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ON FRACTIONAL HARDY-TYPE INEQUALITIES IN GENERAL
OPEN SETS

ELEONORA CINTI' AND FRANCESCA PRINARI>*

Abstract. We show that, when sp > N, the sharp Hardy constant hs, of the punctured space
R\ {0} in the Sobolev-Slobodeckii space provides an optimal lower bound for the Hardy constant
hs.p(€) of an open set Q© C RY. The proof exploits the characterization of Hardy’s inequality in the
fractional setting in terms of positive local weak supersolutions of the relevant Euler—Lagrange equation
and relies on the construction of suitable supersolutions by means of the distance function from the
boundary of 2. Moreover, we compute the limit of b, as s 1, as well as the limit when p ~ co.
Finally, we apply our results to establish a lower bound for the non-local eigenvalue A; ,(2) in terms
of hs,p when sp > N, which, in turn, gives an improved Cheeger inequality whose constant does not
vanish as p  co.
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1. INTRODUCTION

This paper deals with Hardy-type inequalities in fractional Sobolev spaces, with special interest to optimal
lower bounds on their sharp contants.

We recall some well known facts on Hardy’s inequalities in the classical (local) setting. For an open subset
of RY, let us define the distance function to the boundary as

do(x) :== yrg‘% |z —yl|, forall zeQ.

A classical result in the theory of Sobolev spaces states that, under suitable assumptions on the set €2, there
exists a positive constant C such that

|ul?

P
Q Y0

C dz < / |Vul? de, for all u € C§°(2). (1.1)
Q
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2 E. CINTI AND F. PRINARI

In the huge existing literature concerning the Hardy inequality, some results establish necessary and sufficient
conditions on the open set 2 ensuring the validity of (1.1) (see, for example, the references in [1]) while other
papers are devoted to the interesting related question of determining the optimal constant C' in (1.1), which
can be defined in a variational way as

hp(Q):ueggm{/ VP da - /%d :1}.

This has been achieved in some particular cases, e.g.:
P
o if Q =RV \ {0}, 1<p<oo,p#N, then h,(Q) = (le%p‘) (see [2] and the references therein);
P
e if ) is convex, 1 < p < oo, then §,(Q2) = (%) (for a proof, see [3], Thm. 11).

In the particular case p > N, Lewis in [4] and Wannebo in [5] show that the Hardy inequality (1.1) holds on
every open set 0 C R™. Later, an alternative proof of this result has been given in [6] by means of a “pointwise
Hardy inequality” and maximal function techniques. However, all these papers do not provide any explicit
(lower) bound for h,(€2). The latter question is studied in [7, 8], where it is proved that, when p > N, the
optimal Hardy constant of the punctured space RY \ {0} provides an optimal lower bound for h,(f2), i.e. for
every open set  C R it holds:

(61 2 0,8 (o) = (222 (12)

Recently, much interest has been devoted to the study of fractional nonlocal operators, fractional Sobolev
spaces and related functional inequalities. A natural question in this context is whether a fractional analogue
of (1.1) holds true and whether one can determine the sharp constant, at least in some particular cases.

In order to state our main result, let us start by introducing our notation. For 1 < p < o0, 0 < s <1 and
Q C RV, we define

W (@) = {p € L(Q) : [plweno) < +00},

where

oWl NP
</»[2xﬂ |£U— |N+3P d.ﬁlﬁdy 3 1f0<5<17
(/ |V<p|1’dx>p7 S
Q

When 1 < p < o0, this is a reflexive space, when endowed with the norm

[SD]WS’P(Q) =

lellwsr@) = llellr@) + [lwsr @), for every ¢ € W*P(Q).

We also indicate by WP (€2) the closure of C§°(€2) in W*P(RN).
The analogue of the Hardy inequality (1.1) in this context reads as follows:

|uf?
o dg

C dz < [u]? for all u € C°(Q). (1.3)

Wsp(RN)>
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For an open set Q C RY, we introduce its sharp fractional (s, p)-Hardy constant defined as

. |ul?
bop(Q) = inf {up :/de:1 .
P( ) uecg"(Q) []W (RN) o de

We explicitly note that by ,(Q) = h,(£2). Observe that, by definition of Wg’p(ﬁ), we have

; Jul?
() = o {[ums’p(w) Joag T (14)

by a standard density argument.

A first result in the determination of the sharp constant in this fractional setting was established by Frank
and Seiringer in [9], Theorem 1.1, who proved that, if N > 1,0 < s <1 and 1 < p < oo are such that sp # N,
then

s

1 o
e = bep (BY \ {0}) = 2 / pret 125
0

Oy s p(r)dr >0,

where, for every 0 < r < 1, the quantity ®n s ,(r) is given by

Do p(r) =[SV 72 / - dt, for N > 2,
(1 —2t7“+r2)

and

1 1
Dy,5,p(r) = (1 —p)i+sp + (14 r)t+sp’

The case of convex sets (where the fractional Hardy inequality holds in the whole range 1 < p < oo, see [10]
and [11]) has been discussed recently in [12], where, in Theorems 6.3 and 6.6, it has been proved that, if € is
convex, the optimal constant b ,(Q) coincides with the one of the half-space HY := RV~! x (0, 400) (whose
explicit value is given in formulas (1.9)-(1.10) in [12]) in the following situations:

e forl<p<oocand 1/p<s<1;
e forp=2and 0 <s < 1.

We note that the paper [12] extends some previous results contained in [13, 14] for the case p = 2. More precisely

n [13], Theorem 1.1, the explicit value of the optimal constant for the half-space has been computed for p = 2
and any 0 < s < 1, while in [14], Theorem 5, it has been proved that if Q is convex, then b 2(Q) = [’)572(H£)
for any 1/2 <s < 1.

When sp > N, the recent paper [15] shows that the fractional Hardy inequality (1.3) holds on every open
set QO C RY, by adapting the technique in [6] to the non-local setting. However, such an approach does not give
any lower estimate on the fractional Hardy constant b ,(£2).

