznTm+wne inggw
k=0 JEL ne2N
jodd nz2
We have
k
27 _ —in 2
§ :wneznTx+wne infx
ne2N
n=2
e
— E E E D - i(=p1——pstPs 1+ ApK) F
= (S) Wpy =" Wp, * Wp,yq ** Wpy€ T
s=0 p1 Pk
k s k
k 2w .2
= T3 —WpL T P
—Z(S > o\ Hwwem ™7 ) { IT wne™ 7
s=0 P1 Pk =1 l=s+1

11
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where we use the convention

0 k
. o . om
7 WL WP T —
I | Wy, € T =1, I | wp, P T =1,
=1 I=k+1

Then we have

1 T
T/ lo[PHda
0

N—k &
1 (T /N
:7/ Z( ) Z|UJ|2 ZweznTm+we—1nTm dz
T Jo k=0 k JEL ne2N
jodd n=2
N—k
N /N
> (1) Z)
k=0 jez
jodd
1 T k k s k ,
F 5 (e (I e
T Jo s—o \5/ o pr \l=1 l=s+1
N—k
N /N L s k
S (M(zer] 26 = () (Im).
k=0 JEL s=0 P1y.-Pn€0 \l=1 l=s5+1

where
O'Z{(ph...,pk)1386{1,...,]41}:p1—‘r~'~+ps—ps+1+~-~+pkZO},

and where we have used the fact that for n € N;n #£ 0, we have

T 2
/ e T dx = 0.
0

On the other hand, we observe that

v 2 ()6

J>k,j+k=n
j kodd

where the . denotes the complex vector scalar product. Therefore,

we = (N 5 e

j>k,j+k=n >k, j+k=n
j,kodd j.kodd
=2 ) i), = Wy,
J>k,j+k=n

j kodd
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where by @, we denote the quantity defined similarly as in (3.2) for (9;). Therefore,

1 T
T/ lo[PTdx
0

N—k
N N k k s k
)|z 28 T (o) (I1 )
k=0 JEL s=0 P1,--,Pn€0 \l=1 l=s+1
jodd
N—k
N N k k s k
S0z £6,5. 1) (i)
k=0 JEZ s=0 Plyeees pn€o \l=1 l=s+1
jodd
1 /T
:T/o 5P+ da,
which concludes the proof. O

4. MINIMIZATION ON THE MASS CONSTRAINT

In addition to (H1)—(H3), we will sometime make use of some of the following additional assumptions on the
nonlinearity.

(H4) The function

h(s) := (sf(s) — 2F(s))s 2, (4.1)

is strictly increasing on (0, +00). Moreover, lim A(s) = 0 and lim I8 — .
s—0 s—0

(H5) There exist M >0, 1 < p <5 and sq such that for all s > sg we have |f(s)| < MsP.
(H6) For any s > 0, the following inequality is satisfied:

s2f"(s) > sf'(s) — f(s). (4.2)

(H7) At infinity, we have

lim (f(s) - f’(s)) = . (4.3)

5—00 S

Most of these assumptions are related to the growth of the nonlinearity and are satisfied by sums of generic
power nonlinearities. The main restriction may come from (H5), which imposes a mass-subcritical growth on
the nonlinearity and is used for minimization of the energy on the mass constraint in the focusing case.

We now consider our first set of variational problems. Let m > 0. A common variational problem is to
minimize the energy at fixed mass:

min{&(u) : v € H..(R) N Pr, M(u) =m}. (4.4)

Since the momentum is also conserved for (1.1), it is natural to consider the problem with a further momentum
constraint:

min{&(u) : v € H..(R)N Pr, M(u) =m, P(u) =0}. (4.5)
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The minimization problems (4.4) and (4.5) seek to find functions v which minimize the energy subject to the
constraint that the mass is fixed and, in the case of (4.5), the momentum is also zero. Note that when we
minimize the energy with fixed mass and fixed momentum p # 0 the problem is more complicated. In our work
we will only focus on the case p = 0.

4.1. The focusing case in Pr
Assume that b > 0.

Proposition 4.1. Assume that f verifies (H1)-(H3) and (H5). For all m > 0, the minimization problem (4.4)
admits a real minimizer which is also a minimizer of the minimization problem (4.5). The minimal energy is
finite and negative.