With the aim to provide an optimal lower bound on b ,(€2) when Q@ C R¥ is a general open set and sp > N,
in this paper we give a different proof of the Hardy inequality (1.3) which comes out with a sharp lower estimate
on b ,(€2). In particular, our main result extends inequality (1.2) to the fractional case sp > N.

Theorem 1.1. Let N >1,0< s <1 and 1 < p < oo be such that sp > N. For every open set Q@ C RN we have

Bs.p(Q) > by, where b, := b (RN \ {0}). (1.5)



4 E. CINTI AND F. PRINARI

The proof of this result is based on the so-called supersolution method, which was well known in the classical
local case (see e.g. [1, 16, 17]) and was extensively studied in the fractional setting in [12, 18]. Such a method
allows to give an equivalent “dual” definition of b, ,(£2), which relies on the existence of positive supersolutions
to the nonlinear fractional equation:

p—2
[ul?"u in

<_A )su =A S y
4 de

(1.6)

where (—A,)® denotes the fractional p-Laplacian, whose precise definition will be given later on in Section 2.
We recall that, in [18], Theorem 1.1, it is proved that

Bs,p(2) =sup{\ > 0 : equation (1.6) admits a positive local weak supersolution}. (1.7)

For the definition of local weak super/subsolution we refer to Definition 2.1 below.

Such result, as well explained in [18], is based on the equivalence between the strict positivity of b ,(€2) and
the existence of a positive (local weak) supersolution to (1.6) for some A. For more details on the supersolution
method see [18] and reference therein.

Thanks to the formula (1.7) above, in order to prove Theorem 1.1, it is enough to find a positive supersolution
to (1.6) for A = b, ,(RY \ {0}). This is the content of Theorem 2.2 (and, more precisely, of Cor. 2.4 below),
where we give an explicit supersolution to (1.6), in terms of powers of the distance function.

In the second part of the paper we study the asymptotics, when s /1 of b, as well as its limit when
p / oo. The strategy adopted in [15] does not allow to perform a quantitative study of the optimal Hardy
constant b ,(€2) and of its behaviour as s /* 1 and p /" co. On the contrary, the application of the supersolution
method permits us to prove, that, when p > N, it holds

p—N

(1 )oY\ {0)) =Kp7N( ) = K,y BV {0)),

lim

s, 1
where K, v is an explicit constant depending only on p and N (see Thm. 3.1). This will follow by combining a
limsup-inequality (which is valid for any open subset of R™) and a liminf-inequality (proved for Q = RM \ {0}),
which are established in Lemma 3.2-3.4, respectively. We emphasize that, while for proving the lim sup-inequality,
it is sufficient to use the variational definition (1.4) of b, (), for establishing the liminf-inequality the dual
formulation (1.7) is better situated (since there, the Hardy constant is written as a supremum rather than an
infimum).

Moreover, by exploiting the lower bound (1.5), in Theorem 3.6 we show that, for every 0 < s < 1, it holds

=1

10

lim (hs;(€2))

p—r 00

: (1.8)

generalising the result given in [19], Theorem 4.4, when s = 1. Again, this will follow by combining a liminf and
a limsup inequality, both valid, now, for any open set (2.
In the last section of this paper, we apply Theorem 1.1 to obtain the following Cheeger inequality

Ao p(9) > by <hlz(VQ)>sp, (1.9)

for sp > N and 2 C RY open, see Theorem 4.1. Here h(2) is the Cheeger constant of Q defined by

P(E
hi(Q) = inf{|(E|) : E CC Q smooth, |E| > O}, (1.10)
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and As (1) is defined by the following sharp fractional Poincaré inequality

Asp() = inf {[u]gvsvp(ﬂw) : /Q |ul? dz = 1} . (1.11)

ueC§e ()
We explicitly note that, in the case s = 1, when p > N, combining (1.9) with (1.2), we get an improvement

of the classical Cheeger inequality with a constant which does not vanish as p — oo (for further details, see

Rem. 4.2). Finally, thanks to (1.8), we study the asymptotic behaviour of the family ()\S,p(Q))l/p as p — 0o (see
Cor. 4.3), getting a sharp estimate in the limit case p = oo (see (4.10)).

2. AN EXPLICIT SUPERSOLUTION AND THE PROOF OF THEOREM 1.1

For every 1 < p < oo, we indicate by J, : R = R the monotone increasing function defined by
Jp(t) = [t]P~2¢, for every t € R.

For 2o € RV and R > 0, we will denote by Br(x() the N—dimensional open ball centered at xg, with radius
R. We will use the standard notation wy for the N—dimensional Lebesgue measure of By(0). For an open set
Q c RY, we denote by

do(z) == yHelg(lz |z —yl, for every = € Q,

the distance function from the boundary. We extend dg by 0 outside 2. Moreover, we denote by rq the inradius
of 2, defined by

rq = ||do| L) = sup {r > 0 : there exists zyp € 2 such that B, (zg) C Q}

For a pair of open sets £ C Q C RY, the symbol E CC  means that the closure E is a compact subset of Q.
For every 0 < s < 1 and every open set Q C RV, we set

where C},(Q) is the Banach space of continuous and bounded functions on € and

z) — oy
[Ploo@ =  sup M
z,yeQ,z#y |z =yl

The space C%*(Q) will be endowed with the usual norm
H(pHCOvS(ﬁ) = lellzee (@) + [‘P]covs(ﬁ)a for every p € C*(9).

For 0 < a < 0o, we denote by Lg‘p(RN ) the following weighted Lebesgue space

LS, (RY) = {u € L (RY) : /RN : Jul*

e dr < :
L [V & +oo}
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For 1 <p<oo,0<s<1,and Q C RN open, we will consider the equation

where A > 0. Here (—A,)® is the fractional p—Laplacian of order s, defined in its weak form by

(=Ap)°u, p) == //RNXRN Iy (w(2) Txu(y;)éig) e ) dx dy, for every ¢ € C°(RY).

Definition 2.1. We say that v € WP (RY) N LE7H(RY) is a

e local weak supersolution of (2.1) if

Typ(u(z) — u(y)) (p(x) — ¢(y) JulP~2u
//RNXM & — y| N+ i dy”/ 7

for every non-negative ¢ € C§°(Q);

e local weak subsolution of (2.1) if

Jp(u(z) —uly)) (p(z) — v(y)) [u[P~2u

RN

for every non-negative ¢ € C§°(Q);
e local weak solution of (2.1) if it is both a local weak supersolution and a local weak subsolution.

The aim of this section is to prove the following result:

Theorem 2.2. Let sp > N and let Q@ C RN be an open set. Then, the function

ps— N
= d° L
UQ,B (o} ﬁ € <07 p— 1 > )

18 a positive local weak supersolution of

p—1

s _ UQ B .
(—=Ap)°Uqp =C(B)—=5 P n Q, (2.2)
Q
where the positive constant C(S3) is given by
1
C(B) = 47razv/ 1= pP P72 (1 = pf) {pN‘l - p”‘“"ﬁ“"”‘l} G(p?) dp, (2.3)
0

with
N-—-3

3 N-11 N+ps ps+2 N
— Gt)=B(—=,2)|F c ot ).
F(NQ_I)v () < 2 )2> ( 2 ’ 2 727)

Here T, B, and F denote the Gamma, the Beta, and the hypergeometric functions, respectively'.

ay =

TWe refer for example to [20], Chapter 1 and [20], Chapter 9 for the definitions and properties of these functions.
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Remark 2.3. Observe that, when sp > N, for the choice 8 = (sp — N)/p, we have that
sp— N
¢ ( p ) = Do

Indeed, with simple algebraic manipulations, for every 0 < p <1 this choice gives

sp—N p_2 sp—N _ s— sp—N 1y sp—N\P _
o 1) ] (1Y

Moreover, as observed in [9], according to [21], equation (3.665), we have

_ N-11 N+ps ps+2 N _
Bavep(t) = 157218 (T ) P (B2 2 ) — s )
and
N;l
_—
|SN_2|:27,=27TOZN~
r(%5)

This finally gives

! N—sp |P sp—N
hs,pZQ/O pP1 ’17,0 » ‘ (I)N,sﬁo(p)de( » >

According to the previous remark, when 8 = (sp — N)/p from Theorem 2.2 we immediately get the following

Corollary 2.4. Let sp > N and let @ C RN be an open set. Then, the function

p—N
P

Ug:=dy"

s

18 a positive local weak supersolution of

—1

AYUo—p Yo g

( p) Q_bSJ? 4P QLRYE
Q

In order to show Theorem 2.2, we recall that, by [22], Theorem 1.1 (see also [9], Lem. 3.1), given z € RV,
sp>Nand 0< 8 < (sp— N)/(p—1), the function

V(r) = |z - Z‘ﬁ = dﬁw\{z}(x%

belongs to W2 (RY) N L2 (RY) and is a local weak solution to

fol . N
(7AP)SV = C(ﬂ) dsp ) in R \ {Z}7
RN\{z

where C(f) is given by (2.3). Using this fact, we can prove the following preliminary result.
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Proposition 2.5. Let sp > N and 0 < < (sp— N)/(p—1). Let xo, x1 € RN. Then, the function

P
Ut i= dzm\ (.01}
18 a local weak supersolution of

p—1
Ul

>
TR\ (20,01

in RN \ {xo, 21}, (2.5)

where C(B) is given by (2.3).

Proof. We start with the obvious (yet crucial) observation that, since 8 > 0, we have

_ B _ . B
Ut = dgny 1 20y = (min{dey (4}, dev\ (201 })
o B B I
= min {d]RN\{JCo}’dRN\{:E]}} = min {Vp, V1 },

where
Vi(x) = |o — )P, for i =0, 1.

Then the function U; belongs to WP (RY) N L2 (RY). In order to prove that U; is a local weak supersolution
of (2.5), we can suitably adapt the strategy applied in the proof of [23], Theorem 1.1, where it is shown that
the minimum of two locally weakly (s, p)-superharmonic functions is itself a locally weakly (s, p)-superharmonic
function. In our case we need to handle the additional nonlinear term on the right-hand side, which is however
local.

Let ¢ € C°(RN \ {z0,71}) be a nonnegative test function. Then it is admissible for the weak formulation
of the equations satisfied by Vi and Vi (i.e. Eq. (2.4) with z replaced by x¢ and 1, respectively). For every

0 < e < 1/4 we define

0. := min {1, 7(% —EV1)+ } .

Then we consider 171 = (1 — 0:)p as a test function in the equation satisfied by Vp, and ns = 6. as a test
function in the equation satisfied by V7. By summing up the corresponding integrals for V and V7, we obtain

p—=2 p—2 d
c(ﬁ)/ 75/30' %(1—95)g0dx+0(5)/ D/;Jivleeapdxz// %dxdy, (2.7)
RY gy (50 RY Oy g, BN <y |2 =]

where

D (x,y) = Jp(Vo(z) — Vo)) (1 = 0(x))o(x) — (1 = 0:())e(y))
+ Jp(Vi(z) = Vi(y)) (0=(2)o(x) — 0:(y)p(y))-

As shown in [23], Theorem 1.1, we have that

. O (,y) Jp(Ur(z) — Ui (y)) (o(z) — ¢(y))
hmsup//RNXRN Fdxdy < //}RNx]RN dx dy. (2.8)

c0 —y|NFsp |z — y|N+sp
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We further observe that, by (2.6), we have

p—1
dsV(a?()) if x €Sy,
Up_l(x) - mil’l{‘/op_l(x) Vp_l(l‘)} B RN\ {zo} (2 9)
ds}g\] - s Sp B .
RN\ {0, wl}( ) min {dRI;V\{xU}(m) dRN\{x }( )} Ll(x) if x €8,
d];]?v\{m}(ﬂ?) 7

where
S i={z eRN: |z —x| < |z —x1|} and Sy:={z € RV : |z — x| < |z — x0}.
Moreover, by definition of 6., S; and Ss, we have that
f.=0on S; and 6. — 1 pointwise on Ss.