Proof. Without loss of generality, we can restrict the minimization to real valued non-negative functions. Indeed,
ifu € H. (R)N Pr, then |u| € H}_(R) N Pr and we have ||0;|u|||z2 < ||0,ul|z2. This implies that (4.4) and (4.5)
share the same minimizers.

Let us prove that the minimal energy is negative. To do so, let ¢,, 0 = \/% be a test function. We have

T
M(¢m,0) =m, g(qsmvo) = _A F < 2;7) de =-TF < 2;?) <0,

where the last inequality holds because F(z) > 0 for any z € C by the assumptions on f.
Consider now a minimizing sequence (u,) C H} (R) N Pr for (4.4). We first prove that it is bounded in
H} _(R)N Pr. To this aim, we rely on the Gagliardo-Nirenberg inequality: for any v € H\ (R) N Pr, we have

1 —+1 1— +1 1
lallPTE < e |5 ) S5 P 4 25,

R

where a = % T We also know that there exists p > 1 such that

F(u) < |F(u)] < [uf® + Juf*.
Consequently, for any u € H} _(R) N Pr, such that M (u) = m, we have

Lo r
& = 3l — [ Fluo
1

+1
2 Slualzz = C(llulzz — lullzze)
1 —a
> llua|fs — Cm— Cllua |28+ =5 — om ™

1 (A—a)(p+1)
||uw||%2 (2 _ CHuI”a(P-i-l)—Zm 1 2P+ ) B C(mpTH _m).

The previous inequality implies the boundedness of |0 un||r2 when 1 < p < 5. Indeed, by contradiction, we
suppose that ||0yuy,||L2 — co. Since 1 < p < 5, we have a(p+1) —2 < 0, and this implies that |\axunu§§p+”‘2 —
0, and therefore £(u,) — oo, which is a contradiction with the minimizing nature of (u,). Moreover, the same
arguments show that if 1 < p < 5, then the minimal energy is finite. Hence the sequence (u,) is bounded in
H} (R)N Pr. Therefore up to a subsequence, (u,) converges weakly in H, .(R) N Pr and strongly in L? N Pr and

LT Pr towards ua, € HL,(R) N Pr. We now show that (u,,) converges strongly towards u., in HL (R) N Pr.

loc
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By weak convergence, we have

Haﬂvuooni2 < nllg_loo ||awun||%2

Up to a subsequence, we also have F'(u,) — F(uc) almost everywhere. Moreover, we have

| (un)] S Junl® + ua[PF
+1
S lln 7 + |75

S lun 3+ llun 155" < masc{llun 152 + llun |73} < oo

Then by the dominated convergence theorem we have
T T
lim F(uy)dx = / F(u)dz.
0

n—-+4oo 0
Combining the previous arguments, we obtain

E(uso) < lim E(uyn), M(u,) =m,

n—-+o0o

which in turn implies

R R L o

Therefore the convergence from (u,) to us is also strong in H} _(R) N Pr. O

Proposition 4.2. Assume that f verifies (H1)-(H3) and (H})-(H7). There exists m > 0 such that if m > m,
then the minimizer of (4.4) is not a constant, the associated Lagrange multiplier verifies a < 0, the minimizer
18 positive.

Remark 4.3. In the cubic case, it is known that for small enough values of m, the minimizer of the energy
functional in this case is the constant function, see [16].

Proof. Since uy is a minimizer of (4.4), there exists a Lagrange multiplier a € R such that

—E'(Uoo) + aM' () = 0
that is

Orzlioo + Ao + bf (Uoo) = 0.
Multiplying by u, and integrating (recall that the functions considered are assumed to be real), we find that

o l0suscllys — b [ f(ttoo)uoed

o122

Note that

T T T
0pttos || 32 — b/ f(too)toodr = 28 (U ) + 2b/ F(uso)da — / bf (oo )Uoodx
0 0 0

T
= 2&(uso) + b/o (2F (too) — f (oo )tloo)d,
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where E(uso) < 0 and 2F (too) — f(Uoo)Uoo < 0, by the assumption on (4.1). Therefore, we have
a < 0.