Then, taking into account that ¢ € C§°(RYN \ {xg,z1}), we can apply the Lebesgue Dominated Convergence
Theorem and we get

p—1 p—1

. V 1%
213% - ——— (1 — 0.)pda + / dspl 0. pdx
RN\ {20} RN\ {1}
vyt vyt yr—t
—/ dspigodx + lim (/ dsi(l -0 )<pdx—|—/ dspliaggodx (2.10)
RN\ {20} =0 RN\ {z0} RN\ {1}
yr-t et Ut
_/ dSpo (pdx +/ dSP Lpd / dsi(pdx,
RN\ {zo} RN\ {z1} RN\ {z1,z0}

where the last identity follows thanks to (2.9). Hence, combining (2.8), (2.7) and (2.10), we get the desired
conclusion. 0

By repeatedly applying Proposition 2.5, we have the following corollary.
Corollary 2.6. Let sp> N and 0 < 3 < (sp—N)/(p—1). Letn € N and zy, . ..,x, € RY. Then, the function

1s a local weak supersolution of

Ty, in RN\ {zo, ..., a0}, (2.11)
RN\{IOr ’xn}

where C(B) is given by (2.3).

We are now ready to prove Theorem 2.2. The idea is to argue by approximation: we pick a countable dense
subset Uzen{z;} of 09, we apply Corollary 2.6 on the finite set U {z;}, and finally we pass to the limit as
n — oo.

Proof of Theorem 2.2. Let D = U;en{z;} be a dense subset of 92 and for every n € N we define

E, =R\ {xg,...,2,} and U, =d> .
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By Corollary 2.6, we know that, for every n € N, the function U, € L%, L(RY) is a local weak supersolution of
(2.11) in E, D Q. Moreover, {dg, }nen and {Upy }nen are decreasing sequences (being 8 > 0) and, since D is
dense in 02, we have that for every x € 2

da(z) = min |o — 2| = inf [¢ — 2| = inf dp, (z) = lim dg, (2), (2.12)
and
= d%(2) = mi — 2% = inf |z — 2;/° = inf = li : 2.1
Uq,p(2) = dg(z) = min |z — 2" = inf |z — 2;|” = inf Un(z) = lim Un(2) (2.13)

In particular, Ug g € L2 (RY). In order to show that the function Uq g is a local weak supersolution of (2.2),
let ¢ € C§°(€2) be a non-negative function and we observe that it is an admissible test function for the weak
formulation of the equation satisfied by U, for any n € N. Indeed, we have 2 C E,, by costruction. Hence, for
any n € N, we have

// To(Un(2) = Un(9))(p(2) = 0(y)) dy > c(,@)/ UL'% (2.14)
RN xRN - | |

|z — y|N+sp o dgp,

Since the integrand in the right-hand side of (2.14) is non-negative, Fatou’s Lemma in conjunction with (2.12)
and (2.13) gives

p-1 ub )
iminf [ 2% Py > 257 1. (2.15)
RN d P RN d p

n—oo En Q

Let us consider now the left-hand side of (2.14). We recall that ¢ is compactly supported in Q, thus, denoting
by S, its support, we have that

= dist(09, S,) > 0.
Moreover, we set
Ks(p) ={y € Q : dist(y, 5,) < 6/2}.

We can write

// Jp(Un(2) = Un(y))(¢(2) — #(y) dy
RN xRN

|z —y|NHep

_ // Ip(Un(2) = Un(®))(p(2) — () dy
S xSy |z — y[NFsp

Jp(Un(z) = Un(y))(0(z) — v(¥))
+2//,S¢X(RN\S¢) dody

|z — y|NHep
_ Jp(Un(z) = Un(y))(p(x) — 0(y)) .
_//Sq,xsy, |z — y[NFsp dody
Jp(Un(z) = Un(y))(p(x) — ¢(y)) .
o //smm(w)\sw) |z —y|NHep drdy

S % (RN\K5(¢)) |z — y|N+sp
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Taking into account the pointwise convergence (2.13), we want to apply the Dominated Convergence Theorem
in order to pass to the limit in each Z;,. To this aim, we observe that for z,y € Q2 we have

Un(@) = Un(y)| < B(dp, ()"~ +dp, ()" Y)ldp, (¢) — dp, (y)]-

This simply follows from the Fundamental Theorem of Calculus, applied to the function ¢ — t%. Moreover, by
using that dg < dg, , that 8 —1 < 0, and the 1—Lipschitz character of the distance function, we get

Un(2) = Un(y)| < Blda(z)’~" +da(y)’ "z —yl, forzyeq,
and, in particular, we have that
|Un(z) = Un(y)| < C(B,0)|x —y|, forany x,y € Ks(p). (2.16)

Using (2.16) and the Lipschitz continuity of ¢, we deduce

_ 1
(5,5)@ 1)||V‘PHL°°(Q) W € Ll(Ké(%O) x Ks(p)).

| Jp(Un () — Un(y))llp(2) — ()]
|z — y|N+sp <C

This allows to pass to the limit in both Z! and Z2, showing that

n—r+00 Spx S, |z — y|N+sp (2.17)
+2 / / HUas@) ~Uns@)(e@) = ¢w) o 0 |
S x (K5 ()\S,) |z — y|NHep
It remains to show that
lim 7% =2 / / Jp(Uq,p(z) — UQ,B(J%IIZF)S(SO(@ W) 4. dy. (2.18)
oo S X (RN\K5()) |z — y| NP

We start by observing that, since {U,, }nen is a decreasing sequence, we have

2|Jp(Un(@) — Un(y)lle(@) — ¢(y)]
@ — y[NFop

Un (@) = Un(y) P~
|z —y[ NP

Uo ()P~ + [Up ()P~
|z —y|NFsp

< Alelle= (o)

< 28|l oo )

Equality (2.18) will follow, by applying again the Dominated Convergence Theorem, if we show that

oty = (RO ¢ 115, %\ Kt (219)
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In order to do that, we note that

)
|z —y| > 3 for every z € S, and y € RV \ Ks(p). (2.20)

1

Hence we have that
p—1
Gl [ e

// g(fv,y)dxdy:/
S x (RN\K5()) Sy RN\ K5 (¢)
Un(y)[P~?
+// o),
Sox(RN\Ks(p)) |7 =y FeP
- Uo(y) [P~
< |Uo ()P~ dz NwN/ rNoldr // dz dy
/sg, s N+s” Sox (RN\Ks () [T — Jo — y|NFsp

N 2 5P U, p—1
— OeN () / |Uo(2)|P~ da + // 1Golw)l”—" )Z|V+9 dz dy.
sp \0 S, S x (RN\Ks (o)) [T — y|[N+5P

Since S, is a compact set, the first integral on the right-hand side in (2.21) is finite. For the second integral,
we observe that for every z € S, and for every y € RV \ K;(¢p), by applying again (2.20), it holds

dy

(2.21)

ly| +1 < ly — x| + |z] +1 <14 lz| +1 §1+2(M+1) _c
|z =y [z =yl |z =y Y
where M = max,es, |2|. This implies that
1 CN+sp
for every z € S, and y € RN \ Ks(). (2.22)

<
|z —y[NFTsp = (1 + [y[)NFep

Since Uy belongs to LE~ L(RY), the above estimate implies that also the second term on the right-hand side
of (2.21) is finite and thus (2.19) holds true.
Finally, combining (2.17) and (2.18), we deduce that

. Jp(Un () — Un(y))((x) — o(y))
lim //]RNX]RN dx dy

n—>00 |z —y|NFep

_ // Tp(Ua,5(2) — Uas(y)(e(x) — o)) dy.
RN xRN

|z — y [N

Putting together the limit above with (2.14) and (2.15), we conclude that Ug g is a positive local weak
supersolution of (2.2). O

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. By combining formula (1.7) with Theorem 2.2 when 8 = (sp — N)/p, we obtain that

- N
bs,p(Q) >C <Spp ) = bs,p'

The last equality follows from Remark 2.3. [
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We conclude this section with the following result. It gives a sufficient condition for the constant b ,(2) not
to be attained.

Proposition 2.7. Let1 < p < 00,0 < s < 1 and let Q C RN be an open set. Suppose that there exists a positive
local weak supersolution u of (2.1) with A = b, ,(2), such that

sp—N

1
UZadQF 5

for some positive constant C. Then, the infimum b ,(Q) is not attained.
In particular, when sp > N, the constant b5 ,(Q) is not attained for every open set Q C RN such that

hs,p(Q) = hs,p'

Proof. The proof follows the one of [12], Proposition 3.5 with some minor changes, and uses some integrability
properties of the distance function. We argue by contradiction and suppose that v € WS P(Q) is a minimizer
for hs ,(£2). Thus, in such a case, we have b, ,(€2) > 0. Following [12], Proposition 3.5, we can assume that v
is positive. Let us consider now a sequence of functions v, € C§°(€2) (which we can assume to be nonnegative)
approximating v in W*P(RY) and almost everywhere.

By using as a test function in the weak formulation of the inequality satisfied by w, the function

and proceeding as in [12], the equality cases of the fractional Picone inequality permit to infer that
u = Cv, a.e. in ),

for some positive constant C'. Thus, that there exists another, possibly different, positive constant C' such that

sp—N

1
UZade , in Q.

This contradicts the minimality of v, since we would have

(B = 00l [ Gt > 2220 [ = oc

where the last equality follows from [18], Lemma 3.4.
Finally, if sp > N, let us suppose that hs,(Q) = hs . Then, thanks to Corollary 2.4, the function U =
dSP*N)/P

is a positive local weak supersolution of (2.1) with A = b, = b, ,(2). From the first part of the proof
we get the desired conclusion. O
3. ASYMPTOTICS FOR THE SHARP CONSTANT

3.1. The case s 1
This subsection is devoted to study the limit

;I/H}(l - 5) hs,p(Q)a
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for p > N. In the case when () is a convex set or the punctured space RY \ {0} we can show that
(1= 5) B (D) = Ky (9,

where

Juf?

hp(2) =  inf {Vupp : —
,(©) UVl |

1
de =1 d Kyn=- PAHN T (w).
Lt o=1f o Kon = [ leePart i)

We start by recalling the celebrated Bourgain-Brezis-Mironescu formula

;I/YH%(]‘ - S) [QD]%/S,:D(RN) = Kp,N [SD}‘?;VLP(RN)ﬂ for every ¢ € CSO(RN% (31)

which will be useful in the sequel. For a proof of (3.1), see for example [24], Corollary 3.20.
Now we are in a position to state the main result of this section.

Theorem 3.1. Let p > N and let @ C RN be an open set such that h,(Q) = b,. Then

. p_ N p
}1}%(1 - 5) bs,p(Q) = K, nbp = KP:N< p ) :

In order to show Theorem 3.1, we start proving the lim sup inequality, which holds true for any open set and
every p.

Lemma 3.2. Let 1 < p < oo, for every open set Q C RN, it holds

lim;}lp(l —8) b5, () < K, nDp(9). (3.2)

Proof. For every € > 0, there exists u. € C§°(€2) such that

hp(Q) + ¢ > / [Vu,|[Pda and Ye = 1.
Q dQ L (Q)
Then, by using Fatou’s lemma and (3.1), we get
(1 = 5) [ue]gye.
limsup(1 — ) hs ,(Q) < limsup clw=r(RN)
s1 s, Lf
o || e ()

< Ky [Vl vy < v (05(92) +2).
By arbitrariness of € > 0, the latter gives (3.2). O
In order to prove the liminf inequality, we are going to show that for a Sobolev function u, as s 1, we have

(I—s)(—Ap)’u — —Apu,
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in weak sense, up to a normalization constant. In other words, for every test function ¢ we consider the limit,
as s goes to 1, of

(1 _ 5) <(*Ap)su,§0> — (1 . S) //RN . Jp(u(x) _ u(y)) (@(f) _ @(y))dl’ dy7

|z — y|NFsp

and show that this coincides with
KP,N/ |Vu|P~2Vu - Vi da.
Q

This extends [25], Theorem 2.8 and [26], Lemma 5.1, by considerably relaxing the assumptions on the involved
functions. The proof will exploit the convexity of the function ¢t — [¢|P and (3.1).