We introduce an auxiliary function

By assumption (4.2), we have

POPEYCCEES (Cyi)

52

Therefore A is a decreasing function, from 47%2 to —oo from assumption (4.3). Let m* be such that A(m*) =0
and define

Tm*Z
2

ﬁ’L:

We want to prove that if m > m, then uy, is not constant.
By contradiction, we assume that u., is constant for m > m. Then we necessarily have u., = 2%” The
Lagrange multiplier can also be computed and we find

2m T 2m’

a:—bfon( ) Q%de:_bf< 2m> T

Since uq, is supposed to be a constrained minimizer for (4.4), the operator

_8rz _a_bfl(uoo) = _axz +b\/ %f (\/ 2T> _bfl (\/ 2;?) )

must have Morse Index at most 1, i.e, at most 1 negative eigenvalue. The eigenvalues are given for n € Z by the

following formula:
2mn\ 2 T 2 , 2m
<T)‘MV%J<VT>‘W V7| nEr

If n = 0, the eigenvalue is negative:
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/ /
Indeed as £ is an increasing function we have that for all s > 0, (ﬁ) = M > 0. If n =1 the

S S

() () (1%)

Recall that A (\ / —) is non-negative if and only if 27’” < m* which is equivalent to m < m which gives the

eigenvalue is of the form:

T
contradiction. Therefore when m > m™ the minimizer u., is not constant, which concludes the proof. O

4.2. The defocusing case in Pr
Assume that b < 0.

Proposition 4.4. Assume that f verifies (H1)-(H3). For all m € (0,00) the constrained minimization prob-
lems (4.4) and (4.5) have the same unique (up to phase shift) minimizer, which is the constant function
Uso = 1/ B2

Proof. Consider a minimizing sequence (u,) C H. _(R) N Pr for (4.4). We first prove that it is bounded in
H} _(R)N Pp. We have

1 T
E(uy) = §||8zun||2L2 - b/o F(uy)dx > 0.

By contradiction, we suppose that ||0,u,||pz — co. Therefore £(u,) — oo, which is a contradiction with the
minimizing nature of (u,). Moreover, the same argument show that the minimal energy is finite. Hence the
sequence (uy) is bounded in H} (R) N Pr. Therefore up to a subsequence, (u,) converges weakly in H} .(R) N Pr
and strongly in L? N Pr and Lfotl N Pr towards us € H} (R) N Pr. As in the proof of Proposition 4.1 we
have that (u,) converges strongly towards u. in H} _(R) N Pr. As for the focusing case, for any v € H} N Pr,

we have
M(Jv|) = M(v), E(Jv]) < E(v),

therefore we may assume that us, > 0.
As in the proof of Proposition 4.2, we know that there exists a Lagrange multiplier a such that

—&'(Uoo) + aM' (us) = 0,

i.e. U satisfies the ordinary differential equation (2.1). Hence a might be explicitly expressed in the following
way:

T
_ Optics |22 — bfo J (oo ) UoodT
oo 12 2

Since b < 0, we have a > 0. In this case we know that the phase portrait for real valued solutions of (2.1) is
given in Figure 4.
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The only solutions of (2.1) that do not change sign are the constant functions +,/22. As a consequence,
since we assumed Uy, > 0, we have

which concludes the proof. O

Remark 4.5. Under the assumptions of Proposition 4.4, the minimizer is uy, = 1/2% (up to phase shift), and
therefore the associated Lagrange multiplier is given by

o= (%) o

The eigenvalues of the associated linearized operator

_3xx—a—bf/(uoo)__8xx+b\/gf(\/?)_bf,<ﬁ>

are given for n € Z by the following formula:

() (Ve (V) ()

Since b < 0 and f(s)s~! — f’(s) < 0, if we assume in addition (H4), we remark that the eigenvalues are all
positive.

We will also consider the variational problem restricted to anti-symmetric functions:
min{&(u) : u € H..(R) N Az, M(u) = m}. (4.6)

4.3. The defocusing case in Ar
Assume b < 0.

In this section, we restrict ourselves to the sum of several powers.