Lemma 3.3. Let Q CRYN be an open set and let p € C(Q). Let 0 < s <1, 1 < p < oo, and assume that
we WiP(Q)nLE Y (RY). Then,

loc

—u(y)) (p(z) —»(Y)) / 2
lim (1 — dzdy = K, p . dz.
91/11% s //RNXRN |x—y|N+5P xdy PN A |[VulP~*Vu - Vodz

Proof. Let us denote by S, the support of ¢ and let " CC § be an open set with Lipschitz boundary such
that S, C €. By convexity of the map ¢t — Jy,(t), for every t € (0,1) we have:

1 1 Jp(u(z) —uly))(p(z) — ¢(y))
“u+tolemion — =W en ,Zt// P dx dy.
p[ Plwen @) p[ [ oy |z — y[NFep y

Multiplying the above inequality by (1 — s), letting s 1, and applying [27], Corollary 1, we deduce

Ky, n
=22 ([ Vu+ 1Vl oy =1Vl o))
>t limsup(l — s) // u(y))}(vﬁ(x) —¢w) dz dy.
s1 IxQ! |z — y[NFsp

Dividing by t € (0,1) and letting ¢ N\, 0, we have

K N/ |Vu|P~2Vu - Vi da
Q
> limsup(1 — s) // —u) (@) — o) 4 dy.
/XQ/

s 1 |:1: — y|NFep

We define

_ Ip(u(@) —u(y) (@) =) 4 o _ . Jp(u(z) = uly)) )
_/,/RN\Q/ |z — y|N+sp dz dy //@( )(/RN\Q/ o — gV dy) dx.

We claim that for every 0 < s < 1, the family {T}s,<s<1 is uniformly bounded, with a bound degenerating as
so goes to 0. Indeed, we note that

§ = dist(0, S,,) > 0



16 E. CINTI AND F. PRINARI

Then, we have

|Jp(u(z) — u(y))|
|Ts| S/S lo(2)] (/RN\Q/ |z — y|N+sp dy) dx

@
_ p—1
< lellze () // [u(@) u(]\%)l' dz dy
S, x{y€RN :d(y,S,)>6/2) 1T —y|NTP

p—1 p—1
<Cyllel=o [ ol B dray
S x [yERN : d(y,5,)>5/2} |z — y|N+sp

Nuwy 2\ . Ju(y) [P~
< Cllpllicm (3) [ wewrra ff o=y 2 |
pllellz= < sp \ & s Sox{yERN 1 d(y,8,)>6/2} [T — Y|V TP

@

By applying (2.22), for every x € S, we have that

Ju(y) P~ Nsp_ lu@)P! N
m =~ W’ for every y cR such that d(y, SSD) > 6/2
Since u belongs to L2 (RY), the above estimate easily implies that {T}s,<s<1 is bounded. Thus, we get

lim (1 —s)7Ts =0,
s 1

and (3.3) gives

Kyn [ [VulP72Vu - Vodz > limsup(1 — s) // Tp(u(@) = u(y))](vﬁ(x) —¢) dz dy.
Q 5,1 RN xRN |x _y| P

Finally, by replacing ¢ with —p, we get

_ . Jp(u(z) —uly))(p(z) — o(y))
K / VulP~2Vu - Vo dr < liminf(1 — s // P dx dy.
p,N Q | | 4 s A1 ( ) RN xRN |$ . y|N+Sp

Joining the last two inequalities, we eventually conclude the proof. O

We can now give the proof of the liminf inequality, which holds true for the specific case of the punctured
space Q = RV \ {0}.

Lemma 3.4. Letp > N. Then

11211/1{&(1 —5)bsp > Kp nbp.

Proof. Observe that
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for s sufficiently close to 1. Hence, for such values of s, by applying again [22], Theorem 1.1, the function
u(z) = |z|® is a positive local weak solution to

up~1
(=Ap)'u=Cpsyrr,  in RV {0},

ol

where C, s is the constant given by (2.3) when 8 = (p — N)/p.
By using again (1.7), we obtain that

hs,p Z Cp787 (3'4)
for s sufficiently close to 1. Moreover, by a direct computation, we have that u satisfies

w1
~Apu=bh,——, in R\ {0}.

p—
kgl
Now, let s; 1 be such that

hin/i{lf(l —5)hsp = jlggo(l = 5;)Bs, p-

Now we apply Lemma 3.3, with a fixed non-negative function ¢ € C§°(RY \ {0}) such that ¢ # 0 and u defined
above. From the equation satisfied by u, we then obtain

Kp nbp / T‘Tl pdz = Kp,N/ |VulP~2Vu - Vi dz
RN |T p RN
— lim (1—s;) //RN N Jp(u(z) —uly)) (p(z) —y) . dy (3.5)

j—o0 |x — y|Ntsip

, u?~!
= ]11)1’1!.10 <(]. — Sj)cp7sj /]RN W@dlﬂ) .

If we now apply (3.4) with s; in the place of s, (3.5) implies that

upfl ) upfl ) ] ,upfl
Ky, nhp /RN chdx < jlirgo(l —55)0s;.p /RN Wc’odx = hgn/l{lf(l —$)hs.p /]RN P pdx.
Hence, the desired conclusion follows, by canceling the common factor. O

Proof of Theorem 3.1. By applying Lemma 3.2, Theorem 1.1 and Lemma 3.4, we have that for every open set
Q C RY it holds

Kp nhp(Q) > lim/sup(l —5) b p(Q2) > lim/i?f(l —8)bsp > Kp nbp.
s 1 s

When §,,(2) = b, this implies that

li/Hi(l - S) bs,p(Q) = Kp,szr

S
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Remark 3.5. Actually, with the same proof, one can prove the analogue of Theorem 3.1 for convex sets. In
other words, if 1 < p < co and Q C RY is a convex set, then we can obtain

: -1\
B (1= 5) 0,90 = Ky (@) = v (P21 .5)

This is possible since, for fixed p > 1, we have that sp > 1 when s is sufficiently close to 1 and, in this range,
for any convex set €2 it holds

Bsp() = b, (HY), where H}; := RV x (0, +00),

see [12], Theorems 6.3. Moreover, in the specific case of the half-space Hf , for s sufficiently close to 1, by [12],
Theorem 5.2, we have that u(z) = |2|®®~1/P is a positive local weak solution to the equation

Vel

(_AP)SV = Cp,s dsp )
Q

o T
in Hy,

with a suitable positive costant C), ;. By using again formula (1.7), we obtain that
bap(HY) > Cps.