Proposition 4.6. Let f(u) = Zjvzl |ulPi~lu, where N > 1 and 1 < pj; < oo, for j =1,...,N. There exists a

2m  irz

unique (up to phase shift and complex conjugate) minimizer of (4.6). It is the plane wave us = / Fre’T

iT

7. Letve HE (R)N Az such that: M(v) =m and

(R)NA T, v must have 0 mean value. Recall that in this case v verifies the

Proof. Denote the supposed minimizer by w(x) = 4/ QTmei
v # ew (0 € R). Since v € H},
Poincaré-Wirtinger inequality

T !/
lvllze < 5[Vl e,
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and that the optimizers of the Poincaré-Wirtinger inequality are of the form cet T ,c € C. This implies that

82 82

||3xw||%2 = WM(W) = T2

M (v) < [|0]|7-

We will prove now that fOT F(w)dz < fo F(v)dz. We have

1 pj+l pi+l pi+l
Tt )

= <p] +1 (
N 1 ”
=1y (5 4) (0 )
=Pt
N 1 )
3 () (7 ).
; pj + 1 LPi
where the last inequality came from Holder inequality:
1 P 1 1
Pzt < T2 olth, o + o = L
2 p—1
Therefore we have
N N
> 7llw Pt <0 ——=llrs
rri1 S Pt
bt =1
which implies that
E(w) < E(v),
which concludes the proof. O

5. MINIMIZATION ON THE NEHARI MANIFOLD

In this section we restrict ourselves to the nonlinearity of the form f(u) = |u|P~1u, with p > 1. We define the
functional S : H (R) N Pr — R by setting for u € H. (R)

1 a b +1
S(u) = 300l — 3 ults — Il

Lp+1l-
It is standard that S is of class C2. The Fréchet derivative of S at u is given by

S’ (1) = —uge — au — blu|P " u.
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Therefore, u is a solution of the ordinary differential equation (2.1) if and only if S’(u) = 0. Let I(u) = ||dyul|2, —

allul|2, — bllul?t1,. The set

{u€ Hbo(R) : u# 0,1(u) = 0}
is called Nehari manifold. We are interested in the minimization problems on the Nehari manifold:
min{S(u) : u € H} (R) N Pp,u # 0,I(u) =0}, (5.1)
and
min{S(u) : u € H. (R) N Az, u#0,I(u) =0} (5.2)

The minimization problem on the Nehari manifold has been studied in numerous works. In this regard,
we mention the work of Szulkin and Weth [22], the work of Pankov [23] and Pankov and Zhang [24] for the
discrete nonlinear Schrodinger equation. We also mention the work of Hayashi [25] on the nonlinear Schrodinger
equation of derivative type and the work of Colin and Watanabe [26] on the nonlinear Klein-Gordon-Maxwell
type system.

Remark 5.1. The interest for minimization over the Nehari manifold is that it is a natural constraint. Indeed,
assume that u # 0 is a minimizer. We have

I'(u) = —2ugy — 2au — b(p + 1) julP1u
= —2up, — 2au — 2bjuP " u 4 b(2 — (p 4+ 1) |ulP " u
=28"(u) — b(p — D|u|Pu.

Moreover I(u) =< S’(u),u >, therefore
<I'(u),u>=2<8(u),u>—b(p— 1)||u||72'1'§i1
— —bp— DJullfh, £ 0.
On the other hand, if S’'(u) = AI’(u), this implies that
0=<5"(u),u>=A<I"(u),u>.
Since < I'(u),u > 0, this implies
A=0.
Therefore the minimizer u verifies S’'(u) = 0, so it is a solution of the ordinary differential equation (2.1).

5.1. The focusing case in Pr
Let b > 0 and a < 0. We have the following lemma.
Lemma 5.2. The minimum of (5.1) is finite and there exists a real minimizer solution of (2.1).

Proof. Consider a minimizing sequence (u,,) C H} (R) N Pr for (5.1). We have I(u,,) = 0, therefore

1 1

(1) = 8(0) =~ 1) = (5 =~ ) (1000 = alfunl ).



VARIATIONAL PROPERTIES OF SPACE-PERIODIC STANDING WAVES 21

We have the boundedness of the sequence (u,) in H. _(R) N Pr. Indeed, by contradiction we suppose that
|un|l22 — oo, or [|0yuy||2; — oo, therefore S(u,) — oo, which is a contradiction with the minimizing nature
of (uy). Therefore up to a subsequence, (u,) converges weakly in H. (R) N Pr and strongly in L} N Pr and
LPYY N Protowards uee € HE (R) N Pr. By the weak convergence we have

loc loc

[[0zto0|| 2 < lim inf ||Opuy || L2,
n—oo

then
9ol — aljusoll3s < Tim inf (922 — allun32)
Therefore
(o) — ——I(us) < lim inf S(un)
Uoo P Uoo) < lim inf S(uy).
On the other hand we have
1
I(us) = ”81“00‘@,2 - a”uooniﬂ - b”uoonitﬂ

.. . +1
< nlggo inf (”a:r:“n”%? - aHun”%Z) - bnlgr;o ‘|un||gp+l

< lim I(uy,) =0.

n—oo
Then
I(us) <0,
and this implies that
S(ttoe) < S(ttae) — ——I(us) < Tim inf S(u).
p+1 n—o0

The graph of I(tu) is given in the Figure 8. We know that I(u~) < 0, hence there exists tg < 1 such that
I(touso) = 0. We have

1
S(touoo) = S touoo) — 7I(t0uoo)

(—) 1BsusolZa — alluse]22)

+
s ) (19eusclZe — alluscl22)
p—|—1 Uso L2 — a||Uso L2
=S(u )— (uoo) < lim inf S(uy,).

n—oo

Therefore

S(toteo) < lim inf S(uy), I(tous) =0,

n—oo

which implies the existence of the minimizer.
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FIGURE 8. I(tu) as a function of ¢ in the focusing case.

Moreover, without loss of generality, we can restrict the minimization to real-valued non-negative functions.
Indeed if (touoo) € HJ.(R) N Pr, then |tous| € H} . (R) N Pr and we have ||, |touso ||| 22 < |0z (totoo)|| 2. This
implies that S(Jtoteo|) < S(toteo) and I(Jtouss|) < I(totes) = 0. As before, we know from the graph of I(tu)
given in the Figure 8 that there exists to < 1 such that I(|taus|) = 0 with S(|tauss|) < nh_}rgo inf S(u,,) which

implies that the minimizer is real.

O

5.2. The defocusing case in Pr

Let b < 0 and a > 0. We have the following lemma.
Lemma 5.3. The minimum of (5.1) is finite and there exists a unique (up to phase shift) minimizer solution
of (2.1) which is the constant function Uy, = (—%)ﬁ

Proof. Consider a minimizing sequence (u,,) C H} (R) N Pr for (5.1). We know from the Hélder inequality that

loc

+1 p—1 +1 1 1
||U||§2 LT HU||I£p+1; sy + pES 1.
2 p—1

Thus, since I(u,) = 0, we have

p—1
0 < [|0punl|Z2 = allunll7z + bllunl7ri: < aT v [[un|[Foss + bllun|Fit-

As a result the last term in the inequality is positive with b < 0 then (u,,) is bounded in L} ;1 N Pr. Moreover,
with the Holder inequality we have then the boundedness of (uy,) in L? N Pr. Finally as I(u,) = 0 we have

loc
the boundedness of the sequence (u,,) in H} (R) N Pr. Therefore up to a subsequence, (u,) converges weakly

in H} .(R) N Pr and strongly in L? . N Pr and Lfotl N Pr towards ue, € H}(R) N Pr. By the weak convergence
we have
10stoo|l2 < lim inf ||Opun| L2,
n— oo

then

10succlZ — alluccllZ> < lim inf ([|OpunllZ> — allunlZ2) -
n—oo
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FIGURE 9. I(tu) as a function of ¢ in the defocusing case.

Therefore
1
S(too) — ml(uw) < nhﬁngo inf S(uy).
On the other hand we have
1
I(us) = ”8961‘00”%2 - a||u00H%2 - blluoo\\ﬂﬂ

. . 2 . 2 . +1
< nlggo inf (Hafcunnm) - anhHH;O lunllz2 — bnlingo ”Un”ipﬂ

< lim I(up) =0.

n—oo
Then
I(us) <0,

and this implies that

! TIuso) < lim inf S(u,).

< -
S(Uoo> = S(uoo) P+ 1 n— oo

The graph of I(tu) is given in the Figure 9. Since I(us) < 0, there exists ¢y > 1 such that I(tgus) = 0. Observe
also that

10stiscll32 — alluse 32 < BllusclZH, < 0.