Moreover, by direct verification, we see that such a function w is also a (actually classical) positive solution of
the equation

p—1\? yr-! .
_Apv = <p> dg 5 mn HE

Hence, by using such a function u and arguing exactly as in (3.5), we can conclude that
p—1\"
(1~ 500 (9) = (1 = s)., (5 = Ky (555) = Ko (1)
s s p

The lim sup inequality is provided by Lemma 3.2. Hence the limit (3.6) follows.

3.2. The case p " oo

In this subsection we show the following theorem.

Theorem 3.6. Let 0 < s <1 and let Q@ C RN be an open set. Then

=

lim (hs,,(£2))

p— 00

-1 (3.7)

Proof. The case s =1 is contained in [19], Theorem 4.4. In order to show the limit in (3.7) for b, ,(€2) when
0 < s < 1, first we show that the limsup is smaller than or equal to 1. To this aim, it is sufficient to use a
suitable test function. For every z € Q, take 0 < r < dg(xo) and define, for £ > 0,

ve(x) = (5+(r—|x—xo|)+)s—6s, for z € RY. (3.8)
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Since ¢. € C*1(RY) and vanishes on RN \ B,(zo), we have that ¢. € WP (B, () € WP (). Thus, by
recalling (1.4), we have that

1 [%0 ]WS«P RN

(hep())7 < T PED)
Pe

| 1o

By sending p to oo and by using [28], Lemma 2.4, we obtain that

b [
. » . %]Ws,p(]RN) [pe] co.s (RN)
lim su sp(Q ) < limsu =
p—>oop <h ,p( ) p—>oop ‘ & ‘ ﬁ (39)
Dollipee) 190115, @)
We now observe that for every z,y € R
() — (@) = | (e + (r — |z — o))" = (e + (r = ly — zo])4) |
<|(r—lz—mol)4 — (r — |y —zo|)4|°
< |z — ol — ly — wol|” < |z — yl*,
which shows that
[(pa]co,s(RN) S 1. (310)
Thus, from (3.9) we get
1 1 s
lim sup (hsm(Q)) e = inf da(2) =
p—oo ‘ Pe 2€Br (o) (e 4 (r — |z — x0])4) —e&°
90 Ml L= (5, (w0))
dQ(CL'())S
T (r+e)p—es
By first taking the limit as € goes to 0 and then as r goes to dg(z¢), we finally obtain
1
lim sup (hs’p(Q)) "<
p—00
If we show that
lim inf (b, p)% > 1, (3.11)
p—o0

in view of Theorem 1.1 and of the previous lim sup, we obtain the desired conclusion (3.7).
We recall that
1 1 N—sp |P
hs7p:2/ roPT ‘177’ 2
0

where, for every 0 < r < 1, the quantity ®n , ,(r) is given by

Oy s p(r)dr >0,

dt, if N >2,

|SN 2‘/ —
Dy o p(r) = 1—2tr+r2)
it N=1.

(1-— r)1+51’ 1+ T)H'SP
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By a simple computation, one can see that

1
sp— P
mmzz/‘whlﬁ—wpf» Dy p(r)dr. (3.12)
0
In the case N > 2, we observe that, for any r € (0,1) and for any ¢ > 1/2, one has
L—-2tr+ri=1+r(r—2)<1+r(r—1)<1.

Hence,

In the case N = 1 we have that

Thus, (3.12) implies that

where we have set

2ASV=2| [, (1 - )" dt, i N >2
Cy =
2 it N = 1.

1
Since, C§ — 1 as p /" 0o, in order to prove (3.11), it is sufficient to show that, for every N > 1, it holds

1 sp— N\ P %
lim inf (/ Nl (1 —r P ) dr) > 1. (3.13)
p—00 0

In order to do that, we observe that, for any r € (0,1) and for any p > pg, with pg fixed such that pgs > N, it
holds 75~ N/P < ps=N/po and thus

1 1
1 . 7 1 ;
(/ V-1 (1 - rkaN>p dr) > (/ V-t (1 —7“57%)]0 dr) = Hl T
0 0

) the LP-norm with respect to the measure dy = ¥ ~1 dr. Finally, taking

b
P
Lo,

where we have denoted by || - || z»
L((0,1)

the limit as p ~ 0o, we deduce that

1 sp—N\ P B
lim inf (/ PNt (1—r va) dr) > sup \1—r57%|:1.
p=ee \Jo re(0,1)

This shows (3.13), thus concluding the proof of (3.11). O
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4. A CHEEGER TYPE INEQUALITY

In the main theorem of this section, we provide a lower bound for A, ,(€) given by (1.11), in terms of the
classical and fractional Cheeger constants h1(€2) and hs(€2). Analogue estimates have been given in [29] in the
class of planar simply connected open sets, with finite inradius, for p = 2 and 2s > 1. We recall that

P, (E
hs(Q2) = inf{ll(?|) . E CC Q smooth, |E| > 0}

where

[1e(z) —16(y)|
Ps(E) = [1plwsa@y) = //RNxRN dedy

is the nonlocal s-perimeter of E. We explicitly note that our result covers also the case s = 1.

Theorem 4.1. Let 0 < s < 1 and sp > N. Let Q C RN be an open set and define

RTINS (0 ey N

If rq < +o0 then it holds

Aep(Q) > by (hlj(\,m > . (4.1)

where hy(Q) is defined by (1.10). In particular, for 0 < s < 1 we also have

hsp ((1—5)s P
Asp(§2) 2 Nep <2Nths(Q)> . (4.2)

Proof. Let us suppose that rq < 400. Since sp > N, thanks to Theorem 1.1, we have that €2 satisfies the Hardy
inequality with b ,(2) > bsp > 0. Then

p 1
updxgrSp/M dx < rel [wlb ., for every u € C3°(Q).
By taking the infimum on C§°(2), we easily get

:p(©) _ b

Asp () > 8 . 4.3
29) 2 20 2 0 (43)
The above estimate, combined with the well known inequality

N

TQ
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gives (4.1). In order to show (4.2), it is sufficient to note that, thanks to [30], Corollary 4.4, for every open
bounded set £ CC 2 with smooth boundary, it holds

(P(E))s < Py(E) (1—s)s
5 ) Z I aNew

Hence, by arbitrariness of E we get

(1-9)s, Py (E) (1-9)s
s> B Qs h, |E = ———h4(Q).
(h1(2))° > SN inf ] CC 2 smooth, |E| >0 SN hs(€2)

Joining (4.1) with the above inequality, we obtain (4.2). O

Remark 4.2. We note that our estimate (4.1) appears to be new already in the case s = 1, where it improves
(for p > N) the celebrated Cheeger inequality

Ap(2) = (hl(Q))p (4.5)

p

valid for every 1 < p < oo and for every open set ) (for a proof, see [31, 32]). Indeed, when s = 1, by joining

(4.5) and (4.1), we now get
i) 2 ma{ (15 ) 1} (1)

which holds for every open set @ C RY. The main interest of this results is that this is stable as p goes oo, i.e.

we have
b o (5 1} (52 -2

while the right-hand side of (4.5) raised to the power 1/p converges to 0.

By combining the estimate (4.3) with the asymptotic behaviour of (b, ,(2))*/? as p — oo, we get the next
result, which clarifies the interest of Remark 4.2.

Proposition 4.3. Let 0 < s < 1 and let Q C RN be an open set. Then?
lim (Aep ()7 = — = Asoo(€2), (4.6)
where As o0 (82) is defined through the following minimization problem

)\3700(9) = lnf(ﬁ) {[U]C(),s(ﬁ) : Hu||L°°(Q) = 1, u = O on 39} .

ueCos

Moreover, when rq < +00, a minimizer of the last problem is given by

v-(2).
rQ

2Tt is intended that 1/rg =0, in the case rq = +o0.
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Proof. First of all, we prove that

lim sup ()\S,p(Q))% < L (4.7

p—00 7”6

We take r < rq, thus there exists zg € Q such that B, (zg) C Q. For every € > 0, we take the same function .
defined in (3.8). This implies that

1
(Aen()” < Ipelwrary
el ooy

By sending p to oo (and by using [28], Lemma 2.4 when 0 < s < 1), we obtain that

[@E]CO’S(RN)

T , if0<s<l,
1 o PellL>=(Q)
lim sup (As,p(ﬂ)) " <limsup W =
p—00 p—00 PellLr () ||VS05HLOO(]RN) s 1
leellzo= (@) ’
By observing that
[V@ellLoe @y = [pelcor @y,
we thus obtain
b [%]CD»S(RN)
lim sup ()\S,p(Q)> < for 0 < s <1. (4.8)
p—ro0 [pellLoe (o)
We now observe that
[@ellpoc () = (r+€)° —°.
By recalling also (3.10), from (4.8) we thus obtain that for every € > 0
1
lim su ()\S Q)p<7, for 0 < s <1.
p—)oop 1p( ) —_ (7‘+€)5 — s —

By taking the limit as € goes to 0 and using the arbitrariness of r < rq, we get (4.7). In particular, if ro = +oo,
(4.7) implies that

lim (A, (Q))7 =0=—.

p—roo re
In the case when rq < oo, for every 0 < s < 1, we can use (4.3) and (3.7), to obtain that

. Q) 1
liminf(Asp ()3 > liming Q27 _ 1
p—>00 p—00 g ré)
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The above inequality, combined with (4.7), implies (4.6). We now prove that

is = As,00(9). (4.9)
L&)

Let ¢ € C%*(Q2) be admissible for the problem defining A o (). For every x € 2, we take y, € 9 such that
do(x) = |z — yz|. Thus, we have

()] = lp(x) = oY)l < |2 = yal® [Pleo.s @) = da()” [Pleos @) <70 [Pleos @)

This shows that

< [‘P]co,s(ﬁy

S| =

thanks to the normalization on ¢. It is intended that the left-hand side is zero, in the case rq = +oco. The
previous inequality in turn implies that

1
As,00(2) > —.
T
Finally, if rq < 400 we take the function
dg,
¥ = %7
which is admissible for Ag o (€2). This gives
1 1
>\s,oo(Q) = % [dQ]CU,s(ﬁ) S %7

thanks to the fact that dg, is s—Holder continuous, with Hélder constant less than or equal to 1. This shows
(4.9) and that rg,*dg, is a minimizer for the problem defining A o (€2).
In the case rq = +00, it is sufficient to take M > 0 and use the test function

min{d§,, M*}

i Ve
This would give
As,00(2) < lim 1 [ min{dg,, M*}] cos(y = lim 1 [dfﬂco,s(ﬁ) < lim L =0,
M—oo M* ) Moo M M—oco M3
thus proving (4.9) in the case rq = 400, as well. O

Remark 4.4. We recall that, when s = 1, the limit

lim (A, (Q))? = L

p—o0 rQ

has been shown in [33], Theorem 3.1 and [34], Lemma 1.2, when © C RY is a bounded open set. Later this
result has been extended to every open set in [19], Corollary 6.1.
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Remark 4.5. Thanks to the previous result, we can observe that the lower bound (4.1) becomes sharp in the
limit, as p goes to co. Indeed, for every 0 < s < 1 and for every open set 2 C RY by combining (4.6) and (4.4),
we get the following inequality

Ao () = lim (g, (Q))7 > (hl]ifm) N (4.10)

pP— 00

Such an estimate is sharp, since it becomes an identity when Q = Bgr(x(), thanks to the fact that

S

)‘s,oo(BR(xo)) = Ri = (hl(B]iif(xo)))
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