We have
S(touss) = S(totco) — ml(tOUoo)
1 1
— (5~ 547 B 00l — allusl )

5~ 7 ) (sl — alle )

1 . .
(uoo) — mf(uoo) < nh—>H;o inf S(up,).
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Therefore

S(touso) < lim inf S(up), I(touss) =0,

n—oo

which implies the existence of the minimizer. As in the focusing case and without loss of generality, we can
prove that the minimizer is real-valued, non-negative and solution of the ordinary differential equation (2.1).

1
The only such solution of (2.1) is the constant functions umi, = (—%) ?=T with I(Umin) = 0, which concludes
the proof.

O
5.3. The focusing case in Ar
Assume b > 0 and a < 4TL22.
Lemma 5.4. The minimum of (5.2) is finite.
Proof. Consider a minimizing sequence (u,) C H} (R) N Az for (5.2). We have I(uy) = 0, therefore
Slin) = Slm) = 1) = (5= = ) (100unllZe — allual2:) (53
n n p+1 n 9 p+1 zUn|| T, n|l L . .

We will distinguish between two cases whether a < 0 or @ > 0. In the first case, as in the periodic case, we can
directly conclude by contradiction with the minimizing nature of (u,) that it is bounded in H} (R) N A r.In
the second case, we suppose that a > 0. Since u,, € A T, Un must have 0 mean value. In that case w,, verifies
the Poincaré-Wirtinger inequality:

T
tunllz2 < %HazunHLZ-

Replacing in (5.3), we obtain that

1 1 472 5
st > (3= 551) (7 ) Il

Then by the same arguments as in the first case we can prove that (uy,) is bounded in H}

Therefore up to a subsequence, (u,,) converges weakly in H}

loc
1
towards us, € Hj,,

(R) NAz and strongly in L? NAz and Lt NAz

loc loc
(R) N Az. By the weak convergence we have

||u<>OHH1 < lim inf ||u7LHH1-
n—oo
If a < 0, by the equivalence of the norms we have

10succ 7 — alluscllZ> < lim inf ([|OpunllZ> — allunlZ2) -
n—oo
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2
loc

And if @ > 0, by the strong convergence in L7 N A T we also have the above inequality. Therefore

1
S(too) — ﬁf(uoo) < nhﬂn;(} inf S(uy).
On the other hand we have
I{uoo) = [|0au00 172 — alltios]|F2 — [uce 7 F

.. . +1
< nll_{?go inf (Ha’vunH%? - a||un||2L2) - nh_fgo ||unH1[7,p+1

< lim I(up,) =0.

n—0o0

Then

and this implies that

1
——I(us) < lim inf S(uy,).

< _

As in the periodic case with the Figure 8 we can prove that there exists to < 1 such that I(tpue) = 0 and
S(totoo) < lim inf S(u,) which implies the existence of the minimizer. O
n— 00

We now consider the following intermediate minimization problem:

(/11
min{ (5= 27 ) Il +0 #0.10) <00 € HA(R) N 4

s

} . (5.4)

Lemma 5.5. The minimization problems (5.2) and (5.4) share the same minimizers. Moreover, when p is an
odd integer, there exists a real minimizer.

We have the following lemma.

Proof. Let
my := min{S(u) : u € H. (R) N Az, u##0,1(u) = 0},
and
oL 1 2 1
my = min(5 — 7 ) olf 0 € LRI N g0 2 0.1() < 0}

We will prove that m; = mg. Let u be such that m; is reached. Hence I(u) = 0. We have

1 1

my = S(u) =9(u) — ——1I(u) = (2 — er1> )3 = ma.
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Let u be such that msy is reached. Then I(u) < 0. We will prove that I(u) = 0. By contradiction, we suppose
that I(u) < 0. As we can see in Figure 8 there exists tg < 1 such that I(tou) = 0. Therefore we have

S D ) ol < (5= )
- U <lz———u = My,
2 py1) oA 2 p+1 Ht 2

which gives the contradiction. Thus I(u) = 0. That being the case, we have

1 1

ma = (5= o3g ) Tl = S( > .

Hence m; = msy. On the other hand from Lemma 3.1 of the Fourier rearrangement inequality, we conclude that
if p is an odd integer, then there exists @ € H. _(R) N Az such that:

loc
w(z) €R, lallz = fullz2,  N0zullr2 = 10zullr2,  [@llLe+s = [JullLo+r.

Hence the minimizer can be chosen real. Moreover as in the periodic case the minimizer is a solution of (2.1)
and this concludes the proof. O

APPENDIX A. TRIPLE POWER NONLINEARITY

In this section we treat a special case not covered by the results of the previous sections. Consider the triple
power nonlinearity f(u) = ai|ulu + az|u|?u + aglu[3>u = 0, where a;,a3 > 0 and az < 0. We are interested in
real valued bounded solutions of (2.1).

After using the scaling symmetries of (1.1), we may assume a; = a3 = 1 and as = —y < 0. Let

F(@) =16l¢ =86 + ]9,

Denote also
1 0 1
F(o) = =161 — L1614 = 21615,
(0) = 3lol" = 1" + 14|

Changing notation, we set w = —a, Consider the effective potential

2

V(r) = —w% + F(r).

We study the critical points of V. Since f is gauge-invariant, V' is even in r and we may restrict the study to
positive critical points. We have

V'(r) = —wr + f(r).

Define

The main difference between the present case and the nonlinearities treated in the rest of the paper is that fi(r)
is not strictly increasing, i.e. (H3) is not satisfied. A positive zero of V' is a positive solution of

0=—w+ fi(r)=—w+r—qr2+r3 (A1)
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To determine the number of zeros of V', we analyze the variations of f;. We have
fi(r) =1—2yr + 312,

which has constant sign when v < v/3 and otherwise has two (positive) zeros given by

re=z (V7 3).

As a consequence, when 0 < v < v/3, the function f; is strictly increasing on [0,00) and there exists a (unique)
positive solution of (A.1) if and only if w > 0.

When v > /3, we have fi(r) > 0 for 7 € (0,7_) U (ry,00) and f{(r) < 0 for r € (r_, 7). In this case, (A.1)
has between 0 and 3 solutions. In particular, (A.1) has three positive solutions if and only if w > 0 and

5 (2219 202 -8)8) = Al < w0 < f) = o (2749 12— 3)E).

The v — w regions of existence of solutions for (A.1) is represented in the figure below (zero solution, one solution,
two solutions, three solutions).

0.6

0.4

0.2 |-

—0.2 -

—-0.4

Whenever they exist, we denote the solutions of (A.1) by
O0<cp<ro<cy<ry <cs,

with the convention that when r4 do not exist the solution is called c¢;.

Let us now distinguish the various possibles phase portraits depending on v and w.

Case w < min{0, f1(r4)}

In this case the only critical point of V' is 0, which is a center. Solutions of (2.1) are all of sn/cn type. The
phase portrait is given in Figure A.1.

Case w > 0, w & {(f1(ry), fi(r-))} In this case, V has two non-negative critical points: 0 and ¢;. The point
0 is a saddle point. The other critical point ¢; is a center. The phase portrait is similar to the one of the single
focusing power. We have dn type solutions close to the center and cn type solutions for higher first integrals.
The phase portrait is given in Figure A.2.

Case fi(r;) <w <0

In this case, V' has three non-negative critical points: 0 and ¢z, c3. The points 0 and c3 are centers. The other
critical point cs is a saddle point. The phase portrait is given in Figure A.3.

Case max(0, fi(r4+)) <w < fi(r-)
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FIGURE A.3. Phase portrait 3 solution.

In this case, V has four non-negative critical points: 0 and c1, c2, c3. The points 0 and ¢y are saddle points.
The other critical point ¢; and c3 are centers. There are three possible phase portraits depending on the value
of V(e2). If V(e2) > 0, then we have a homoclinic solution connecting 0 to itself without passing through ce and
an heteroclinic solution connecting ¢s to —ca. If V(c2) < 0, then the heteroclinic solution connecting 0 to itself
passes through co and ¢3 and there are two homoclinic solutions at ¢y (one by lower values and the other by
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i = il i — i
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FIGURE A.4. Phase portrait 3 solution, V(ca) > 0, V(c2) = 0, V(c2) < 0, bottom line is a zoom
of the top one.

upper values). Finally, at the borderline case V(cz) = 0 the main distinguishing feature is a half-kink solution
connecting 0 to cz. In the plane (v,w), the half-kink line corresponds to the curve

5y (592 —24)  V5y/ (5% —16)°

_) J—
v 432 432 :

starting at the point (\/ig, %g) (observe that this is nothing but the line of non-existence of solitons found
in [6]). The phase portraits are given in Figure A.4.
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